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Preface 


Quantum mechanics was invented as the culmination of the effort to 
understand atomic and radiation phenomena. It began in 1900 with 
Planck’s attempt to derive his celebrated radiation formula. Then, in 1913, 
Bohr gave his theory of Balmer’s series which eventually led Heisenberg, 
Schrédinger, Dirac, and others to construct the entire edifice of quantum 
mechanics in the mid-twenties. Since then, quantum mechanics has been 
applied to a vast number of areas: nuclear physics, solid state physics, 
statistical mechanics, chemical reactions, particle physics, etc. It ranks 
with the greatest of human creations in its philosophical conception and its 
successful applications. 

Because of the immensity of its achievement, almost all books on 
quantum mechanics have followed more or less the historical route. 
However, the period from 1925 to the present has been characterized by an 
unprecedented burst of energy and advances in physics. The result is that 
the sheer number and variety of accurate and sensitive experiments 
supporting quantum mechanics have proliferated enormously. With this 
has come a much deeper understanding and appreciation of the subject. It 
is therefore both logical and proper to present quantum mechanics in a way 
not restricted to its historical sequence, but instead to concentrate on the 
most appropriate experiments, and from these to build up its foundation. 

This new book by A. Das and A. C. Melissinos, two of our leading 
physicists, does just that. By a careful selection of topics in particle and 
nuclear physics, as well as in atomic and molecular physics, they are able 
to bring college and first-year graduate students to a comprehensive 
understanding of the subject and its richness. They succeed in a natural and 
effortless way in making the excitement of these new developments an 
integral part of a rigorous training in quantum mechanics. 


JD kee 

Enrico Fermi Professor of Physics 
Columbia University 

New York, New York 
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Introduction 


Physics is the science that describes physical systems in terms of the few 
basic laws that, we believe, govern the universe. The discovery of these 
laws has progressed hand-in-hand with the experimental evidence that 
could be obtained at any particular time; this knowledge has, in turn, made 
possible the technology on which so much of our present society is based. 
While the physical laws stand by themselves, their ramifications and their 
connection with observable effects are derived through the language of 
mathematics with its concise and powerful forms. 

The physical laws that describe nature at distances and momenta much 
smaller than those encountered in direct human experience, are the subject 
of quantum mechanics. The same laws also apply to macroscopic objects, 
of course, but in that case it is much preferable, and easier, to use an 
appropriate approximation to quantum mechanics: classical mechanics. 
The macroscopic theories of classical physics were a well-established 
science long before 1925 when quantum mechanics was put on a firm 
foundation. Thus, it has been customary in the teaching of physics to 
introduce the classical laws first and to address quantum mechanics only 
later. This choice is motivated by tradition and by the fact that direct 
human experience is at the macroscopic level. 

Modern science, on the other hand, has progressed well beyond 
macroscopic systems; any practicing scientist, whether chemist, electrical 
engineer, physicist or biologist must be freely conversant—at a quantita- 
tive level—with the laws governing molecules and atoms. This text is an 
outgrowth of this point of view. We have tried to present quantum 
mechanics in a self-consistent manner. Thus, we do not rely on classical 
arguments to make quantum mechanics plausible but instead introduce the 
principles directly. In the spirit of this approach, the wavefunction in 
coordinate space, in spite of its great utility, is not discussed until the 
concepts of quantum-mechanical states and amplitudes have been clearly 
established. 

Throughout this text we have used physical examples to illustrate the 
principles and concepts that are introduced. For instance, electron diffrac- 
tion plays the role of the inclined plane of classical mechanics. The 
examples lead to numerical answers and thus should provide the reader 
with a feeling for the order of magnitude of the physical observables that 
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are encountered in quantum problems. They also show the simplicity of 
quantum-mechanical calculations and the remarkable agreement between 
theory and experimental observation. 

The first chapter serves as an introduction and stresses the dual descrip- 
tion of natural phenomena in terms of a particle or of a wave picture. In 
Chapters 2 and 3 we introduce the principles of quantum mechanics and the 
concept of state vectors. their transtormations and representations. Dynam- 
ics, that is, the equation of motion, 1s introduced in Chapter 4. Here we use 
the simple two-level system as an example and find its stationary states 
under a variety of conditions. This leads to a discussion of perturbation 
theory and to the introduction of the Pauli matrices at an carly point in the 
text. Transitions between stationary states are introduced in Chapter 5S and 
make possible the discussion of several important physical applications. 
The emission and absorption of radiation, Coulomb scattering and nuclear 
magnetic resonance are treated as examples. 

The coordinate representation ts introduced in Chapter 6 and the connec- 
tion with classical physics is discussed in a formal fashion that includes 
applications of the one-dimensional Schrodinger equation. In Chapter 7 we 
discuss the relation between symmetries and constants of motion. This ts a 
fundamental relationship in nature. one that became more clearly evident 
as quantum mechanics was understood better. In particular, we derive the 
spectrum of the eigenstates of the angular momentum, which 1s essential 
for any appheation of quantum mechanics to three-dimensional systems. 
Chapters 8 and 9 deal with bound states where we try to stress the 
similarity of all such systems as well as the universality of the techniques 
used to describe them. An extensive account of the hydrogen atom, 
including spin-orbit coupling, is given. The linear potential applicable to 
quarkonium is chosen as an example of the variational method. The 
one-dimensional simple harmonic oscillator is solved by the operator 
technique in Chapter 9. The square well and oscillator potentials are treated 
in three dimensions and the results are applied to the nuclear shell model 
and to the deuteron. 

Systems with identical particles are considered in Chapter 10. The 
consequences of the fundamental notion of indistinguishability are an- 
alyzed by using the properties of the permutation operator and are applied 
to both Fermi and Bose systems. We use this opportunity to discuss 
multiclectron systems, the helium atom and the molecular bond. The two 
concluding chapters are devoted to a discussion of scattering. In Chapter 
1} we introduce general concepts about scattering and the method of partial 
waves: this is followed by several examples of low-energy scattering. In 
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Chapter 12 we examine the energy dependence of scattering and the 
connection with the bound state spectrum. We indicate the general solution 
of the scattering problem and consider the Born approximation as an 
application. 

Several topics which can be considered mathematically technical and 
therefore could distract [rom the continuity of the text have been placed in 
thirteen appendices. The reader may already be familiar with some of this 
material or may need to consult the appendices only occasionally. Never- 
theless. the appendices are written at the same level as the main text and, 
we hope, serve to make the book complete and self-contained. A set of 
problems ts provided after each chapter. The problems can be solved with 
the material discussed in the text and we urge the reader to do so: there is 
no better way of mastering a subject than by working out problems. Within 
each chapter the problems are arranged in order of increasing difficulty. 

The text is addressed to students who have completed an introductory 
sequence of physics and calculus. No particular preparation in advanced 
calculus or linear algebra is needed, even though familiarity with these 
subjects can only be helpful to the reader. No knowledge of atomic 
phenomena ts required, the examples serving to illustrate these effects. 
However, the text is quantitative and is meant to provide the reader with 
the foundations of quantum mechanics. It can be used either at the 
junior/senior level or at the first-year graduate level, depending on the 
emphasis and choice of topics. 

There are various paths that can be followed through the text. For 
advanced students Chapter | could be omitted and Chapters 2 and 3 treated 
as review material; similarly, Chapter 6 could be covered rapidly if the 
reader 1s familiar with simple applications of the Schrodinger equation. 
Conversely, for beginning students Chapter 5 could be postponed until 
atter Chapters 8 and 9 have been covered. In general the final sections of 
Chapters 8-12 can be omitted without loss of continuity, as they deal with 
specific applications. For a one-term course we would recommend Chap- 
ters 1-4, 6, and parts of 8. In any case, we feel that the organization of the 
material allows the instructor a variety of choices according to his own 
preference and the characteristics of his class. 

This book is an outgrowth of courses in quantum mechanics that we 
have given to seniors and to first year graduate students at the University of 
Rochester. We are grateful to our.students, who have provided not only the 
reason for engaging in this project but also suggestions, criticism, and 
enthusiasm. While this 1s primarily a textbook, we hope that it will also be 
useful as a reference. We have in mind, in particular, scientists who have 
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completed their formal education some time ago yet need to use quantum 
mechanics in their current work. 

Our own outlook on the subject has been shaped by many influences. 
including the extensive literature on quantum mechanics at all levels. We 
mention below some of the most prominent texts that. we feel. would be 
excellent sources for further reading: 

L. I. Shiff, Quantum Mechanics, Third edit., McGraw Hill, New 
York (1968). This is an excellent and complete reference. The 
presentation is somewhat compact and relatively advanced. 

R. P. Feynman, R. E. Leighton, and M. Sands, The Feynman 
Lectures, Vol. Ill, Adisson-Wesley, Reading, Mass. (1965). A 
book of very deep physical insight that makes for wonderful 
reading. However, for the first time student of quantum mechanics 
it is difficult to use as a text. 

C. Cohen-Tannoudji, B. Diu, and F. Laloe, Quantum Mechanics, 
English trans., Wiley, New York (1977). A very complete but 
lengthy description of the fundamentals of quantum mechanics 
with applications to atomic systems. 

P. A. M. Dirac, The principles of Quantum Mechanics, Oxford Univ. 
Press, Clarendon (1958). The classical text by one of the inventors 
of quantum mechanics. The notation, style and subjects covered 
reflect the date of first publication (1930). Nevertheless this is the 
work of a great master. 

L. Landau and E. M. Lifshitz, Quantum Mechanics, English trans., 
Pergamon (1968). A classical text with a wealth of physical 
applications; well organized and at the intermediate level. 


Our choice of units is that found in the research literature rather than the 
MKS system. This is because atomic phenomena are best described in 
terms of their natural units. In such units equations can be easily in- 
terpreted and the magnitude of experimental quantities can be quickly 
predicted and understood. We have kept # and ¢ in all equations, but use 
dimensionless (and other) combinations of the fundamental constants as 
often as possible. 

In the preparation of the text we have benefited from the perspective and 
suggestions of many colleagues. In particular we wish to mention Drs. 
J. B. French, V. S. Mathur, and S. Okubo and Mr. P. Panigrahi. Drs. H. 
L.. Helfer and T. G. Castner were kind enough to use parts of the textin its 
preliminary form in their own classes, providing us with student feedback. 
We are indebted to Mrs. Edna Hughes-McLain and to Mrs. Judith Mack 
for their patient and skillful typing of the many versions of the manuscript 
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and to Mr. J. Sheedy for the preparation of the illustrations. Finally. we are 
grateful to our families for their encouragement and understanding during 
the course of this work. 

We are aware that in spite of the publisher’s and our own best efforts 
some errors and misprints may still be found in the text. We would greatly 
appreciate it if the readers would kindly bring them to our attention. But 
above all we hope that this book will bring some inspiration and Joy to its 
readers. 

A. Das 
A. C. Melissinos 


Chapter 1 


WAVE-PARTICLE DUALITY 


In this chapter we develop the basic concepts of quantum 
mechanics. We emphasize the fact that particles can exhibit wave 
properties much in the same way light waves can display particle- 
like behavior. Furthermore, we discuss the essential feature of 
quantum mechanics—that measurement at the microscopic level 
leads to a probabilistic description of systems. The wave entities of a 
particle are given in the De Broglie hypothesis, and we describe 
these relations in the context of various examples including the 
scattering of high-energy protons. 

The process of measurement affects the system, of course, and 
hence leads to uncertainties in the measured quantities. We discuss 
Heisenberg’s uncertainty relation and apply it to simple physical 
phenomena. We introduce the concept of a wave packet as it 
describes a localized particle, and we discuss the various properties 
of wave packets exposing the correspondence principle. We then use 
wave packets to derive the energy levels of a particle confined in a 
box as well as the Fermi energy in a conductor. The technical 
discussions of Fourier transforms, the Dirac delta function, and the 
wave packets are given in appendices 1-3. 


1.1. WAVE-PARTICLE DUALITY 


Quantized Observables 


The term observable is generally used for a physical quantity that 
can be determined experimentally. For example, the position of a 
body on a line or with reference to a three-dimensiona] coordinate 
system, the time interval between the swings of a pendulum. and the 
force exerted on a body or the momentum and kinetic energy of a 


l 


— 6907.53 


6716.45 — 
6234.35—~ 2123.47 
6072.63 58712) 12 
5859, 32 
5790.66—+ = 5803.55 
5675.86 — eee 
5769.60 
x 5460.74 
4916.04-— a 
7388. 34 
4347.50 “2.64 
4339.29 
4108.08—~ 
4077.83 
4046.56 


FIGURE 1.1. The spectrum of mercury 
in the visible. The wavelengths of the lines 
are given in angstroms (1 A= 10~!°m). 
[From G. P. Harnwell and J. J. 
Livingood, Experimental Atomic Physics 
McGraw Hill, New York (1933); by per- 
mission, | 
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moving object—are all observables. Furthermore, the observables 
can either assume a continuous range of values or they can be 
restricted to have only discrete or quantized values. As an example. 
we note that the momentum or kinetic energy of a macroscopic 
body can have any continuous value. On the other hand, when the 
electric charge of a body is measured, it is always found to be a 
multiple of the charge of the electron 


e = 1.602 x 107!° coul 


This does not seem surprising since we assume that the total 
charge is due to the presence (or absence) of some number of 
electrons with respect to the neutral state of the body. Nevertheless, 
one concludes that the observable electric charge is always quan- 
tized, namely, that it is a multiple of the quantum of charge and can 
take only discrete (and not a continuous set of) values. 

A similar situation exists when we examine the frequency spec- 
trum of the light emitted by atoms, as shown in Fig. 1.1. One 
observes a discrete set of spectral lines distinct from the continuous 
spectrum emitted by a glowing filament. Further analysis indicates 
that the spectral lines arise because of transitions of the configura- 
tion of the atomic electrons between different energy levels (or 
states) of the atom and, consequently, that the atom can be found 
only in discrete states of energy. Thus, the observable energy of an 
atom is quantized, as shown in Fig. {.2. This is a rather surprising 
conclusion because experience with macroscopic bodies indicates 
that their energy can have any one of a continuum of values. 

Another demonstration of a quantized observable occurs in the 
Stern—Gerlach experiment sketched in Fig. 1.3. A beam of sodium 
or silver atoms is produced by heating the element in an oven and 
letting the atoms escape through an orifice; further collimation 
selects atoms with almost parallel trajectories. If the beam passes 
through a highly inhomogeneous magnetic field, then it separates 
into two components along the direction of the field. 

This behavior of the sodium (or silver) atoms can be understood 
as follows: Alkaline atoms, as they are usually called, have an orbit 
structure such that only one electron is in an unpaired state. The 
electron has an intrinsic angular momentum—referred to as spin— 
and associated with it a magnetic dipole moment wu. If we think of 
this moment as a classical vector, then for the alkaline atoms the 


4 QUANTUM MECHANICS 


FIGURE 1.2. Some of the energy levels of the mercury atom. The most prominent 
transitions are indicated. The numbers give the wavelength in angstroms. 


magnitude of p is given by |p|=[s(s+1)]'(2u,), where s =4 and 
Hy is the Bohr magneton, which has the value 


Since the electron charge is negative, the magnetic moment is 
dirceted opposite to the spin direction. When such a magnetic dipole 
Is placed ina magnetic Held By it acquires a potential energy given 
by 

U=-p-B (1.1a) 
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FIGURE 1.3. Schematic diagram of the Stern—Gerlach apparatus. 
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nN 


If the field is homogeneous, then the dipole is subjected to a 
torque 
T= pXB (1.1b) 


that gives rise to a precession of the dipole moment around the field 
direction, as shown in Fig. 1.4(a). If the magnetic field were 
inhomogeneous (say along the z-direction) the dipole would experi- 
ence an additional force given by 

A B, dB, 


F= . —J —4 
zw b= be |p 


dB, 
diz 


cos 8 (1.1c) 


Here @ represents the orientation of the dipole moment with respect 
to the Z-axis, as shown in Fig. 1.4(b). Thus, an inhomogeneous 
magnetic field would cause an amount of deflection of the trajectory 
which depends on the orientation of the dipole moments. Further- 
more, since we expect the atoms (sodium or silver) to come out of 
the oven with fairly random ortentations of their spin, a logical 
expectation would be to obtain a broad distribution of atoms at the 
detector. Instead, two distinct spots are observed. Figures |.5(a) and 
(b) show, respectively, the distributions observed at the detector 
when the magnetic field is turned off and on. 


B 


Fy 
— 


(a) (b) 


FIGURE 1.4. (a) A magnetic dipole precesses in a uniform magnetic field. (b) A 
magnetic dipole experiences a net force when it is placed in an inhomogeneous 
magnetic field. 


The interpretation of these results is that the magnetic moment of 
these atoms is found only in one of two orientations, namely. either 
parallel or antiparallel to the z-direction, which ts the direction of 
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FIGURE 1.5. The beam current in the detector plane of a Stern—Gerlach apparatus 
(a) without the magnetic field and (b) when the magnetic field is switched on. 


the field. The projection of the magnetic moment onto the z- 
direction is found to be exactly 


pw, = £3(2p) (1.1d) 


If the magnet is rotated so that the field and the field gradient are 
along the x-direction, then the splitting is also along the X-axis. 
One concludes that the possible orientations of the electron’s 
magnetic moment in a magnetic field (or, more explicitly. the 
projections of the spin angular momentum onto any fixed axis) are 
quantized. The direction of quantization depends on the orientation 
of the measuring apparatus. 

The existence of a discrete spectrum for a physical observable is 
also encountered in classical physics. For example. the frequencies 
of oscillation of a tight string or of an air column are discrete. 
However, what is different is that these frequencies are not affected 
by the measurement process. In quantum mechanics the process of 
measurement itself can influence the possible outcome of the meas- 
urement, as we have seen in the Stern—Gerlach experiment. We will 
return to the discussion of the measurement process in Section 1.4. 
Another class of phenomena where the expectations from macros- 
copic experience are contradicted in the microscopic regime are 
discussed below. 

Most optical phenomena are explained by the wave nature of 
light. Among many other things, the wave nature suggests that light 
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waves can exchange any amount of energy with the surroundings. 
With this assumption, if one calculates the spectrum of radiation for 
a blackbody, then the theoretical predictions lead to a curve, which 
does not agree with the experiments. For example, Wien’s law leads 
to a spectrum that agrees with the experimental curve at shorter 
wavelengths but differs quite a lot at longer wavelengths. Similarly, 
although the Rayleigh-Jean law gives good agreement at higher 
wavelengths, it runs into difficulties at shorter wavelengths. 

Planck assumed that electromagnetic radiation (light) of fre- 
quency v can exchange energy with the surroundings only in units of 
hv where 


h =2ah= 6.62 x 10 ™ J-sec 


This is known as Planck’s constant. With this assumption, the 
theoretical prediction for the blackbody spectrum coincides com- 
pletely with the experimental curve shown in Fig. 1.6. This implies 
that the energy of the radiation field is quantized. 


t= 2520" K 
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FIGURE 1.6. Distribution of the radiation emitted by a blackbody heated to 
T = 2320 K. The curve is the prediction of Planck’s radiation law. 
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Further support of this hypothesis comes from the photoelectric 
effect. It was observed that electrons were released from metals 
when they were irradiated with light. However, electrons were 
emitted only if the frequency of the radiation was greater than a 
critical frequency which depended on the metal. Furthermore, if the 
frequency was less than the critical value, no amount of radiation 
could release the electrons from the metal. This presented a puzzle 
if one believed in the continuous exchange of energy by the light 
waves. Einstein solved this puzzle by using Planck’s hypothesis. 
Namely, radiation of frequency v can only exchange energy 


E=hv (1.2a) 
For the electrons to be released, therefore, we must have 
hv =ed+KE (1.2b) 


where ed is the energy with which electrons are bound to the 
particular metal, and KE stands for the kinetic energy of the 
released electron. If we denote the binding energy as ed = hv, then 
we have 


h(v—vo9)= KE2=0 (1.2c) 


This clearly explains why radiation below a critical frequency 
cannot release the electrons. It also supports the hypothesis about 
the particle nature of light waves. 

That radiation sometimes behaves like particles, is decisively 
demonstrated by the Compton effect. When light is scattered by an 
electron the wavelength A of the light changes. This change depends 
only on the angle at which radiation is detected. This phenomenon 
can only be explained if we assume that the light waves behave like 
particles with energy and momentum given by 


E=hv (1.3a) 
E hv h 

p=-=—=— (1.36) 
@ (2 


and that the scattering process is treated as that of particles with 
conservation of momentum as well as energy. The following exam- 
ple shows that light waves do exhibit particlelike behavior and that 
their momentum and energy are quantized. 
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Example: The Compton effect 


Let us examine in detail the scattering of a light quantum (photon) 
of frequency v, by an electron at rest. The electron and the photon 
are scattered by angles @ and 6,, respectively, as shown in Fig. 1.7. 


Ee 


Egies E > 
erPe 


FIGURE 1.7. Scattering of a photon from a free electron. 


If we think of the photon as a particle, then it has energy and 
momentum given by 


Eo= hv 


hvo 


Po 
z 


The scattered wave at the detector then would have energy and 
momentum given by 


E, =e hy, 
hv, 

Pi a 
G 


If, after scattering, the electron moves away with a momentum of 
magnitude p,, then conservation of momentum gives 


Po= De COS 8+ p, cos 4, (1.4a) 
0=—p, sin 0+ p, sin 4, (1.45) 
Equations (1.4a) and (1.4b) lead to the relation 
p2= po—2pop1 cos 0,4 pi (1.4c) 
Similarly, conservation of energy gives 


Eot m.c? = (p2c?+ m2c*)'? +E, (1.44) 
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which, upon simplification, leads to 
Pe = Pot pi— 2popit 2m.c(Po- Ps) (1.4e) 


Equating the two relations in Eqs. (1.4c) and (1.4e) we obtain 


re (1.4f) 
Pi Po m,.C 
In terms of wavelengths this formula translates to 
h 
Aq=Ap=— (1=—cos 4,) (1.4¢) 
m.C 


@ 


This states that the change in the wavelength of the X rays depends 
depends on the angle at which they are detected. 


1.2. INTERFERENCE 


Consider a machine gun spraying bullets at an armored plate with 
holes at s, and s5. If the hole s. is closed, then the bullets passing 
through s, produce a pattern at a distant wall as shown in Fig. 
{.8(a). Similarly if the hole s, is closed, then the passage of bullets 
through s, gives rise to the pattern of Fig. 1.8(b). If both s, and s, 
are open we expect the resulting pattern to be the sum of the two 
patterns obtained previously. This is shown in Fig. 1.8(c). Such 
behaviour is observed for bullets, and it shows, in particular. that 
the passage of the bullets through s,(s,) is independent of whether 
S>(s;) is open or closed. 


| 
j 
7 
»| 
i 
|| 


FIGURE 1.8. A hypothetical machine gun firing bullets at a steel wall: (a) with a 
single opening S, in the wall; (b) with a single opening S, in the wall: (c) with both 
openings at the same time. 
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= S, and s, 
| | yAzdsin8 
i ef 
S | 2 / @ 
: : : | | | d 
S / 
PLANE | = ag rf 
WAVE Vs, | 
if 
| 
(a) (b) (c) 


FIGURE 1.9. Monochromatic paralle] light incident on two slits. (a) The pattern 
from each of the slits. (b) The interference pattern when both slits are open. (c) The 
path length of the light emitted from each slit depends on the angle 6. We assume 
that the screen is at infinity. 


We can perform a similar experiment by shining a beam of 
parallel monochromatic light onto a double slit and then closing one 
or the other of the slits alternately. The result is shown in Fig. 1.9(a) 
and is similar to the pattern seen with the bullets. When both the 
slits are open, however, what is observed is a set of fringes, as shown 
in Fig. 1.9(b); 1e., there are points of maximum and minimum 
illumination. This clearly is not the sum of the patterns obtained 
when only one of the slits is open at a time. The light experiment 
differs from the experiment with bullets in this respect. Such a 
pattern in the case of light waves is understood to be due to the 
interference between the waves emerging from s, and s,. When the 
angle @ [see Fig. 1.9(c)] is such that the path difference A=d sin @ 
of the two light waves from the two slits to the point of observation 
equals 

A Sk OK 


A=d sin @=— 


ee eS 
2°22? (1.5a) 


the two waves interfere destructively, and we observe the minima of 
illumination. In contrast, when 


PN == (ol Sin 4) = be, 3) (BSI: 


the two waves interfere constructively, and we observe the maxima 


of illumination. 
As an example, for red laser light let A = 6600 A. If the spacing 
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between the slits is d=(0.04 mm, the first minimum occurs at an 
angle 
A 6.6X10°’m 


ee pee ea ie ao 
es a on 6) 


@ =sin@ - 
If the light wave emerging from slit s, is described by an electric 
field 
E,(r,, t)}= A cos(wt— kr;) (1.7a) 
and the light wave emerging from slit s, is described by 
E,(r2, t)= A cos(wt — kr3) (1.7b) 
then when only s, is open the intensity is proportional to 
1,=|A? cos?(wt — kr,) (1.8a) 


Correspondingly, when only s, is open the intensity 1s proportional 
to 


I, =|A|? cos?(wt — kr) (1.8b) 
When both slits are open the intensity is proportional to 
I, 2=\E,+E,| 
=|A cos(wt—kr,)+ A cos(wt — kr3)|? 


ate = 2 
= J2a cos| wt - eter) 2) cos ee) 
ve: 2 
te A 
4 Ale cos? a - wt) cos* ‘> 


A k(r, +r) 
= 4|A|* cos” a cos!| wt = ad 


Ftd, (1.8¢) 


Note that when @~- 0, the intensity is twice as large as the sum of 
the intensities when either of the slits is open. 

We can slowly decrease the intensity of the incident light wave so 
that only a single photon passes through the slits at any one 
moment. This is very much like the experiment with the bullets. A 
natural question is whether the resulting pattern in this case would 
be the same as for the bullets. The answer. surprisingly, 1s in the 
negative. That is, if one waits long enough (so that a sufficient 
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number of photons have been accumulated), the same interference 
pattern would be obtained. In fact, it is not possible to tell whether 
any single photon arriving at the observation plane has come trom 
S; OF S>. This shows, therefore, that the behavior of the photons 
passing through the slits differs from the analogous process when 
bullets are used. 

If the two slits are replaced by a diffraction grating, the light 
waves show a diffraction pattern with a central maximum and a 
series of secondary maxima and minima. The positions of the 
maxima occur at 

dsin@=naA (1.9) 


where d is the spacing of the grating, n is the order of the maxima, 
and 4 is the wavelength of the light used. A similar experiment can 
be performed with electrons. It is no longer possible to make slits or 
holes of appropriate dimension, but one can use a _ crystalline 
material. For example, the spacing between neighboring atoms in 
rock salt is d = 2.82 A. In the Davisson—Germer experiment, a beam 
of electrons is incident on the crystal, and a diffraction pattern is 
observed as we would expect in an experiment with light. This 
experiment, therefore, shows that the electrons also behave like 
waves under appropriate conditions. Furthermore, if we use the 
observed diffraction pattern to find the wavelength associated with 
the electron in this experiment, it turns out to be inversely propor- 
tional to their momentum. The conclusion from these experiments 1s 
that under appropriate conditions, just as light waves can display 
particlelike behavior, particles, like electrons. can exhibit wave 
nature. The “appropriate conditions” refer to the scale of the 
quantities involved. For example, bullets, in principle, also possess 
wave nature and can give rise to interference patterns. However, 
note from the Davisson—Germer experiment that bullets, being very 
massive, would have an extremely small wavelength. Hence, the 
separation between the maxima would be extremely small, and 
consequently the interference pattern would escape detection. 


1.3. DESCRIPTION OF PARTICLES BY WAVES 


From the discussion of the previous sections we realize that particles 
also have wavelike behavior. A wave in one dimension is commonly 
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represented by a function of the form 
f(@t kx) (1.10) 


where the ¥ sign corresponds to waves travelling in the +x or —x 
directions, respectively, and 


w = 27v = angular frequency 


2 Gil) 
k = 5" = wave number 


If the wave has a sine or a cosine form, then it is called a 
harmonic wave. An arbitrary harmonic wave can be written as 


f(@t—kx)=A sin(wt— kx)+B cos (wt — kx) Gila eA 


One can generalize this to three space dimensions. A wave is then 
denoted by 


f(@t—k-x) Gi3) 


Here k is the wave vector, 1.e., it is the wave number multiplied by 
the unit vector along the direction of propagation of the wave. 

If we have to ascribe wave nature to particles, then we have to 
find the appropriate values of the parameters w and k for a wave 
describing a particle of energy E and momentum p. This is done in 
complete analogy with the case for the photons. For example. we 
know that for photons 


E=cp 
(1.14a) 
Ea hy — na 
or 
[ 
®=— (1.145) 
h 
Furthermore, 
= ee oe 
v@ 
Pm (1.14c) 
= rs 
EB op : 
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Hence, we obtain 


.a27_P 
N18 
or p 
k=-— 
h (1.14d) 


In analogy with these relations De Broglie suggested that the 
wave corresponding to a particle with energy E and momentum p 
also has the wave entities given by 


(L353) 


These are known as De Broglie relations and have been tested in 
several experiments such as the Davisson—Germer experiment. We 
now discuss a few other experiments that support the above 
hypothesis. 


Scattering of High-Energy Protons 


Let us examine the implications of the De Broglie relations applied 
to the scattering of high-energy protons. When protons of energy 
200 GeV are scattered (elastically) from hydrogen, a diffraction 
minimum is observed at transverse momentum p sin 6= 1.2 GeV/c. 
The experimental curve is shown in Fig. 1.10 [R. Rusack et al., 
Phys. Rev. Lett. 41, 1632 (1978)]. 

Before analyzing the experimental result, we introduce the units 
used in the study of elementary particles. The masses of particles are 
conveniently expressed in units of energy known as electron volts 
(ev: 

hey =16106 - cro 
The mass of the electron and the proton are given in eV as 
We = 0.511 MeV/ce*=5.11< 10° eVic" 


m, = 938.28 MeV/c? = 938.28 x 10° eV/c* (1516) 
= 0.938 GeV/c? 


16 


Nanobarns /(GeV/c)* 
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INCIDE NT 

MOMENTUM 
RANGE 
(GeV/c) 


30-40 


50-60 


60-70 


90-110 


140-160 


160-180 


180-200 


200-220 


220-240 


240-260 


InGev7e)* 


FIGURE 1.10. The differential cross section for proton—proton scattering at incident 
momenta from 30 to 260 GeV/c. [From R. Rusack et al., Phys. Rev. Lett. 41, 1632 
(1978). | 


In these units Planck’s constant has the value 


h 
h=5— = 6.58 10° MeV-sec CWiva) 


a 
Furthermore, remembering that the speed of light is 


c=~3xX10!° cm/sec 
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we have 
Ac = 1.97 7107** MeV-cm 
= 197 Me\V-F (L17b: 
where 1 fermi (Fi=10 **em=16 > m=1 fm. 

To discover the experimental implications of proton scattering. we 
associate a plane wave with the incoming protons and think of the 
diffraction as due to scattering from the protons in the hydrogen 
target. This process ts similar to the diffraction of light waves from a 


circular hole of radius R equal to the radius of the proton. The first 
minimum in this case occurs at an angle= 


A 
§=sin 6=0.61 — (1.1%) 
sin R 


Since the proton is very relativistic we can neglect its rest mass. 
and hence 


| 
p= ac (1.194. 


On the other hand. we know 
psing@=1.2GeVic 11.19b-. 


Equations (1.19a) and (1.196: yield a value for the angle 


eee 
== 6] => —— = mors Tis 
6 =sin 6 500 67 107° rad 11.29 


From the De Broglie relations. one obtains the value of the 
wavelength associated with the incoming protons 


7 - Tien - 
Se _ eS, ee as = 
k p pe 200 GeNv 
=27 70.985 710°°* cm rie 


+For a slit of width 2R the firvdiGrezcnon minimum occur ct =a LR The 
derivation for circular apertures is given. for exemple. in F Litxcaicz anc A.C. 
Melissinos. Physics for Scuennsts and Enarneers. Vol. IL op 79. W. B Saencen. 
Philadelphia (1975). 
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Using this value of the wavelength and the value of @ from Eq. 
(1.20) we can determine the radius of the proton from Eq. (1.18) to 
be 


A 
R=0.61— 
i) 


2a X 0.985 107 cm 
Galt 


=0.63%10 “cm —Oreo F E22) 


= (Neils 


This result is of the correct order of magnitude, the radius of the 
proton being R= 1 F. 


Diffraction of Electrons from a Thin film of Silver 


Electrons of sufficient energy can traverse thin films of matter. If the 
film material is crystalline, it acts as a three-dimensional grating. but 
because of the random orientation of the crystalline domains the 
diffraction pattern consists of circles centered on the incident beam. 
Such diffraction patterns obtained with electrons of energy 24+ and 
37 keV are shown in Fig. 1.11. 


E = 28keV E=37 keV 


FIGURE 1.11. Diffraction of electrons from a thin film of silver for incident kinetic 
energy E=28 keV and E =37 keV. 
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For a cubic lattice of spacing a, the diffraction angle @ is given byt 
2a sin 0=A(m?+n*+q?)? (1.23) 


where m,n, and q are integers. From the radius r of the diffraction 
ring and the distance s of the screen, the angle @~r/s has been 
plotted for 35-keV electrons in Fig. 1.12 against the various combi- 
nations of the integers m,n, and q. From the experimental data we 


obtain 


Xr 
—= (0.0078 (1.24) 
2a 


RADIUS (cm) 


alle 
0,0,2 ited — Sea! 


FIGURE 1.12. Plot of the diffraction ring radius versus the indices of the scattering 
plane for the data shown in Fig. 1.11. 


To calculate the wavelength we note that the electrons are 
nonrelativistic. Hence, using 


es 
T= Eaerey 


c 


+See, for example, G. P. Harnwell and J. J. Livingood. Experimental Atomic 
Physics, p. 168, McGraw Hill, New York (1933). 
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we obtain 
p?=2x0.5 MeV/c? 35 keV 
= 35x10 3 (MeV/c)? (1.25a) 
Hence 
p=0.19 MeV/c C250) 


Thus, the De Broglie relation gives the wavelength 


h h hc 197 MeV-F 
a Ng = g§ 


<< 
Dp p pc 0.19 MeV 
~6.5x 10° F=0.065A (1.26) 


Using Eq. (1.24) we can now determine the lattice spacing, which 
turns out to be 


x 0.065A 


Sg A i 
2xX0.0078 2x0.0078 ac cor 


a 
This is in good agreement with the value obtained from Xray 
diffraction. 

That electron diffraction patterns are similar to the diffraction 
patterns of waves can be seen in Fig. 1.13. which corresponds to the 
diffraction of X rays from a thin gold film. Since gold is crystalline 
the diffraction pattern (known as the Debye-Scherrer pattern) con- 
sists of circular rings centered on the beam direction. For the same 
accelerating voltage, X rays have longer wavelength than electrons 
since A = h/p = hc/E~0.35 A for E=35 keV. Thus, the diffraction 
angles are correspondingly larger. 


FIGURE 1.13. Debye-Scherrer pattern of X ray diffraction from a crystalline 
material. 
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Refraction of Electrons 


When a light wave is incident on the interface between two regions 
with different refractive indices, it is bent in accordance with Snell's 
law [see Fig. 1.14(a)] 
= (1.28) 
sin@, Nn, 
where n, and ny, respectively are the refractive indices of the two 
media. The same phenomenon is observed with matter waves and 
can be demonstrated with an electron beam, as shown in Fig. 
1.14(b). For light waves the refractive index is defined as the ratio of 
the velocity of light c to the velocity of propagation c’ in the 
medium. 


a= (1.29a) 


' 


Cc 


Furthermore, since the frequency v does not change. the wavelength 
changes as 


A’=—=--=— (1.29b) 
Thus 


oS (1.30) 


(b) 


FIGURE 1.14. (a) Refraction of a light ray at the interface between two media of 
differing refractive index. (b) Refraction of an electron beam at the interface between 
two regions of space held at different potential. 
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For a beam of electrons, a region of differing refractive index is a 
region of differing electrostatic potential because 


h h h h 


~p (2mT)'2 [2m(E—-U)]'? [2m(E+eV)]*2 oe) 


where T is the kinetic energy of the electrons and U is the potential 
energy (for example, in the region of an accelerating potential 
U <0). In Fig. 1.14(b) two regions with electric potential V = 0 and 
V = V, are shown. If they are separated by a small distance d, the 
electric field between the two regions is 


Vo 


ae 


(1237) 
and is directed as shown. This will accelerate the electrons in the 
x-direction and change their momentum according to 


dt *dx m dx 


OT 


fp. dp, = met | dx 
or (1.33) 


1 {2 
5 ((Ps)°— px) = meVo 
Here p, and p, are the x-component of the momentum of the 


electron in the two regions. The angle of incidence and refraction 
are given, respectively, by 


Py Py 


sin 91 G24 py OmT)® (1.34a) 
and 
Pee (oye py (p+ a+ meV 
‘ia Goat —— 
sin@, (2mT>)'? | At (1.35) 


sin, (2mT,)'? A> 
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Here we have used Eq. (1.31) in the final equality. Thus, we obtain 
Snell’s law. 

What we have demonstrated here is that the introduction of 
matter waves to describe particles through the De Broglie relations 
is consistent with the expected motion of particles in a region of 
changing potential. The trajectories of particles are equivalent to the 
rays of the corresponding waves. In fact, the focusing elements 
(lenses) in an electron microscope consist of regions where the 
electrostatic potential (i.e., the refractive index) changes abruptly. 


1.4. PROCESS OF MEASUREMENT 


At this point we may ask what the matter waves really describe. To 
answer this we examine the double-slit experiment again. 

We first consider the arrangement shown in Fig. 1.9 and consider, 
in particular, the case when the intensity of the incident light is very 
low. If we wait for long enough time so that a large number of 
photons have been accumulated, the familiar interference pattern 
will emerge in the observation plane. We cannot predict for any 
single photon where it will hit the observation plane. It certainly 
cannot strike at any one of the minima, but a hit at any other place 
is possible. In spite of our inability to predict exactly where the 
photon will arrive, we can calculate the probability that a photon 
will strike the observation plane at a particular position. The higher 
the probability of a hit at any point, the higher the observed 
intensity there. The same is true for an experiment involving elec- 
trons. The electrons arrive one at a time and are spread over the 
interference pattern. We designate the arrival of an electron at the 
point x as an event and assign a definite probability P(x) that this 
event would occur. 

In order to be able to account for the interference we further 
postulate that the probability P(x) is the absolute square of the 
probability amplitude (x), Le., 


P(x) =|6(x)|? = 6*(x) h(x) (1.36) 


The probability amplitude }(x) is a complex function and is not an 
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observable. Jt is only the probability that an event will occur that is 
observable. We would like to contrast this with the electric field of 
an electromagnetic wave or the density variations of a sound wave, 
etc., which are real functions and hence correspond to real physical 
observables. The necessity for requiring that the probability amp- 
litude be complex will be discussed in Section 1.6. 

In the experiment shown in Fig. 1.9, we assign the amplitude 
¢ (x) and the probability P,(x) for the arrival of an electron at point 
x when only s, is open. Correspondingly, @2(x) and P.(x) refer to 
the case when only s, is open and ¢,,(x) and P,.(x) to the case 
when both slits are open. It follows then that 


Pree) = |by(x)|* 
P3(x) = |f2(x)|? (1.37) 
P,(x) = lb 12(x)|? 


In the case of the double-slit experiment it is observed that an 
interference pattern arises and that 


& 12(x) = by(x) + G2(x) (1.38) 


That is, the amplitude for the event is the sum (or superposition) of 
the amplitudes for the occurrence of the event due to all possible 
channels. This statement about the linear superposition of amp- 
litudes in quantum mechanics is the first postulate of the theory. It 
follows from Eq. (1.38) that 


P,(x) = lh (x)? = | (x) + h(x) |? (1.39) 


which clearly indicates the possibility of interference if the complex 
functions (x) are wavelike. 

The experiment can be modified by attaching a small counter next 
to each slit so that one can know exactly which slit the electron went 
through. After accumulating sufficient events we can plot all three 
functions P{(x), P(x), and P{.(x), which represent the probabilities 
when the information about which slit the electron passed through is 
known. It is obvious then that 


Pi(x) = P\(x) = 1b, (x)? 


(1.40a) 
P3(x) = P(x) =|62(x)/* 
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However, 
P42(x) # Pyo(x) (1.40b) 


In fact, P{.(x) must be the sum of P{(x) and P(x) by definition 
since it represents the total sample of observed events. Thus 


P42(x) = Py(x) + P3(x) = |61(x)|? + b2(x)/? (1.40c) 


and the interference pattern has disappeared. 

Thus, we see that the process of measurement (i.e., the addition 
of counters next to the slits) has altered the outcome of the 
measurement; recall the Stern—Gerlach experiment, also. In fact, 
knowledge of the slit through which the electron passed has de- 
stroyed the interference pattern. 

One concludes that Eq. (1.39) is valid or that, equivalently, 
interference can occur, only when a certain event can take place in 
two or more indistinguishable ways; in this case the amplitudes must 
be added. When a certain event occurs through distinguishable 
ways, it is the probabilities that are added. 

From the discussion above it is clear that the wave function of a 
particle can be thought of as a probability amplitude describing the 
particle. Thus 


P(x, t)= b* (x, t)d(x, t) (1.41) 


describes the probability of finding the particle at point? x at time ¢. 

We also note that the possibility of interference is related to the 
uncertainty Ax in the position of the electron at the plane of the 
slits. That is, the uncertainty in the momentum associated with the 
spreading of the interference or diffraction pattern arises because of 
the uncertainty in the position of the electron. This observation can 
be cast in quantitative form and is the second postulate of the theory 
known as the uncertainty principle 


h 
Ax Ap.>5 (1.42) 


where Ap, is the uncertainty in the x component of the momentum. 


+ Of course, when x is a continuous variable, it is P(x, t) dx that represents the 
probability of finding the particle within the interval dx centered at x. 
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This inequality is an expression of Heisenberg’s uncertainty relation, 
and it implies that the position and the momentum of a particle 
cannot be measured simultaneously with arbitrary accuracy. 

The consequences of the uncertainty principle are not felt in our 
daily experience due to the small value of h. As an example, 
consider a 1-mm-diam steel ball and assume that we know its 
position accurately up to Ax = 1 uwm=10*cm. The corresponding 
uncertainty in its momentum from Eq. (1.42) is 


ge h 7 hc i 
De Tae 2Axc 
_ 197 MeV-F1 


~ 2x10 “em c 

=98.5x 10*x 10 *? MeV/c 

=10°7 MeV/c / (1.43a) 
The density of the steel ball is p~ 8 g/cm*®. Hence 


4 
m =", 0.5 x 1073 m)?x (8 x 103 kg/m?) 


=A 10 kp — 2.27 x10" MeV/c" (1.43b) 
The uncertainty in the velocity, therefore, is 
Ap, _ 10-7 MeV/c 
m = 2.27 x 10 Mewc- 
MEL TOM = 
=1.2< 10°" cijsec (1.43c) 


Av, = 


Such a velocity would produce a displacement of the ball by 1 jm 
after a time interval of 10° years. Clearly, it is not possible to 
observe the effect of the uncertainty relation using a steel ball. 

In contrast, for the clectron in the ground state of the hydrogen 
atom, the kinetic energy T is of the order of 13.6 eV. 


po 


T 


= 13.6eV (1.44a) 
2a, 


Since 
m, =~ 0.5 MeV/c? (1.44b) 
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we find 
p= 3.6x 10 * MeV/c (1.44c) 


If we assume that the uncertainty in the momentum is of the order 
of the momentum itself, i.e., Ap ~ p, then we obtain from Eq. (1.42) 


he 
2S 
2Ap 2xX3.6x10-3MeV 
_ 197 MeV-F 
7.2X 10°37 MeV 


Ax 


=O 710 > cm (1.44d) 


which is of the same order of magnitude as the size of the hydrogen 
atom. Thus, the uncertainty principle tells us that we cannot speak 
with any precision of a particular position of the electron in the 
atom or of the orbit of the electron around the proton. It is for this 
reason that the methods of classical mechanics (which ignore the 
uncertainty principle) are applicable to macroscopic problems and 
that at the microscopic level one must use quantum mechanics.t 


1.5. THE UNCERTAINTY PRINCIPLE 


In Section 1.4 we introduced the uncertainty principle as a postulate 
of quantum mechanics. One form of the uncertainty relation was 
given in Eq. (1.42). We indicated there that the interference pattern 
was a consequence of the uncertainty as to which slit the photon or 
the electron passed through. We will show below that any wave 
automatically satisfies the uncertainty principle and that conse- 
quently the description of particles by probability waves is compati- 
ble with this postulate. 

As an example, let us consider the diffraction of a plane wave 
through a slit of width a as shown in Fig. 1.15. If this is a probability 
wave, it is clear that the passage through the slit localizes the 
position of the particle along the Y-axis to within an uncertainty 


+ There are few cases of macroscopic problems, however, where it is necessary to 
use not classical but quantum theory. 
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tH ha 


FIGURE 1.15. Diffraction of a plane wave through a single slit. 


where 
a 
layl= 5 (1.45a) 


The wave is diffracted, and the first minimum is found at an angle 6 
given by 


r 
6=sin @=+-—— (1.45b) 
2a 
Thus, the direction of motion of the particle is uncertain to within 


\Agl= Sea (1.45c) 
a pa 
where we have used the De Broglie relations for the wavelength of 
the probability wave. Therefore the uncertainty in momentum in 
the y-direction is given by 


ek oh 
[4p,|=p|Ae|-p 
pa a 
or 
han 
=->- 2 


Here we have used Eq. (1.45a). 

As a second example, let us consider a plane wave incident on a 
grating of spacing d, as shown in Fig. 1.16(a). Narrow peaks will 
occur at angles @ which satisfy 


dsin@=mA (1.46a) 
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a 


(a) (b) 
FIGURE 1.16. Diffraction of a plane wave from a grating. 


where m is the order of the maximum. The resolution of a grating 
with N grooves is given by 

AA 1 

ee 1.46b 

A Nm ( 
This resolution is achieved only if all the grooves in the grating 
participate in the diffraction process and, as can be seen from Fig. 
1.16(b), this implies a path difference and hence an uncertainty Ax 
in the position of the wave fronts along the scattered direction given 
by Ax = Nd sin 6= NmA. Thus we have 


eee, 
A Nm Ax 
(1.47a) 
Rolere 
r Ax 
On the other hand, we know from the De Broglie relations that 
h 
jA=— 
Px 
(1.47b) 
()|-H 
rv h 
Combining the results of Eqs. (1.47a) and (1.47b) we have, 
|Ap,|_ 1 


h Ax 
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or 


Ax \Aps|=h>= (1.47c) 
This result is in accordance with the uncertainty principle. 

We can also consider the uncertainty in the time required to 
establish a principal maximum. Let a wave front reach the plane of 
the grating at t= 0. From Fig. 1.16(b) it is evident that the contribu- 
tion from the last groove will reach the detector at a time 


_ Ax _ Nma 
c g 


AT 


(1.48a) 


after the contribution from the first groove. If we use this result in 
Eq. (1.47a) we have 


~)| 1 1 
—j)j=—= .48b 
JAG Ase (2 NTE a 
Remembering that 
Av=c 
~ |Av| il 
—}}=—_ = — .48 
Ja(; Cc c At oe 
|Av| AT=1 
leads to the result 
h 
|AE| AT = h>s (1.49) 


which is another form of the uncertainty relation. 

The relations that we have derived above are the well-known 
connections between a wave amplitude and its Fourier transform. 
For instance, a plane wave of fixed frequency cannot be localized in 
space. On the contrary, a sharp pulse that is well localized in space 
contains a broad spectrum of frequencies. A quantitative treatment 
of these questions is given in Appendix 1. 

We would point out here the effect of the measurement process 
on the particle. As shown in Fig. 1.15, before the plane wave 
reaches the slit we know its momentum and hence its direction of 
propagation exactly, but it has an infinite extent in the y-direction, 
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1.e., the position is infinitely uncertain. After passing through the 
slit, however, the position is known, but the information on the 
direction of propagation has been broadened (made uncertain) due 
to diffraction. 

As an example of the application of the uncertainty principle we 
now calculate the lowest energy state of the hydrogen atom. Since 
the electron is bound to the proton its total energy E = T+ U must 
be negative. We assume that the electron can be found in any one of 
a discrete set of energy states, as shown in Fig. 1.17. Since U <0 for 
a bound state, T<|U|. Let us denote by E, the energy of the lowest 
state. 


FIGURE 1.17. Discrete energy levels of an electron bound in a Coulomb potential. 


If the size of the atom in this state is a we can set 
Ar=a (1.50a) 
and if the uncertainty in the momentum is the maximum possible 
Ap=p (1.50b) 
then from the uncertainty relation we have 
Ap Ar=pa=h (1.50c) 


The kinetic energy is given by 


(1.51a) 
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The potential energy is of the order of 


ie | 
(a= ee 


Ame, a 


where €, is the dielectric constant of the vacuum. Thus 
E=T+uU 
h? col 


2ma” 4me oa 


(1.51a) 


Since we seek the state of the lowest energy we must minimize Eq. 
(1.51b). Thus 


dE h- el 
a) et 
da ma” 47ré)a~ 
or 
h? 
a = 47&)—> OLS te} 
me~ 


Substituting this value of the radius into Eq. (1.515), the ground- 
state energy turns out to be 


_ Wh ( me* ii e> me? 


2m Aare gh ~ Ame, Ate oh? 
1 e* m 

= —-_——, > = -13.6eV ‘52 
2 (47re9)* ‘ thee) 


The result of Eq. (1.52) is the true value of the lowest energy 
state of the hydrogen atom. However, the assumptions made in the 
calculation are only qualitative. In particular, we have ignored the 
fact that the position and the momentum of the electron are 
three-dimensional quantities. The important conclusion of this exer- 
cise is that the uncertainty principle prevents the hydrogen atom 
from collapsing. This is because if the value of a for the atom 
becomes smaller, the momentum must increase. The kinetic energy 
will increase as 1/a”, whereas the attractive potential energy will 
change only as —1/a, and soon the total energy will become positive 
allowing the electron to escape from the atom. The strength of the 
electromagnetic interaction e*/4ae,, coupled with the uncertainty 
principle, determines the size of atoms. 
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1.6. WAVE PACKETS 


We have seen that consideration of probability waves allows us to 
explain a variety of observed phenomena, in particular the diffrac- 
tion of particle beams. We also have seen that a probability amp- 
litude must be complex. A complex wave along the X-axis is written 
as 

(x, t) = Ae i@t—k) = A pe WEt -px) (1.53a) 


where the minus sign in the exponential is a convention adopted in 
quantum mechanics. Such a wave is also called a plane wave and 
describes a particle of momentum 


p=hk (1.53b) 


Thus, the value of the momentum is well defined. 

We note that |(x, t)|? determines the probability (an observable) 
of finding the particle at time ft at position x, and for the plane wave 
we see that 


\b(x, t)|? =|Al? (1.53c) 


which is independent of x and ¢. That is, the probability of finding 
the particle anywhere in space is always the same. In other words. 
the uncertainty in the position of the particle is infinite. This is 
reasonable because for well-defined momentum (Ap=0O) the un- 
certainty principle requires that Ax =~. 

This example also clarifies the assertion made earlier that a 
probability amplitude must be complex. This is because, if we had 
chosen a real form for the probability amplitude, say 


x(x, t)= A cos(wt — kx) (1.54a) 
then 
lx (x, t)|? = |A|? cos?(wt — kx) (1.54b) 


As shown in Fig. 1.18(a), the function cos*(wt—kx) oscillates be- 
tween () and 1, implying that there are points in space where the 
probability of finding the particle is zero. This violates the uncer- 
tainty principle and, in fact, no combination of real functions can 
give uniform probability for a wave of well-defined momentum as 1s 
required by the uncertainty principle. 
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FIGURE 1.18. (a) The probability function cos?(wt— kx). (b) The amplitude for a 
wave packet. 


A particle, on the other hand, is fairly well localized in space. 
Therefore, our next task is to find a probability amplitude that leads 
to a localized probability in a particular region of space. We know 
that such a wave will contain several values of k since, by the 
uncertainty principle, p (and hence k) can no longer be well defined. 
Such a wave, commonly called a wave packet (or more precisely a 
space packet), is shown in Fig. 1.18(b) and can be constructed by 
superimposing several harmonic waves of different wave number k. 

Let the spatial extent of the wave packet in Fig. 1.18(b) be Ax. 
The wavelength A is no longer defined precisely but if the packet 
contains N wiggles it will hold approximately 


Se 
N 
or 
20 N 
_— — 5 
k - 2a (1330 


As the wiggles die out, it becomes difficult to determine N, and we 
can assign an uncertainty of AN = 1 oscillations to the determination 
of N. Thus 


AN 2a 
Ak=23.————— ; 
sy i\xe  [a\ye ) 
Since k = p/h we have 
Ap 2a 
=== 
ft Ax 


or 
Ap Ax=2amh=h (1.55c) 
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which is again a statement of the uncertainty principle. The sharper 
we make the wave packet in space, the broader will be the momen- 
tum range of the particle, and vice versa. 

To see how we can construct a space packet mathematically, 
consider the superposition of two plane waves with wavenumbers 
k,, k> differing only slightly from kp. Thus 


(x, j)iarAee EO Ase es (1.56a) 


If we consider this wave at a fixed tume ¢ and for simplicity set 1 = 0. 
then 


d(x, iieawwe” + Age x 
= eet (An ete aA ert) (1.56b) 
and if A,=A,=A 
(x, t) = e¥*1**2*2 A cos[(k,—k>)x} (1.56c) 


FIGURE 1.19. Superposition of waves. (a) Two waves of slightly differing frequency. 
(b) Several waves with a spread in frequency result in a pattern localized in space. 


We see that the result of superimposing two waves is a wave 
modulated in spacet, as shown in Fig. 1.19(a). This pattern will 
propagate along the X-axis as time increases. If we superimpose 
more and more waves with wave numbers k near kp, and of 
appropriate amplitude, an isolated packet will result as shown in 
Fig. 1.19(b). We designate the space packet by 


Gia n=) Age oa (1.57a) 


iat 


+ When two harmonic waves of slightly differing frequencies are superimposed, 
then at a fixed point in space we obtain a beating or time packet. 
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where the wave number k,, and the angular frequency w, are near 
the central values ky and w,. and A,, is the amplitude of the nth 
wave. Equation (1.57a) represents a Fourier series, and we can 
construct any desired space packet by an appropriate choice of the 
coefficients A,,. In the limit that the wave numbers k,, are continu- 
ous, the summation in Eq. (1.57a) is replaced by an integral 


G(x, t)= | dkA(k)e tor" (LS) 


where the amplitudes A(k) of the superimposed waves are a con- 
tinuous function of the wave numbers as shown in Fig. 1.20 with the 
maximum support at the central value k,. We note here that the 
angular frequency w 1s related to the wave number through the De 
Broglie relations such that 


a) ae (1.58) 


AL. 


a ae 


ko °kj 


FIGURE 1.20. The distribution in frequency of a wave packet plotted versus the 
wavenumber k. 


A(k) 


If A(k) and w -f(k) are given, then it is possible to determine 
G(x, t) from Eq. (1.576). The converse is true, namely, if G(x, t) is 
given at all space-time points, then we can determine A(k). In fact, 
we define a momentum wave packet as 


a ee eT 


—ikx 
Onn? Recerca the (1.59) 


1 
(Qa)'? 


We recognize that this is simply the Fouricr transform (see Appen- 
dix 1) of the space packet G(x, t)= (x,t) and serves as another 
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mathematical representation of the probability amplitude describing 
the occurrence of the event; (k, t) is referred to as the “wave 
function in momentum space.” In problems where our interest lies 
in states of well-defined momentum, it is easier to obtain results 
using o(k, t) rather than (x, t). 


Example 


To better understand the formalism we consider the following space 
packet, which in momentum space contains all wave numbers between 
k, and k, with equal amplitude, as shown in Fig. 1.21(a). Thus 


A(k)=1  k,<k<k, 
=0 k<k, and k>k, (1.60a) 


k, ko kp 


(a) 


FIGURE 1.21. (a) A wave packet with a square-pulse distribution in frequency. (b) 
The corresponding probability of finding the packet at the position x at time t. 


If k, and k, do not differ much from kj=(k,+k.)/2 we can 
expand w = f(k) to first ordert and write 


w = f(k) = wo (k= ko SE) fee (1.60b) 


+ For a more general case see Problem 1.13. 
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The space packet expression then becomes 


co 


G(x, t)= | acAikjer 9 


=o 


= | “dk exp{—ilwot + (k — ko)(dfldk),,t— kx} 
k 


k, 
= exp[—i(wot — kox)I | dk exp{—i(k — ko)[(df/dk),.t — x) }} 
ky 
(1.61a) 
Defining z = (df/dk),.t—x, Eq. (1.61a) gives 
k, 
G(x, t) = eieuhn| dke7i*—*o)2 
k, 
= g~ileoyt—kgX) = (etka kz g-ilk, kz) 
12 
w= g—Hloagt—Kgx) sin Akz/2 (1.61b) 


Ze, 


where Ak=k, k,. This result is the familiar diffraction amplitude 
which peaks when z =Q. The probability of finding the particle at 
position x at time t¢ is [see Fig. 1.21(b)] 


4 sin*{Ak/2[(dfldk),.,t—x]} 
{Ak[(dfldk),,t— x]? 


Note that the envelope of the space packet is a wave since it is a 
function of the form f(v,t—x) with 


It propagates along the x-axis with velocity v, and is localized at 
any time at x =v,t. (The peak is always located at z =v,t—x =0.) 
The expression (dw/dk),. = v,, is called the group velocity and deter- 
mines how fast a packet (1.c., an observable signal) propagates. This 
differs from the phase velocity of the probability wave which is 
defined from the De Broglie relations to be 


IG(x, P= (Ak)? (1.62) 


vp=—= 


B 
=S=— (1.636) 
p 
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v, Is not always precisely defined and sometimes can even be larger 
than c, the speed of light. However, this is alright since the phase 
velocity is not an observable. It is the group velocity that can be 
measured experimentally and which has to be less than the speed of 
light. 

The group velocity of a wave packet can also be obtained from 
the following argument. The shape of the space packet is caused by 
the interference of waves with different k. Their amplitudes are 
arranged so that they interfere destructively everywhere in space 
except at the position x(t) of the packet. If this condition is to be 
maintained, then the relation between the phases of waves with 
different k must also be maintained. In other words, the phase 


5(k) = w(k)t— kx 


must be stationary: 


d8(k) dak) 
“de dk 
ak (1.64) 
dw 
x Sar i = Oey 


We note that the width of the packet in Fig. 1.21(b) is inversely 
proportional to Ak. Consider the first minimum in Eq. (1.62). It 
occurs when 


(1.65a) 


When Ax is defined as in Fig. 1.21(b), we have 


27 


hess 
~~ 


and hence 
h 
Ax Ap=2ah=h>> (1.655) 


which is in agreement with the uncertainty principle. 
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1.7. CORRESPONDENCE WITH CLASSICAL PHYSICS 


We have seen that a particle can be described by a space packet that 
is fairly localized in space. It also contains a spread of wave numbers 
k around some central value ky. Because of the uncertainty princi- 
ple we can no longer talk of a well-defined coordinate and momen- 
tum for the particle. However, we can calculate the average value of 
the coordinate and momentum associated with the space packet or 
the particle denoted, respectively, by (x) and (p). The meaning of 
these quantities will be discussed in the following chapters. Here we 
simply explain how they are calculated in quantum mechanics. 

We stated earlier that the absolute square of the probability 
amplitude |#(x, t)|? denotes the probability of finding a particle at 
point x at time t. However, since x is a continuous variable, it is 
more meaningful to talk about a quantity 


P(x, t) dx =|6(x, t)|? dx (1.66a) 


which simply gives the probability of finding a particle in the interval 
dx around point x at time t. 

Since the particle must be somewhere in space at any given 
instant of time, the sum of all probabilities must equal one. In other 
words 


| P(x, t) dx = [ lb(x, t)|? dx =1 (1.66b) 


—7 


Equation (1.66) is called the normalization condition. It is clear that 
the plane waves defined as 


ox.h=Ae (1.67a) 


appear to be non-normalizable since 


[joc oP ax=| 


co 


|A|? dx — 00 (1.67b) 


However, the simple form of these functions allows us to normalize 
them to the Dirac delta function, which we will discuss in Appendix 
2. An alternate normalization is the box normalization where we 
take the physical space to have a finite but large extent. We discuss 
the box normalization and the Dirac normalization of the plane 
waves as well as the wave packet normalization in Appendix 3. 
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The momentum wave packet represents a probability amplitude. 
In fact, 


P(k, t) dk =|6(k, t)|? dk (1.682) 


gives the probability of finding a particle with momentum in the 
interval dk around k at time ¢. Since the probability of finding the 
particle with any momentum must be unity we have 


co 


| P(k, t) dk = | |b(k, t)|? dk =1 (1.68b) 
It is only when these normalization conditions given by Eqs. (1.666) 
and (1.68b) are satisfied that we can talk of the corresponding wave 
functions as probability amplitudes. Given any wave function we can 
always multiply it by a constant such that one of the above normali- 
zation conditions holds. In fact, we do this in Appendix 3 for the 
example of the wave packet we worked out earlier. We simply give 
the results here. The normalized amplitudes are 


ih eae {2 “niall 
a UGS EIR PO a 1.69 
DOr Ge Ae X— d,l eee 
jl 1 —iwt 
ON) — es Riis 
= 9 k<k, and k>k, £4(1.69b) 
Here, as defined before, 
Ak == Ko—k, 
i y) (1.69c) 
lad 
Me \dk/ 


Once the normalized wave amplitudes are known, then the aver- 
age values of the coordinate and momenta are defined as 


= [ xP(x; 1) dx = | x |b(x, t)|? dx 
i ~ (1.70) 


(p)= nik)=n| kP(k, t) dk =| k |b(k, t)|? dk 
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Armed with these ideas, we calculate (x) and (p) for the wave 
packet we discussed earlier: 
a 1 4sin*[Ak/2(x—v,t)] 
= a 9 RE lee eed et J d é 
- [ “Om Ak (x—0,t)" ‘ 


4 * sin*[Ak/2(x — v,t) | 
a Se iy — vere 
(x)= Ut ava (x= v,t)° a 
4 * sin?[Ak/2(x— v,t)] 
_ a ch SEF Ere 
27 Ak ie X—Ugt am 


(1.71a) 


which followst from the fact that the integrand is odd in the 
integration variable z =x —v,t. We therefore have 


(xy=tt (1.71b) 


which, as we have seen before, simply states that the peak of the 
space packet propagates with the group velocity v,. 

Similarly, the average momentum of the wave packet ts calcu- 
lated, and 


oo 


=n] k1d(K, OP dk 


ae h if k,+k> 
=a kag dkny, | Kaka 


=hk,y (L.71c) 


as expected. 
Let us assume that the particle is a free particle, i.e., that it only 
has kinetic energy. Then 
Fico tls >i hike | hk 


Ww . = — Cyan) 
h “DP2nie Gh Qin 2m 


} We have used the fact that v,t is constant for a narrow space packet and 
therefore can be introduced under the integral as well as the fact that (x,t) is 
normalized. 
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and hencet 


=) File Gp) 
a —— Sa = 2) 
Pe e i aan m - (uae 


This states simply that the group velocity is nothing other than the 
average velocity associated with the wave packet. If we use this fact. 
then Eq. (1.716) becomes 


(x)=(u)t (1.73a) 
This is similar to the classical laws of physics which say that 
x— vt (1.73b) 


when no external forces are acting on the particle. 

Equation (1.73a) represents a general connection between classi- 
cal and quantum mechanics known as the correspondence principle 
which says that the average values of physical observables calculated 
in quantum mechanics obey the laws of classical mechanics. 

This is also observed in the Stern—Gerlach experiment. The 
average value of the deflection in the Stern—Gerlach experiment 1s 
zero as would be expected from classical mechanics if randomly 
oriented magnetic dipoles were subjected to an inhomogeneous 
magnetic field. 


1.8. APPLICATIONS: PARTICLE IN A BOX 


Let us consider a physical situation where the potential energy 
U =0 for -L<x<L, and U=~ for x<—L and x=L, as shown in 
Fig. 1.22(a). We wish to obtain the amplitude u(x, t) for finding a 


+ The same result is obtained in the relativistic case 


dw dE d pe? C 
es tastes 22 eee) = -= " 
dk dp dp ( si (p2ce7+mc*)? E 


> 


where the last equality follows from 


az 


peo ee a = 
ie 2 
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FIGURE 1.22. (a) An infinite potential well in one dimension; in the hatched area 
the potential is ‘nfinite, whereas inside the well it is zero. (b) The probability 
amplitude for different states in the well is given by standing waves. (c) The energy 
levels for the one-dimensional, infinitely deep potential well. 


particle at the position x. In the region -L<x<L the particle is 
free so that U=0 and E=T. Therefore, the amplitude will be a 
superposition of harmonic waves with w and k given by the De 
Broglie relations 


== (1.74a) 
and 
: p- x hk? 
2m 2m 
(1.74b) 


1 
k= +> (2mE)"” 


Note that the possibility of k becoming positive or negative simply 
reflects the fact that the wave could be travelling either along the +x 
Of =X AXIS. 

In the region x <—L or x>L, the potential energy is infinite and, 
therefore, for any given energy E the kinetic energy T= E-—U is 
infinitely negative. The particle cannot penetrate into a region of 
infinite potential energy and, therefore. the probability of finding 
the particle at x <—L and x=>L must vanish. We conclude that 


u(x, t)=0 for x= +L (LISa) 


In other words, w(x, t) must be a standing wave. There are two such 
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independent waves, valid in the interval -L<x<L 


w(x, t)= Ae cos kx = a (eee terri 750) 


é B 
Wax, = Be sin kx = OE (eg Morten (175) 


As the subscripts denote, these are even and odd solutions in x. The 
form of the solutions reflects that standing waves result from the 
superposition of waves travelling toward +x and —x. 

We note that the boundary condition w(+L, t) = 0 can be satisfied 
only if k takes on discrete values. Thus, for the even solutions 


kL =(2n+1)> 


(1.76a) 
7 
=(27 1a = ee 
k =(2n Jor n=0,1,2 
Similarly, for the odd solutions 
kL=nt 
7 (1.765) 
= 2n—— =a 2 
k nT n=152;3 
We can combine both results by writing 
k,=n-- n=1,2,3,... (1.76c) 


2L 


where we must recognize that the odd values of n correspond to the 
even solution, whereas the even values of n refer to the odd 
solution. The probability waves corresponding to n = 1, 2, and 3, are 
shown in Fig. 1.22(b). 

It follows from Eq. (1.76c) that the energy of the particle inside 
the well also takes on discrete values given by 


we _ HP? 
nl 1 
"2m 8mL? 


The concept of probability waves has led us to discover that when 
a particle is confined in a region of space. its energy cannot have any 


(Ly) 
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arbitrary value but rather only certain discrete values. That is. the 
energy is quantized. Figure 1.22(c) is an energy level diagram where 
the energy E,, of the particle is shown for n = 1, 2, and 3 (note the 
similarities with Fig. 1.2). 

A physical situation approximating the potential of Fig. 1.22(a) 
exists in the motion of free electrons in a conductor. Inside the 
conductor, the electrons are free. but they cannot leave the conduc- 
tor. However, in contrast to the one-dimensional example we dis- 
cussed the electrons can move in three dimensions. In this case we 
must specify all three components of the wave vector k. The 
probability wave is of the form 


Wis, t) = Alera Ke rect Vonteo heey (1.78a) 


and each component of the wave vector must satisfy a quantization 
condition similar to Eq. (1.76c). That is, 


7 
ka 
T 
k= "37, Wnts = Ie 2e3, cc (1.78b) 
7 
=i 
v4 ee 


For simplicity, we assume that the confining region is a cube of 
side 2L (i.e., L, =L,=L,=L), and we say that the particle is in a 
box. It follows that the energy levels in this case are given by 


ia ity: 
Ene ee ee) 
at 


7] 
h? ar? 


= Bmp tet ty ts) (1.78c) 


Note that different combinations of the integers n,, n,, and n, 
can give rise to the same energy. That is, in this case the probability 
waves can be degenerate tn energy. For example. the combinations 
ba, bette? 1 te oe (iegeeel rege), aera: (rng 
I,n. - 1) represent distinct probability waves but all with the same 
energy. The energy level diagram for the three-dimensional ease is 
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1 wave (1, 1, 1) 


FIGURE 1.23. The energy levels for the three-dimensional. rectangular. infinitely 
deep potential well. 


shown in Fig. 1.23, and we emphasize that the spectrum is quite 
different from the one-dimensional case shown in Fig. 1.22(c). 

To find the energy of an electron in the conductor we must know 
n,, ny, and n,; however, because of the Pauli principle (see Chapter 
3) only two electrons can have the same combination of n,, n,, and 
n,. Furthermore, the most stable configuration is one of lowest 
energy so that the lower energy states of the svstem are occumied 
first. Therefore, the highest energy of an electron (known as the 
Fermi energy E, 1 is obtained when the sum of all combinations of 
n,, ny, and n, equals one half the number of all free electrons 
present in the conductor. The integers n become very large and we 
will first consider n, and n, as shown in Fig. 1.24(a). Each dot 
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FIGURE 1.24. (a) The number of combinations of the squares of two integers. (b 
Extension to three integers. 
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represents a particular combination of n, and n, and the number of 
. . . . . 2) 1 oh . 
combinations N. contained in a radius p =(nz+n3)"” is 


N.=4np?=7 (ni+ n2) (1.79a) 


The factor of 1/4 is required because n, and n, are always positive. 
Extending this argument to three dimensions [Fig. 1.24(b)] we find 
that 


yoo (; aR°) =F (nd+ nd +02)?" (1.795) 


and the number of free electrons is N, =2N.. 
We can now introduce Eq. (1.79b) into Eq. (1.78c) to obtain the 
Fermi energy 


bys 2/3 h? N 2/3 
peeciain (=) e (307 :) (1.80a) 
8mL* \ + 2m, x 8L- 

Note that 8L*=(2L)? is the volume of the box so that (N,/8L*) = p, 

is the free-electron density in the conductor. Therefore, 


> 


h 
E,= 
e 2m, 


(mr 7ps)> (1.80b) 


In a typical conductor like copper, one electron is free for each 
atom, and E,; predicted from Eq. (1.80b) is E-=7.1eV. This is 
very close to the experimental value, indicating that our calculation 
is correct. It is important to note that the result of Eq. (1.80b) does 
not depend on the dimensions of the conductor. It was convenient 
to introduce a box of finite size, but this was a calculational artifact 
on which the physical observables should not depend. 


1.9. SUMMARY 


We have tried to bring out in this chapter the essential features of 
particle behavior in the microscopic domain. The deterministic 
classical laws are replaced by the probabilistic description of sys- 
tems. This leads, among other things, to the consequence that not all 
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particle attributes can be measured accurately. The measurement of 
the position and the momentum of the particle, for example, have to 
be uncertain by an amount given by the Heisenberg uncertainty 
principle. We have associated a wave packet with a sufficiently 
localized particle. We have calculated the expectation values of the 
position and momentum of particles associated with a wave packet. 
We have also shown that the expectation values obey equations 
corresponding to the classical laws. This feature, known as the 
correspondence principle, will be discussed in more detail in later 
chapters. Finally, we have used the ideas of probability waves to 
show that the energy of the free electrons in a conductor is quan- 
tized, and showed how this leads to the correct value for the Fermi 
energy in the conductor. 


Problems 


PROBLEM 1 


In a demonstration of the diffraction from two slits it was found that 
the spacing between interference minima was 


Ax, =5.5mm 
and the first diffraction minimum was located at 
Axp = 14.2 mm 


from the beam center. The distance of the screen from the slits was 
L=1m and the wavelength (neon laser) was A = 6328 A. 


(a) Find the width of the slits and their separation. 
(b) Make a quantitative plot (on graph paper) of the observed 
pattern. 


PROBLEM 2 


In a Stern—Gerlach experiment the detector is 2.5 m from the center 
of the inhomogeneous field. The length of the inhomogeneous 
field is 1m. The magnetic moment of the atoms is w,/2, 
where po = 0.92910 7° J A-m? is the Bohr magneton. Find the 
strength of the gradient dB/dz necessary to obtain a separation of 
2 mm at the screen. Give the dimensions of the pole faces of an iron 
core electromagnet that produces such a field (approximately). The 
temperature of the oven is 1200°C and the sample consists of silver 
atoms. Note that (mv7/2) = 3kT, v, = (2kT/m)'”. 


PROBLEM 3 


The nucleus of lead can be assumed to have a radius R= 
6x10 'm=6F. Electrons of energy 1000 MeV are incident on a 
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lead target. Assume that the scattering is similar to that produced by 
a slit of width d=2R. 


(a) Make a plot of the relative number of electrons scattered at 
an angle @. 

(b) Discuss the resolution with which details of the structure of 
the lead nucleus can be observed in this experiment. 


Note: hc ~200 MeV-F; m.c?~0.5 MeV. Use the small-angle ap- 
proximation sin@=~6. Make whatever other approximations are 
reasonable. 


PROBLEM 4 


A photon of energy E=100 keV collides with a free electron at 
rest. It is scattered through 90°. Find the energy of the scattered 
photon. 

Note: For the electron mass use mc*=500 keV and recall that 
E=pel time) 


PROBLEM 5 


The lattice constant of nickel is 2.15 A. Calculate the radii of the 
diffraction rings at a distance s=50cm when cold neutrons of 
energy 10 eV are incident on nickel powder. 


PROBLEMS 6 


Professor X has applied to the NSF for funds to observe the 
quantum behavior of a small oscillator through a microscope using 
visible light. According to his proposal the oscillator consists of an 
object 10°¢m in diameter and of estimated mass 10 “kg. It 
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vibrates at the end of a thin fiber with maximum amplitude of 
10 “m and a frequency of 1000 Hz. Should the proposal be ap- 
proved? 


PROBLEM 7 


Monochromatic light of wavelength A =6000 A passes through a 
fast shutter. The shutter opens and closes periodically so that it is 
open for a time of 10° '° sec and closed for a time of 10 * sec. Light 
passing through the shutter will then no longer be monochromatic 
but will show a spread in A. Explain why this is so and estimate the 
spread in A. 


PROBLEM 8 


The average energy of a particle in a gas (1.e., a system of nonin- 
teracting particles) is 


= 


Nie 


kT 


Calculate the De Broglie wavelength for a nonrelativistic particle of 
mass m at temperature T. Suppose there are N such particles in a 
volume V and assume that they are in a cubic lattice. Find the mean 
interparticle spacing both in terms of N and V, and in terms of the 
mass of the particle and the density p of the gas. Quantum effects 
will be significant when A >d. Show that this happens when 


2/3 


PROBLEM 9 


From Problem 8 above find the temperature at which quantum 
effects should be exhibited by the following “‘gases.” 
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(a) Liquid He*; density 0.125 x 10* kg/m? 
(b) Free electrons in a metal (N/V) ~ 10°°/m?: free electrons in 
a semiconductor (N/V) ~ 107!/m?. 


PROBLEM 10 


Compute the energy levels of the hydrogen atom by assuming that 
the electron moves in a circular orbit around the nucleus, and that 
the orbits are such that the circumference is an integral number of 
De Broglie wavelengths. This is an incorrect model, but it gives the 
correct answer. 


PROBLEM 11 


Use the uncertainty principle to compute how long an ordinary lead 
pencil can be balanced upside down on its point. This 1s an interest- 
ing problem. 


PROBLEM 12 


Calculate numerically the lowest energy of two protons confined in a 
potential well of width 2a=2x10°'*cm and of infinite height. 
Protons are Fermi particles since they have spin 1/2. 


PROBLEM 13 


Consider a one-dimensional wave packet w(x, t) whose spectrum in 
momentum space is Gaussian with standard deviation o, 


a 1/2 
) ek —kp}?/20% 


Atk)= (—- 


K 
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Then 


w(x, t)= i A (kel dk 


= 
(2ar)*/2 


Perform the integration to find w(x, t) and the standard deviation o, 
of the packet in coordinate space. See Appendix 1. Defining (Ax*) = 
a2/2 and (Ap2)=h’o;/2, show that the exact expression for the 
minimum uncertainty is obtained 


2 


h 
(Ax?){Ap2) = Th 


PROBLEM 14 


Find expressions for the eigenfunctions and energy levels of a 
particle in a two-dimensional circular box that has perfectly rigid 
walls. 


PROBLEM 15 


Show that the following are representations of the delta function 
(see Appendix 2.) 


E€ 
FT eee ee 
ee) 


1/2 
(b) lim (=) ee 


a—0 


PROBLEM 16 


Determine the value of the constant B such that 
(a) lim... Be" ="Si(r) 
0, for x7] 0)" 


(b) lim #(x)=6(x) with leet eee 


b-—0 
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PROBLEM 17 


(a) Using the Gauss theorem 
| (div A) d?r= $ A-dS (S is the surface of 0) 
ce} Ss 
show that 


v7(=) = —4757(r) 


Ir| 


(b) Using an integral representation for 1/|r—r'| show that 


1 
es = 5) = —4787(r-r'’) 


Chapter 2 


STATES, AMPLITUDES, AND 
OPERATORS 


In this chapter we develop the language of quantum mechanics in 
which physical systems are described in terms of the quantum- 
mechanical states that the system can occupy. The state of the 
system can change under the influence of external forces, such 
external influences being represented by operators that act on the 
states. The overlap of two states of the system defines an amplitude, 
and the absolute square of the amplitude is interpreted as a proba- 
bility. 

We also introduce the concept of a representation for the states 
and operators. This is necessary in order to perform explicit calcula- 
tions. States are represented by vectors in a linear vector space of 
appropriate dimension, admitting complex expansion coefficients. 
Operators are represented by matrices multiplying the vectors. The 
probability amplitude for finding a physical system in another state 
is given by the inner product of the two vectors. We use these 
concepts in Chapter 3 to discuss the process of measurement in 
quantum mechanics and to relate the state of a system to physically 
measurable observables. In more mathematical terms, we discuss 
the elements of linear algebra that are necessary for the description 
of quantum systems. 


2.1. STATES OF A QUANTUM-MECHANICAL SYSTEM 


In Chapter 1 we noted that the passage of an electron beam through 
two slits produces an interference pattern as shown in Fig. 1.9. We 
also showed that this phenomenon can be explained if we associate 
with the electron a properly normalized amplitude (x,t), the 
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absolute square of which gives the probability that the electron 
would be at x, t (in an interval dx) 


P(x, t) dx =|6(x, t)|? dx OD) 


The function (x,t) is the probability amplitude for finding an 
electron at the final position x, given that it was emitted from the 
initial position s where the source is located. Thus, we see that a 
probability amplitude connects an initial and a final state of the 
electron. We use the notation 


ls) or |x) 
to represent particular states of the electron. In this case 
|s) > state of the electrons emitted from the source s 
|x) > state of the electrons reaching the screen at x 
We will designate initial states by kets 
ls) initial state 


and final states by bras 
{x| final state 


A probability amplitude is then designated by the bra-ket 
ox, t)=@/s) amplitude 


A bracket is read from right to left, that is, it is interpreted as the 
amplitude for a particle (an electron in this case) initially in the state 
ls) to be found in the final state (x|. This notation was first 
introduced by P. A. M. Dirac in 1928. 

In general, the state of a physical system contains all the informa- 
tion about the system. However, depending on the particular prob- 
lem at hand, we may only be interested in a limited number of 
properties of the system. For instance, in the example of electron 
interference we were only concerned with the position of the 
electron at any given time. Consequently, we talked only about 
states that described the position, ignoring for the moment all the 
other attributes of the electron. Electrons, on the other hand, also 
have intrinsic angular momentum, called spin, and associated with it 
a magnetic moment. In the Stern—Gerlach experiment the electrons 
emerge in two distinct beams, one “up” and one “down” along the 
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Z-axis. Electrons in the upper beam have their spin pointing up and 
in the lower beam the spin points down. Thus, one can describe the 
outcome of this experiment by introducing the spin states up) and 
ldown) for the electron and ignoring all other properties. For 
example, if the state of the electron before entering the apparatus is 
\i), then the amplitude for deflection up or down is given by 


(up) = (up | i), (down) = (down | i) 


The probability of observing the electrons in the corresponding 
beam is the absolute square of the above amplitudes. 

The expressions we have given so far are symbolic. To obtain 
quantitative results we must choose a representation for the states of 
the system. Any convenient representation can be chosen, just as we 
can use any suitable system of coordinates to represent a vector by 
its components. However, the amplitides must be independent of the 
choice of representation. This is evident from the fact that their 
absolute square is a physically observable probability that cannot 
depend on the system of coordinates. The probability amplitudes, 
therefore, can be complex functions of dynamical variables or 
simply a complex number. 

To describe quantitatively the state of a physical system we must 
choose a set of basis states in terms of which we can express any 
arbitrary state of the system. As an analogy consider a two- 
dimensional vector. If we pick two linearly independent unit vectors, 
u, and u,, we can express 


V=a,u, +a,uy 


and write v= {a,, a,}. The particular values of {a,. a,} depend on the 
choice of the unit vectors. Furthermore, if the vector was three- 
dimensional, we would have to use a coordinate system with three 
unit vectors. 

The same considerations hold in the choice of the basis states of a 
representation. For instance, consider an electron beam, and sup- 
pose we wish to describe only the orientations of its spin. As we 
have already discussed, when the beam passes through a Stern- 
Gerlach apparatus it will be deflected either up or down along the 
axis of the apparatus we take as the Z-axis. This is a consequence of 
the alignment of the magnetic moment, and we conclude that the 
spin angular momentum of the electron can be found in only two 


STATES, AMPLITUDES, AND OPERATORS 59 


possible orientations. We choose these orientations as the basis 
states and designate them by 
up) or |+z) 
ue (2.2) 
|down) or |—z) 
An arbitrary state of the electron’s spin can be described in terms of 
the basis states of Eq. (2.2a) through 


\i)= a |up)+b |down) (2.2b) 


The doublet of numbers {a, b} are the coordinates that describe the 
state |i) in the representation defined by the basis states of Eq. 
Ce a: 

Let us now perform an experiment by setting up two Stern- 
Gerlach apparatuses, one behind the other, oriented in the same 
way (see Fig. 2.1). If only the upper beam enters the second 
apparatus we will observe that all of the secondary beam is deflected 
up and none down. We designate by |i’) the state of the beam after 
emerging from the first apparatus. Our observations then imply 


(up | i’) = (up | up)= 1 (2.3) 
(down |i’) = (down | up) = 0 
In other words, the basis states defined by our apparatus are 


normalized and mutually orthogonal. 


tdB/dz |f> 


aah (> Cl 
oS 7 
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FIGURE 2.1. Schematic of the Stern—Gerlach experiment with two analyzing mag- 
nets placed one after the other. The gradient dB/dz is oriented along the same axis 
for both magnets. 


We can examine how the state |i’) is related to the initial state |i). 
which has the general form of Eq. (2.2b). We know that |i’) = |up) so 
that using Eqs. (2.3) 


<i’ | i) = a (up | up)+ b(up | down) = a 
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Thus, the coefficients {a, b} used to represent the arbitrary state |i) 
can be found by forming the amplitude of the state |i) with each of 
the basis states. We further observe that the probability that the 
initial beam is deflected up is given by 


P(up) = |¢(up)|? = |{up | i)|? = |a|? 


and correspondingly for P(down). Since the beam cannot disappear 
the probability for deflections up and down must add to unity, 1.e., 


P(up) + P(down) = |a|?+|b|? = 1 (2.4) 


This is a normalization condition on the expansion coefficients 
(amplitudes) {a, b}. 

We can look at the normalization of a state from the point of view 
of forming the amplitude of the state with itself (i | i). By definition 
this must equal one. This will be so if we define the bra (i| 
corresponding to the state of Eq. (2.2b) by 


(i| = a*(up|+ b*(down| (2.5a) 
Using the results of Eq. (2.3) we then find 
(i | i)=|al?+|b|? (2-56) 


which equals one by Eq. (2.4). We can generalize these results to 
the case where the representation is spanned by more than two 
states. For instance, the spin angular momentum of the deuteron 
is one and therefore its orientation is described by three basis 
states |+1),|0), and |—1); the position of a particle along the X-axis 
is described by a continuous and non-denumerable set of basis 
states. We will see how to deal with these cases in the following 
sections. 


Example 


A beam of clectrons passing through a Stern-—Gerlach apparatus is 
found to have equal probability of being deflected up or down. 
Express the state of these electrons in the basis provided by the 
apparatus. 

We can use 


|i) =a |up)+ b |down) (2.2b) 
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and are given 
P(up) = |a|? = P(down) = |b|? 
From the normalization condition 
lal?+|b|?= 1 
Thus 
[@\ =P —2 (2.6a) 


which defines the magnitude but not the phase of the expansion 
coefficients. We can choose the simple solution 


=“ 


i) = lup)+ = |down) (2.6b) 
but the state 
= = lup)+e = |\down) (2.6c) 


with @ real, is also a valid solution. The state |i’) is different from 
the state |i) above. A frequently occurring linear combination for 
the state |i’) is when the phase @ is equal to a. 


2.2. REPRESENTATION OF QUANTUM-MECHANICAL 
STATES 


In Section 2.1 we indicated how a quantum-mechanical state can be 
represented as a linear combination of basis states. This is in exact 
analogy to the description of an arbitrary vector a (in three- 
dimensional space) in terms of the unit vectors u,,u,, and u, 


a=a,u, + au, +a,u, (27) 


Because of our familiarity with vectors, certain properties of the 
description indicated by Eq. (2.7) seem obvious. For instance, unless 
we use all three unit vectors we cannot describe an arbitrary vector; 
it is always possible to find the coefficients (a,, a,,a,) needed to 
describe an arbitrary vector; we can use any system of coordinates 
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to describe a vector, and the coefficients (a,, a,,a,) are related to 
the coefficients (a, a}, a‘) in the new system; and we can always 
choose an orthonormal set of unit vectors. 

All these properties carry over into the description of a quantum- 
mechanical state, and that is why we often say that a state is 
described by a state vector. The differences between ordinary vectors 
and quantum-mechanical state vectors are that: (i) The number of 
basis states depends on the representation and may be finite or 
infinite; the basis states can be discrete or continuous; (ii) the 
expansion coefficients (a,, @>,...) can be complex. Mathematically, 
these properties define a Hilbert space, and a quantum-mechanical 
state is a vector (or ray) in that space. This brings up the question of 
which is the appropriate representation for the description of a 
quantum-mechanical state. For the complete description of a 
quantum-mechanical state we may require a very extensive Hilbert 
space. For instance, if we wish to describe the position and the spin 
orientation of an electron, the basis states must span all possible 
combinations of position and spin orientation. However. in many 
physical problems we may be interested only in a limited number of 
properties of the system, and we can choose the representation in 
which to describe the system accordingly. 

A representation is always associated with a physical observable 
of the system and consists of a complete set of basis states. A 
complete set is a set of linearly independent vectors such that any 
arbitrary vector in that space can be expanded in terms of the 
vectors of the set. Thus, any quantum mechanical state of the system 
can be expressed as a linear combination of the basis state. 

A familiar analogy to the description of a physical system in terms 
of discrete basis states can be found in classical physics. Consider 
polarized Jight propagating in the z-direction. The electric field 
vector can be written as a superposition of the fields in the x- and 
y-directions. For a fixed position z we write 


E= E,u, + Eyu, = Re(Ae“““u, + Ben, ) 


where Re( ) means “take the real part of the expression in the 
parentheses.” If B — A the polarization is linear at 45° as shown in 
Fig. 2.2(a); if B =0 it is linear at 0°; if B= —A it is linear at 135°, 
and so on. If B=iA=e'”’A the polarization vector rotates clock- 
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wise and for B=—iA=e™'"*A counterclockwise. We speak of 
right-hand and left-hand circular (RHC and LHC, respectively) 
polarized light, as shown in Fig. 2.2(b,c). In the most general case 
|B|#|A| and the polarization is elliptical. 


(a) 


FIGURE 2.2. Polarized light propagating along the Z-axis. (a) Linearly polarized; 
(b) right-hand-circular polarization; (c) left-hand-circular polarization. 


We can choose the unit vectors u, and u, as a complete set of 
basis states 


|x) =u,, ly)=u, (2.8a) 


and express the electric field as a linear combination of these basis 
states 


E=Re(|P)) where |P)=a|x)+b ly) (2.8b) 

The complex coefficients a= Ae ““ and b= Be“ carry the time 
dependence of the field and must satisfy the normalization condition 
lal?+|b|? =|A??+|B|? = {EP (2.8c) 


The set of basis states |x),|y) given by Eq. (2.8a) is not unique. 
We can use a different representation where the basis states are 
those of circular polarization (or helicity) defined as 


|+) = z (u, +iu,)= 5 (\x)+i ly)) right-hand-circular 


1 1 (2.9a) 
|-)=—= (@@, —iu,) = a5 (x)—i ly)) left-hand-circular 


J2 
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In terms of these states the electric field vector is 
E=Re(|P) where |P)=c |+)+d |-) (2.9b) 
The complex coefficients c and d are related to a and b through 


1 


c= 5 (a~ib)= eA iB) 


J2 


1 1 : 
d ag +ib)=—=e “(A + iB) 


/2 V2 


They satisfy the normalization condition 
lc? +|d)? = |E/? (2.9c) 


as can be easily checked using Eq. (2.9a). In Fig. 2.2(b) we show the 
polarization vector E, for the RHC state. In this case |c|? = 1. |d|°= 
0, and thus c=e “ and 


E, =cos wti, +sin wti, 


The polarization vector E of the LHC state, is shown in Fig. 2.2(c). 
It is instructive to carry this analogy further. For instance, if we 

introduce a polaroid into the beam we can select the state of linear 

polarization along the x-axis. The state |P’) is then by necessity 


|P’)=a|x), a#0 (2.10a) 


We now introduce a second polaroid into the beam, as shown in Fig. 
2.3(a), oriented along the y-axis. No light will pass through the 
second polaroid. The polaroid functions as an analyzer in the sense 
that it measures the component of the light beam that has its 
polarization vector along y, namely, in the state |y). We conclude 
that the amplitude for finding the state |P’) in the (basis) state |y) is 
ZrO. Ve 


(vy | P’)-0 
and in view of Eq. (2.10a) 
(y|x)=0 


Conversely, if the second polaroid was along the x-axis, as in Fig. 
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2.3(b), all the light would have been transmitted that is, 
(xP) Saloor (x laye 1 


Thus, the basis states that are experimentally defined by using 
polaroids with their axes along the x and y directions are 
orthonormal 


«x | y)=6, (2.10b) 


and form a complete set. 


Ip> |P’> IP>=0 
: | 
k k (a) 
oF A. 
ee ae oe 
|P> (b) 
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FIGURE 2.3. A light beam traversing two polaroids. The double arrows indicate the 
direction of polarization. (a) The polaroids are crossed and no light is transmitted. (b) 
The polaroids are aligned so that all light traversing the first polaroid traverses the 
second one as well. 


To measure the polarization of the beam we have to introduce 
polaroids. It is important to realize that the polaroids not only 
measure the state of the beam but in so doing modify the state of 
the beam as well. Consider the situation shown in Fig. 2.4(a). 
Polaroid 1 establishes a light beam in the state |x) 


|P’)=a| x) 


If this is followed by polaroid 3, which ts along the y-direction, no 
light is transmitted (see Fig. 2.3). We can, however, introduce 
between | and 3 a polaroid 2 which is inclined at 45°: now light will 
be transmitted through the system. The state |P”) emerging after 


66 QUANTUM MECHANICS 


polaroid 2 is polarized along 45°, and the magnitude of the electric 
vector 1s 


IE"|=—— 


iE 
Jo 


as shown in Fig. 2.4(b), where we are looking into the beam. If we 
write for the state |P’) 


IP’)=a|x)  |afP=1 
then 


me fim 8 a 
ae eral 


Since polaroid 3 has its axis along y the trnasmitted light will be in a 
state 


uw _@ 
He ai 


|P’> |P’'> |P""> y 


Pe = ae = ‘ 
Za 


Y 
(E,\)y=E, 
- Es=(Es)y 
1X (E>), xX — (b) 
(E,)x! 


FIGURE 2.4. A light beam can be transmitted through two crossed polaroids if a 
third polaroid inclined at some other direction is inserted between them. (a) Polaroid 
2 is at 45°. (b) The electric field vector after each polaroid. 
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The intensity of the transmitted light is proportional to the square of 
the electric field, which is given by the norm of the state |P’”) 
lal? 


I, « |E3|? = |(P"” |P”)|= “a 


as compared to the intensity I, x|a|? after the first polaroid. The 
remaining three-fourths of the beam are absorbed in polaroids 2 
and 3. 

What we have demonstrated here is nontrivial. By introducing a 
device that absorbs light (in a preferential direction) we increased 
the light output of the system (as compared to the transmission 
when only two polaroids were present). Furthermore, we have seen 
that the process of measurement alters the state of the system. The 
analogy between the states of polarization of light and two-state 
quantum systems is a close one, except that for light the observable 
electric field E is given by the real part of the state vector. 
Quantum-mechanical state vectors are not directly observable; only 
their absolute square can be measured (which is equivalent to the 
intensity of the light beam). 

Let us now return to an arbitrary quantum-mechanical state |a). 
We can represent it by an expansion in a complete set of orthonor- 
mal basis states |u;) of a particular representation that is assumed to 
have n discrete basis states 


la)= ay (a) dy |Uz)+- pie? |u,) 


Ges (2.11a) 


By our definitions the probability amplitude of finding the state |a) 
in the basis state |u;) is 


6; = (u; | a) 
Because of the orthonormality of |u;), Eq. (2.1la) immediately 
yields 
ob; — (u; | a) = a; (2.12) 
We have thus obtained the important result that the expansion 


coefficients defining a state ja) in a particular representation are 
simply the amplitudes for finding the arbitrary state in the corres- 
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ponding basis state. Thus, we can rewrite Eq. (2.11) as 
la) =(u,| a) |uy)+ (uz | a) |ua)t+ +++ + (uy | a) lun) 


or compactly as 
|a)= 2) (us | a) jus) 


and even more compactly by using |i) to indicate the basis state |u;) 


la)= Yl’) } a) (2.116) 


Equation (2.115) always implies summation over the complete set of 
basis states. 

As an application of Eqs. (2.11) and (2.12) we consider the wave 
packet discussed in Section 1.6. To describe the state |W) of the 
particle we can use the position representation. In this representa- 
tion the basis states |x) describe a particle found at x and are 
continuous and nondenumerable. The most general state is 


|W) = ay |x,) + @>|x2)+a3|x3)+--- (2-13) 


which is in analogy to Eq. (2.11a). Since the states \x) are continu- 
ous we must replace Eq. (2.11b) by an integral 


|W) =f a(x) |x)dx 


For continuous basis states the orthonormality condition equivalent 
to Eq. (2.10b) ist 


Coal a Gi xn) 
Therefore. the amplitude of finding the particle at the position x’ is 
(x’) = (x'| W) =f a(x){x’ | x) dx 
fagedties «x yaaeex’) (244) 


We see that the probability wave G(x, t) [see Eq. (1.57a@)] corres- 
ponds to the expansion coefficient (function) a(x) that describes the 
state |W) in the position representation. In that case a(x) depended 
on time and so did the amplitude @(x'). Thus, we should have 


{+ See Appendix 2 for a definition and properties of the 5-function. 
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written a(x,t) and (x’,t). We discuss the time dependence of 
amplitudes in Section 3.2. 

We could have equally as well expressed the state |W) in the 
momentum representation where the basis states |k) describe a 
particle of sharp momentum p=hk. Since the momentum basis 
states are continuous we must again use an integral 


|W) =f a(k) |k) dk 


We leave it to the reader to show that the expansion coefficient 
(function) a(k) is given by thé probability wave #(k, t) of Eq. (1.59). 


2.3. PROPERTIES OF QUANTUM-MECHANICAL 
AMPLITUDES 


We have seen that quantum-mechanical amplitudes play a role 
equivalent to the coordinates of a vector. To represent a state |a) we 
must know the amplitudes (i | a) between |a) and all the basis states 
li) of the representation. This statement has a physical interpreta- 
tion: by repeated measurements on (similarly prepared) states |a). 
we can determine the probability P; that |a) is found in the basis 
state |i). By definition 

Pena ie (2.15) 


so that we can, in principle, determine the magnitude of all amp- 
litudes. The relative phase between amplitudes can be determined 
from interference experiments. 

We will now establish some of the general properties obeyed by 
quantum-mechanical amplitudes. These follow from the fact that an 
arbitrary state |a) can be represented as a linear superposition of the 
basis states as in Eq. (2.11b) 


jay=) lii| a) (2.11b) 


To obtain the amplitude between the state ja) and some arbitrary 


state |b) we write 
(b | a)= } <b | ii] @) | (2.16) 
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We will refer to the above result as the completeness or closure 
relation. In physical terms it means that the amplitude for going 
from the initial state |a) to the final state |b) is given by the sum of 
the products of the amplitudes for going from |a) to some inter- 
mediate state (i| and then from |i) to the final state (b|. However, 
the summation must be over the complete set of the basis states |i) of 
any one particular representation. 

The normalization condition on the amplitudes is obtained by 
demanding that the sum of the probabilities P, of finding the state 
|a) in any one of the basis states |i) equal unity 


(2.17) 


Similarly, the probability of finding the state |a) in the state |a) 
should obviously equal unity, or 


Pia =lala)P=1 (2.18a) 


We choose the phase by defining the amplitude for finding the state 
\a) in the state |a) to be unity also 


‘a \ay—1 (2.18b) 


Equations (2.17) and (2.18a, b) can be combined if we express the 
amplitude (a |a) in terms of the closure relation of Eq. (2.16) 


(a|a)=¥ (ali)(ija)=1 


alli 


Comparing this result to Eq. (2.17) we see that the following must 


be true 
(a |i)=(i|a)* (2.19) 


Equation (2.19) is a general statement on the behavior of amp- 
litudes under time reversal: The amplitude for going from any state 
|a) to any state |b) is the complex conjugate of going from the state 
|b) to the state |a). It also follows that the expansion of a bra 
equivalent to Eq. (2.11b) is 


(b|= 2 <b | id il= dG | BY (2.20) 
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Equations (2.16), (2.17), and (2.19) play the role of defining equa- 
tions for quantum-mechanical amplitudes. For instance, by scratch- 
ing (b| from both sides of Eq. (2.16) we obtain Eq. (2.11b); by 
scratching |a) we obtain Eq. (2.20). 


Example 


Show that the circular polarization states |+) and |—) introduced in 
Eq. (2.9) are orthogonal namely, that the amplitude (+ | ~) is zero. 
We are given 


|+) (\x)+i |y)) 


=n 


|-)= ae (ea i |y)) 


with 
(x | y)= 6, 
Thus, from Eq. (2.20) 
1 : 
(+= S39 xl -iKyl} 


so that 


(Fae ly y= 


Example 


A quantum system can be described in terms of a complete set of 
|p) has the following 


amplitudes in this representation 


ON We 
a|p)=s5 Blp)=0  (yIp)=i(5) 


and a state |q) has amplitudes 


sey 


1 l 
(a | q)= 312 (Bla) =< (¥1@= an 
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Find the amplitude (p|q) and the probability of finding the system 
in the state (q| when it is initially in the state |p). 
We use Eq. (2.16) 
ROS oe el 
— 1 SS 
(p|q) 2 el re rr 
and the probability is 


Pa =\(q | p) =p | q)\?=5 


When we know the amplitudes describing the state |a) in a 
representation with basis states |i) it is possible to find the amp- 
litudes describing the same state in a different representation, say 
with basis states |uw). This statement is analogous to the transforma- 
tion of the coordinates of a vector when we rotate the axes. Note, 
however, that the amplitude between two states |a) and |b) is 
invariant under such transformations of the representation (of the 
basis states). 

To illustrate this we start by expanding the state |a) in both 
representations 


la)= Y livia) 
= (2.21a) 
Ja)= 2D |u)tu | a) 


Closing the first equation with (u| and the second with (i| we obtain 


(wla)=¥ Wu liila) 
- (2.21) 
(i|a)= dX (i| )<e | a) 


We see that the amplitudes (u|a) in the |) basis are related to 
(i|a)—the amplitudes in the |i) basis—linearly through the n” 
coefficients (4 |i). The inverse relation is determined by the coeffi- 
cients (i | 2)=(p | i)*. 

It is convenient to arrange the transformation coefficients ( | i) 
into a square (n Xn) matrix S,;. This is shown below for n = 3. If we 
arrange the amplitudes (i| a) into a column vector a, then the vector 
a containing the amplitudes (u |a) for the new representation can 
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be obtained by the rules of matrix multiplication.+ Setting 


i j k 


we | Geel) Call} Gulllide) 
Su= (v|i) (li) wk) 
E| |i) Eli) (lk) 


(i | a) (u | a) 
a-(<io)| a-( 10) (2.204) 
(k | a) (é|a) 


a=) Sea, (2.22b) 


it holds that 


We also know how to express the inverse transformation in matrix 
language. Setting 


es a a i (uw liy* v liy® (El i)" 

Su=i (Gle) Gly) Gl = [@lp* @wlp* El) 

k | (klum) <klv) <k/&) (a [ky (vo k)y* (€1k)* 
(29230 ) 


it follows from the second equation of Eqs. (2.21b) that 


a Sal, (2.23b) 


Because of the relation (i|)=(y|i)*, the matrix S’ is the 
Hermitian conjugate of S, which we designate by S’ (pronounced 
S-dagger). Hermitian conjugation means to take the transpose of 
the original matrix and then complex conjugate 


St=(ST)* or (S‘),;=S*, (2.24) 


+ A review of the properties of matrices and of operations with matrices is given in 
Appendix 4. 
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It is evident from Eq. (2.23a) that 
ew (2254) 


If we now transform from the (i| a) representation to the (yu | a) 
representation and then back to (i | a) we should regain the vector a. 
This is done by introducing Eq. (2.22b) into Eq. (2.23b) 


a=S'a'=S'Sa=S'Sa 
or, equivalently, 
S's=2 (2.25b) 


where the symbol 1 stands for the unit matrix in general. A matrix 
obeying Eq. (2.25b) is said to be unitary. In terms of matrix 
elements 


y (S"\apSpy a Say or D SboSey 7 Bory 
B 8 


A unitary matrix is a matrix whose inverse is its Hermitian conju- 
gate. A unitary matrix that is real is an orthogonal matrix. Unitary 
transformations have the important properties of maintaining the 
normalization of state vectors and of leaving amplitudes invariant. 

For instance, consider a state |a) that is normalized. In terms of 
the amplitudes in the |i) representation the normalization is expres- 
Sed as in Eq. (2217) 


1=(a|a)=)i Kil ayP= 2 (a | iXi| a) 
We can use Eq. (2.21b) to express (i|a) in terms of the new 
representation |w). Then 


(a) ave); (Z (a| eu | o\(¥ (i 


rcv | a)) 
Ya | we | vv | a) 


=¥ (a|8,,4v | a) 


=Vial udu lay=¥ Ku | a)? (2.26) 
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This is as expected because for a complete set |w), the amplitude 
(a|a) can always be expanded as in the last expression of Eq. 
(2.26). 

The same result can be obtained using matrix notation. Just as we 
arranged the amplitudes (i|a) into a column vector a, we can 
arrange the amplitudes (a |i)=(i|a)* into a row vector a’ where 


a'=[(a |i), (a|j), (a | k)] 
=[ | a)*, Gj] a)*, (k | a)*]=[a¥] (Qe) 


Since the column vector a contains the coordinates of the ket ja) in a 
particular representation, the row vector a’ contains the coordinates 
of the bra (a| in the same representation. The row vector (a’)’ 
containing the transformed amplitudes is given by 


(a’)'=(Sa)*=a'S* (2.28) 


where the row vector a’ multiplies the transformation matrix from 
the left. 

In this notation the amplitude (p|q) can be expressed as the 
scalar product of the row vector p’ and the column vector q 
corresponding to the states (p| and |q) 


(p|q)=p'q=) pia (2.29) 
In the new representation we use the vectors (p’)' and q’ 
(p | q)= (p')'q = (p'S")(Sq) =p (S'S)q=p'a 


where we used the unitarity of S$, S'S =1. 


Example 
Consider two states |p) and |q) given in the basis |a), |B), |y) by 
(alp\ , /} mie 
p-| (8B | p)|=75[ 0 q= | 0 
PEA \ Sy 
(y |p) =a 


Let the transformation matrix S from the |a), |B), |y) basis to a basis 
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\k), |l), |m) be given by 


|o) |B) ly) 


Ik)| 40.+cos@) (1/2"")sin@ 3(1-cos 6) 
S=|l) |—(1/2") sin @ cos 0 (1/2*/7) sin 6 
lm)| 3(1—cos 6) —(1/2")sin@ 3(1+cos 6) 


and consider the special case @= 7/2. Find the amplitudes of the 
states |p) and |q) in the new basis and use them to calculate the 
amplitude (p | q). 

For 6 = 7/2 we have 


1 oe a t =902 
cg fe ee 
1 =piMe: 1 1 oe 1 


Direct multiplication of these two matrices verifies that 
S'S=1 


For the new amplitudes we obtain 


va. Pl ie ( Ati 
ps0 3-2" () 2 so 8) =a 26-100) 
(SOS OR ae er 2 1+i 


1 Pi 1 1 
q'- Sq { aye 0) ara | 1 0 
2 iad S 1/2 pe 1/2 
1 | 2 | 22) 2(2) 


0 


Thus 
(p|q)=(p')'q' = 801+ i) 


which is the same result as obtained by using the amplitudes in the 
original representation 


p'q=3(1+i) 


STATES, AMPLITUDES, AND OPERATORS 77 


2.4. OPERATORS AND CHANGE OF STATE 


We know experimentally that the polarization vector of a light beam 
is changed when the beam passes through a polaroid. Similarly, if 
we look at only one of the beams emerging from a Stern—Gerlach 
apparatus, all the atoms would have their spins oriented in a specific 
direction. Thus, an apparatus acting on a quantum-mechanical] 
system may change the state of the system. 

We describe the effect of the apparatus by an operator A operat- 
ing on the state |@) to produce a state |v). We will designate 
operators by using a caret, so that in our bra—ket notation 


Ix) =A |) (2.30) 


We say that an operator maps a state vector in Hilbert space onto 
another vector in the same Hilbert space. An operator is linear if 


A(a, |b1)+ a2 |2)) = a,A lpy)+ a.A |po) (31) 


Since the superposition principle is strictly valid in quantum 
mechanics, all quantum-mechanical operators must be linear. 

Just as we defined a state vector |@) by its coordinates—the 
amplitudes (i | @) in some complete basis |i)—an operator is defined 
by giving its matrix elements in a particular representation. Consider 
the state |¢) expressed in the basis |i), where 


Ib)= Di li)i| d) 


A 


When the operator A as given in Eq. (2.30) acts on this state we 
obtain 


Ix)=A |o)=) A lini] @) (2.32a) 


The state |y) that we can express in the same representation through 


x= 2 lil x) (2.32b) 


will be completely defined if we know the amplitudes (j |v). These 
can be found from Eq. (2.32a) by closing it from the left with the 


78 QUANTUM MECHANICS 


basis states (j | 
Glx= 2 (j| A |i | 6) 
and introducing this result into Eq. (2.32b) 
Ix) = d d iA G1) (2.32c) 


It is clear from the above result that if we know the amplitudes 


qj A |i) = Aji (2.33) 


between all states |i) of this basis, we can determine the effect of the 
operator A on any arbitrary state |): If the basis has n states, then 
the (n Xn) amplitudes of Eq. (2.33) completely define the operator 
A. In fact, it is sufficient to know the amplitudes of Eq. (2.33) in 
only one particular representation, because if we wish to work in a 
different basis |uw) we can write Eq. (2.32c) in the following form 


W=Y Vw lg A WG] wu |) (2.34a) 


j,i pov 


where we have used the closure relation [Eq. (2.16)] twice. Since 
(v|j) and (i| w) are the elements of the transformation from the 
basis |j) to the basis |v), and vice versa, we can always evaluate Eq. 
(2.34a) if the amplitudes (j| A |i) are given in one basis. 

We see that operators are defined by a matrix of n Xn amplitudes 
given in One particular representation. This should be compared to a 
state vector which is defined by a column of n amplitudes, and to an 
amplitude which is defined by a single complex number (or func- 
tion). The elements A, of the matrix are defined by Eq. (2.33). The 
first index (in this case j) labels the row of the matrix, while the 
second index (in this case 1) labels the column. The amplitudes in 
the matrix defining A depend on the representation, just as the 
expansion coefficients of a state vector depend on the representa- 
tion. Equation (2.34a) indicates how the matrix elements A, trans- 
form when the basis is changed 


(oA [w= 2 AGA DG] ew) (2.346) 
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Eigenstates and Eigenvalues of an Operator 
A matrix A; =(j| A |i) is Hermitian if 

PS a (2:35) 
or in terms of the matrix elements 


Aw=wA* (2.356) 


ty 


If a matrix is Hermitian an important theorem states that it is always 
possible to find a basis |) in which the matrix A,,, =(v| A |) is 
diagonal. By diagonal we mean that 


A,» =9, if vz pw (2.36a) 


and only the elements A,,, A,,,,...,etc., may be different from 
zero. Furthermore, the diagonal elements of a Hermitian matrix are 
real, since by the definition of Eqs. (2.35a) and (2.35b) 


An (Al) p= y =Ac, (2.36b) 


The elements ae of the matrix A when it is in diagonal form are 
called its eigenvalues. The n eigenvalues of a Hermitian matrix are 
real and can all be distinct or some of them may be identical. An 
eigenvalue can be positive, negative, or zero. 

An operator A is said to be Hermitian if its matrix elements a 
form a Hermitian matrix. Consider then a Hermitian operator and 
let the particular basis |) be such that the corresponding matrix 
A,,, is diagonal, or 


vi 
(v| A |u)=0, if vA pw (37a) 
The basis states are orthonormal 
(v|w)= 8, 
We now use Eq. (2.32c) to find the effect of the operator A onone 
of the basis states, say |w) 
A |w)= L164 A dv | a) 


=¥ lee A |v8,,, = DAE) A |) 
&v é 
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and in view of Eq. (2.37a) 


A \w) = ¥ level A [w= lu) (ul A le) = le Ave 


The diagonal matrix element A,,, is the wth eigenvalue of A, and 
we designate it by a,. Thus, when A operates on the state |) it 
produces a new state |x), which is a multiple of the state |w) 


Ale =a |) (2.37b) 


We say that the state |) is an eigenstate of operator A with the 
eigenvalue a,,. 

The great importance of the above results is that when Eq. 
(2.37b) is valid in one representation it remains valid in all rep- 
resentations, even in those where A is not any more diagonal. Of 
course, the matrix elements of A and the amplitudes describing the 
state |w) are different in the new basis, but the eigenvalues a, 
remain unchanged. In general, if an operator A acting on the state 
|) changes the state only by a number a, (which may be complex), 
the state |) is an eigenstate of A with the eigenvalue @4. 


If A |b) = ay |b). |) is an eigenstate of A with eigenvalue a, 


(27) 


In order to use this formalism we must also have a prescription 
for the action of an operator on a bra state. Given a state |@) and an 
operator A such that A |6)=|x), it holds that (y|= (| A‘. The 
proof is straightforward, as given below, but the result is often used, 
and therefore we display it in Eq. (2.38) 


E Ale eel | (2.38) 


Proof of Eq. (2.38): From the definition of Hermiticity for a 
matrix [Eq. (2.24)] it follows that 


(| A |p) Age (A = (ola lo)" (2.39) 
Since A |6)=|x) we have 
(6|(A|))=(6 |x) =x 16)" 
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Therefore 


hee (6| A |6)* = (| A‘) |) 
which implies (| A*=(y| as stated. 


It follows from Eq. (2.39) that if |@) is an eigenstate of A with 
sieeowalue a, then |) is also an eigenstate of A‘ with eigenvalue 
aan 


If A |p) = ay |), then A*|$)= a |) (2.40) 
and also 


(6| A —ay(b| and (6| A‘ =a%(o| 


Of course, if A is Hermitian, A*= A, and all eigenvalues a, are 
real. 


Example 


Consider the discussion of polarized light, and let us depict the state 
of polarization of the electric field by the column vectors 


ee (;) polarization oe (") _ polarization 
0/ along x along y 


For instance, light polarized at 45° in the first quadrant is rep- 


resented by 
i 
=a (,) (2.41a) 


[Compare to Eq. (2.6b).] We now introduce an active element that 
affects the two states of polarization differently. This is equivalent to 
an operator which we can express in matrix form as 


10 
A= (‘ a (2.41b) 


with 6 any arbitrary angle. 

We note that A is already diagonal in this representation. The 
eigenvalues are a, =e’ and a,=e “. The eigenstates are the basis 
vectors |x) and ly). The state \b) is not an eigenstate of A since 


(Ix)+ly)) = 


lb) = 


xh 


as 1 10 
A\d)=0=595 Get (2.41c) 
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In fact. |x) represents elliptically polarized light, as can be seen from 
Eqs. (2.8), if we recall the time dependence of the electric field 
vector. 

We note that the intensity of the light in the state ly) is the same 
as before: (y|x)=1=(d|¢). Note also that A as given in Eq. 
(2.41b) is not Hermitian (except for the trivial value 6 = 0, 77). 

In this example we used an active element rather than a polaroid, 
which would have been represented by a matrix of the form 


M= (; ° (2.41d) 


This is because M, even though Hermitian, does not preserve the 
normalization. Physically this is evident from the fact that a polaroid 
absorbs one of the polarization components. As we will learn later, 
operators such as M are called projection operators. 


A Complete Set of Basis States 


We have seen that Hermitian operators have real eigenvalues. It is 
also true that the eigenstates of a Hermitian operator define a 
complete set of mutually orthogonal basis states. Because Hermitian 
operators satisfy these two conditions, they can be used to describe 
physical observables, as is discussed in detail in the next chapter. 

We now prove the orthogonality of the eigenstates of the Hermi- 
tian operator A. Let |) and |x) be eigenstates corresponding to 
eigenvalues a, and a,, where a,#a,; A |b)=a, |) and Pole = 
a, |x) so that (x| A I) a,x | &). Since A is Hermitian we use Eq. 
(2, 40) to write (y| A'—<x| A — a,(x| so that (x| A 16) = a, dy | 6). 
Subtracting the above two results 


(a, —a,){x |b) =0 (2.42a) 
and since (a, —a,) #0, it must hold that 
(x|¢)=0 (2.42b) 


In other words, the states |v) and |#) are orthogonal. 

If a, =a, we say that the two eigenstates |v) and |@) are degener- 
ate. In that case Eq. (2.42a) cannot be used to establish the 
orthogonality of the states |v) and |). Indeed, two degenerate 


STATES, AMPLITUDES, AND OPERATORS 83 


eigenstates are not in general orthogonal. However, we can always 
form linear combinations of |v) and |) that are mutually or- 
thogonal. For instance, if 


A\¢)=a|b) and A|y)=aly) 
we normalize the state (¢|@)=1 and choose 


lb’)=|6) and |x')=|x)-|6)( | x) (2.43) 
Clearly the states |b’) and |x’) are eigenstates of A with eigenvalue 
a 
A |¢')= A |)=a|¢)=a |¢’) 
A \x')=A |x) A l6){¢ | x) = alx)-16 Xo | x) =a |x’) 


and are mutually orthogonal since 


(6'| x)= (b | x’) =(b | x) (6 | )(b | x) = 0 


Products of Operators 


A A 


Two operators A and B may act one after the other on a given 
state. Let 


A |¢)=|x) and Blx)=|e) 
We write 
BA |b) =|) (2.44a) 


and imply that B acts after A. The effect of the combined operation 
BA can be obtained when the matrices (j| A |i) and (j| B |i) defining 
the operators A and B are known. In this representation the state 


lus) is given by 
=D lg) 


The amplitudes (j | &) that define the state |) can be obtained from 
Eq. (2.44a) 


(i ¥)= (GI BA |6)= ) GBA lil 4) (2.44b) 


where the last step follows from closure properties. We can also use 
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the closure property between the two operators to write 
i] w= (| B kk A [iyi | 4) (2.44c) 
te 


Comparison of Eqs. (2.44b) and (2.44c) shows that the matrix 
(j| BA |i) defining the combined operation BA is the product of the 
matrices defining A and B separately. This is because 


(| BA |i)= ¥ (| B |k)<kI A |i) (2.45a) 


can be written in matrix notation as 


(BA). = BuAni (2.45b) 
k 


Since matrix multiplication is noncommutative it is evident that in 
general the operation BA may differ from the operation AB. If ina 
particular basis the matrix for A,(k| Aji), and the matrix for 
B, (j| B |k), are both diagonal, the two operations will commute. 
Because quantum-mechanical operators can be defined in matrix 
notation many explicit calculations are facilitated by using a matrix 
representation. In fact, quantum mechanics was originally disco- 
vered by Heisenberg in the form of “matrix mechanics” and inde- 
pendently by Schrédinger in the form of “wave mechanics”, which is 
discussed in the first chapter. However, these forms are only differ- 
ent representations of the same theory, that of quantum mechanics. 


2.5. LANGUAGE OF QUANTUM MECHANICS 


We now summarize what we have learned in this chapter about the 
description of quantum systems in terms of states defined in a linear 
vector space with complex coefficients—the Hilbert space. The first 
two statements are postulates of quantum mechanics; the next two 
are essential definitions of the theory. The remaining statements are 
consequent relations of the definitions and of the rules of linear 
algebra. They are, however, important enough to be included here. 
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A. Postulates 


1. A physical system is completely described by its quantum- 
mechanical state |). The state |) contains all possible information 
that can be obtained about the system. 


2. The occurrence of an event in Nature is specified by a complex 
number (or function), the probability amplitude @, and we can 
predict only the probability P that any particular event will occur: 


P= (ol 


B. Essential Definitions 


3. If the system is initially in the state |y) the amplitude for the 
occurrence of the final state |x) is given by 


b =(x |) 


4. Any arbitrary state can be represented by a linear superposi- 
tion of a complete set of basis states |i) 


Wy= lie w) 


The expansion coefficients are the amplitudes between the state |) 
and the individual basis states |i). Thus, |yw) is a vector in Hilbert 
space. 


C. Consequent Relations 


5. The basis states |i) of the Hilbert space play the role of a set of 
unit vectors and the amplitudes (i| yw) play the role of a set of 
coordinates for the state |yw). A Hilbert space can have a discrete or 
a continuous set of basis states. The number of states of a complete 
set may be denumerable or infinite. 

6. It is always possible to choose the basis states within a com- 
plete set to be orthogonal to one another and normalized to unity 


i | j)= 6; 
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It is also customary to normalize the states |ys) so that 


(bl y)=1 


7. The amplitude for the process where the initial and final states 
have been interchanged (time reversal) is the complex conjugate of 
the original amplitude 


(db | x)= <x | b)* 


8. Two orthonormal basis states spanning the same Hilbert space 
are connected by a unitary transformation 


|e) = lS" =D lai} w) 


The coordinates of an arbitrary state |ys) in the two bases are related 
through 


(ul w)=S|W=Y¥ (uw lidi| p) 


where the transformation matrix S$ must be unitary 
S=.S' sores Set 
A unitary transformation preserves the normalization of state vec- 
tors. 
9. For a complete set of states the closure relation is always valid 


D lidil= 4 


It can be used to expand or contract relations between amplitudes 
and states. 


10. Operators act on states to produce a different or the same 
state 


A |b) =x) 


An operator A is completely specified when its matrix elements 
between all the states of a complete set are known 


Ke Ald) YING A Dal Ww 


11. When an operator reproduces the same state on which it acts 


STATES, AMPLITUDES, AND OPERATORS 87 


modulo a (complex) number a 
A |) =a |W) 
the state |y) is an eigenstate of the operator A with the eigenvalue a. 
12. Hermitian operators are defined through 
eae 
Therefore, 
(il A li) = (i A" |/* = Gl Ai 
The totality of the eigenstates of a Hermitian operator forms a 


complete set and can be chosen mutually orthogonal and nor- 
malized. Furthermore, their eigenvalues are real. 


13. The following conjugation relations hold 


if [x)= A |W), then (x|= (wl A’ 
if A |p)=ay |p), then A*|p)= a4 |p) 
14. The matrix elements of the product of two operators CAB 
are given by 
(il Cli) = GIA |ky(k! B |i) 
k 


Two operators A and B are said to commute when AB - BA. In 
general, however, 


AB# BA 
Furthermore, 
(AB)'=B'A* 
15. Under a unitary transformation S of the basis states the 
matrix elements of an operator transform according to 


A'=SAS"! 
or 


(vA |n)= 2 wi A LG] 


Problems 


PROBLEM 1 


Consider the matrix 


0 -i O 
| eee 
Oi 0 


(a) Bring it into diagonal form ee 
(b) Find the corresponding eigenvectors and normalize them to 
1 


(c) Find the matrix S that makes A diagonal, namely, 


A m@SAS: 
Consult Appendix 4. 


PROBLEM 2 


Consider the transformation matrix S given in the last example of 
Section 2.3 (p. 76). Introduce the new basis states 


i 1 
lb) = — Sia (la)—ly)) [p.) = — 5173 (Ik)—|m)) 


i 


\é,) - Q"2 


(lee) tly) Ip = +5 Wk) + |m)) 


[2 Ip.) =|6) 
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(a) Form the transformation matrix corresponding to the nine 


amplitudes 


(é | P)ij 


(b) Compare it to the transformation matrix for a vector ro- 
tated around the Y-axis. 


PROBLEM 3 


Which of the following operators are linear? 


(a) N6(x) = b(-x) 
(b) A(x) = (x) 
(c) Qd(x) = d(x) +k (k const) 
(d) Adb(x) = (x +k) (k const) 
(e) Od(x) = 6(x/2) 


(f) Adb(x) =| K(x, x')d(x') dx’, With K(xx =" (x, &) 


(g) Ad(x)= [ K(x, x')b(x') dx’, with K(x, x')=—K(x’, x) 


PROBLEM 4 


Which of the following operators are Hermitian? 


(a) Od6(x)= d(x +a) 
(b) A(x) = b*(x) 
(c) Ad(x)= o(-x) 


(d) ag(x)= | K(x x be) dx’. where K(x,x’) is real 
< and K(x, x')=—K(x', x) 
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PROBLEM 5 


If A, B, and C are Hermitian operators, determine if the following 
combinations are Hermitian. 


(a) AtB 

(eo Pes es a a 
(b) = [A B) = 5 aera 
(c) (ABC- CBA) 
(d) A’ ieee 3) 


PROBLEM 6 


(a) A and B are Hermitian operators. Show that AB is 
Hermitian if and only if A commutes with B, that is 
AB — DA, 

(b) If A is a Hermitian operator that obeys 

A‘=1 
find its eigenvalues. Find the eigenvalues when A is not 
Hermitian. 


PROBLEM 7 


Let U be a unitary operator 
it oad 
(a) Show that if (&|)=1, then (Uw | Uw) =1. 
(b) If |u;) is a complete orthonormal set 
(u; | uy) = 8, 


show that |v,)= U |u;) is also an orthonormal set. 


PROBLEMS el 


PROBLEM 8 


(a) Discuss how a quarter-wave plate transforms linearly 
polarized light into circularly polarized light. 

(b) Two quarter-wave plates are placed one behind the other 
(i) so that their principal axes coincide and (ii) so that their 
principal axes are at 90° with respect to each other. Assume 
that the incident light is linearly polarized at 45° with 
respect to the principal axis of the first quarter-wave plate. 

Express the incident light in terms of appropriate base 
states and the effect of quarter-wave plates by appropriate 
2x2 matrices in the same base states. Find the state of the 
outgoing light and obtain the transmitted intensity and 
polarization of the light. 


PROBLEM 9 


(a) Unpolarized light is incident on an imperfect polaroid that 
transmits 90% of the light polarized along its axis and 10% 
of the light polarized along the direction perpendicular to 
its axis. What is the intensity of the transmitted light? 

(b) You can express unpolarized light by a density matrix 


a) 
Pincident ~ 5 0 1 


and the effect of the quarter-wave plates by 2 x 2 matrices, 
as in Problem 8. Show that the intensity of the transmitted 
light is given by 


[= (Gout 1 ov (Pout) 22 


Chapter 3 


OBSERVABLES AND THE 
DESCRIPTION OF 
QUANTUM SYSTEMS 


In this chapter we show through simple examples how quantum 
mechanics is applied to the description of physical systems. We start 
by discussing the process of measurement and show that we can 
predict only the probability that a measurement will yield a particu- 
lar result. We then study the dependence of quantum-mechanical 
amplitudes on time and position. This allows us to treat simple 
examples and to exhibit the correspondence between the classical 
and quantum results. In discussing the position dependence of 
amplitudes we introduce the concept of the wavefunction with which 
some readers may already be familiar. 

We also show how probabilities are combined, i.e. for indistin- 
guishable processes we must add amplitudes, whereas for distinguish- 
able processes we must add probabilities. Finally, we consider 
briefly systems with identical particles and indicate why the amp- 
litude must be either symmetric or antisymmetric under the ex- 
change of any two identical particles. 

The concepts introduced in this chapter are fundamental and 
absolutely central to the understanding of quantum mechanics, they 
are summarized in Section 3.7. We have purposely kept the 
mathematics as simple as possible so as not to obscure the basic 
ideas. Further along in the book, as these concepts are applied to 
more complex physical systems, we develop the necessary 
mathematical techniques which enable us to quantitatively solve 
realistic problems. 


Oe 
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3.1. PROCESS OF MEASUREMENT 


Measurement implies that we can assign a numerical value to a 
physical property of a system. To achieve this we must use some 
apparatus that performs the measurement. In simple cases the 
human senses are adequate for this task, as when measuring the 
position of a macroscopic body. If the body is microscopic a more 
sensitive apparatus may be needed, such as a fluorescent screen or a 
bubble chamber. In all cases, however, the apparatus must interact 
with the physical system, the properties of which are being meas- 
ured. We shall identify as physical observables those properties of a 
system that can be determined by direct observation. 

As an example, consider the measurement of the state of linear 
polarization of a beam of light: it can be achieved by using a 
polaroid as discussed in the previous chapter. The process of meas- 
urement, which involves the insertion of the polaroid into the beam, 
forces the beam to emerge in a state of linear polarization along the 
principal axis of the polaroid. A similar effect takes place when a 
Stern—Gerlach apparatus is used to measure the spin projection of 
the atoms in a beam. By an appropriate arrangement of apertures 
only atoms with a particular projection of their spin are transmitted, 
and one can measure the fraction of the total beam that is in that 
particular state. For example spin-| atoms emerging from a Stern— 
Gerlach experiment can be selected so that they all are in one of the 
three possible basis states defined by the apparatus. One concludes 
that the process of measurement affects the system that is being 
measured. 

In quantum mechanics we describe a physical system by a State, 
and we have already remarked that the process of measurement 
may change the state of the system. In this respect, a measuring 
device can be represented by an operator. After the measurement 
the system will be in one of the eigenstates of the operator that 
describes the measuring apparatus. This was the case in the two 
examples of measurement that we considered, and it is true in 
general. We will use the operator O to designate the measuring 
device and let the complete set of eigenstates of Q be 
lq:), |q2),---5/Gn). Corresponding to the eigenvalues Aj, A2,...,An- 
The state that is to be measured is designated by |@), and we can 
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expand it in the eigenstates of O as 
Ib) = 2 |a;)(q; | &) (3.1) 


A complete measurement of the state |@) would consist in deter- 
mining all the amplitudes (q,;|). To achieve this we can let the 
device O act on the state |¢) and observe the probability of finding 
O |b) in one of the eigenstates |q,). In our formalism we operate 
with O on |#) as given by Eq. (3.1) and then close from the left 
(take the inner product) with the bra (q,|. Remembering that the |q,) 
are eigenstates of O we obtain 


(a:| Q 1d) = 2, (ail Q |a;)(q; | 4) 
= 2 Ai4q; | b) = AQ: | ¢) 


Equation (3.2) describes the measurement process in quantum 
mechanics. The result of a measurement with an apparatus O is 
always one of its eigenvalues 4,;. Immediately after the measurement 
the system will be in the corresponding eigenstate |q,). Since the 
eigenstates |q,) are orthogonal, it is not possible that a single 
measurement can produce two different eigenvalues A, and A,. We 
cannot predict which of the eigenvalues A will result from the 
measurement, but the probability of obtaining the particular eigen- 
value A; is given by 


P(A;) = Kai | )|? (3.3) 


If the state |) is already an eigenstate of Q, say jd) = |q,), then 
we can predict with certainty that the results of the measurement 
will be the eigenvalue A,. This can be easily seen from Eq. (3.2), 
where, if |@)=|q,.). then (q,|¢)=(q, | q,) = 6. and Eq. (3.3) gives 
P(A,.)~ |. We note that the interpretation we have given for Eq. 
(3.2) agrees with the conclusions drawn from the Stern—Gerlach 
experiment. In that device a single atom may emerge only from one 
of the slits, depending on whether it is in the (+), the (0) or the ( -) 
state. A single atom never emerges from two slits, implying that it is 
always in one of the eigenstates of the measuring apparatus. 
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Suppose now that we make a measurement on the arbitrary state 
|é) with the apparatus Q and immediately repeat the measurement 
with an identical apparatus O. If the first measurement yields the 
eigenvalue A; we can predict with certainty that the second measure- 
ment will result in the same eigenvalue A;. This follows because if 
the first measurement resulted in A;, then the system is by necessity 
in the state |q,). But a measurement with O on the state \q;) always 
results in A;. As one would expect, we see that measurements made 
in short intervals of time are repeatable. We stress the condition that 
the time interval between the measurements must be short because 
any quantum-mechanical state can change in time. Thus, the inter- 
val must be short with respect to the time evolution of the system, as 
will be discussed in more detail later. 

A complete measurement of an arbitrary state |) implies the 
determination of all the amplitudes (q,|@). Therefore, we must 
perform repeated measurements on the same state |). Since the 
state |@) is changed by the measurement, we must make the 
measurement On similarly prepared states |). If the eigenvalue A, is 
obtained in a fraction P, of all measurements, then from Eq. (3.3) 
we can determine the magnitude of (q,|@). (More sophisticated 
measurements can reveal the relative phase of the amplitudes as 
well.) We see that even if we are given the state |) and the 
apparatus O, we can only predict the probability of the outcome of a 
measurement unless |) is an eigenstate of Q. This is in agreement 
with the uncertainty principle and the interpretation of probability 
waves discussed in Chapter 1. 

As an illustration of the measurement process, the oven of a 
Stern—Gerlach apparatus can be considered to produce atoms simiI- 
larly prepared in the state |@). As we count the atoms reaching the 
detectors, we are performing repeated measurements (one measure- 
ment for each atom) on the state |). If N,, No, and N_ atoms reach 
each detector we conclude that 


_ Ne = 2 
NOUN ENT PO) K+|))?, ete. 


We are in a position then to predict the probability that an atom will 
arrive at the (+), (0), or (—) detector; however, we cannot predict 
with certainty that the next atom will reach a particular detector. 
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Expectation Values 


We defined a physical observable as a property of our system that 
can be determined by direct observation. Consequently, the meas- 
urement of a physical observable is expressed by real numbers. 
Since a measurement of the observable yields one of the eigenvalues 
dX of the corresponding operator, these eigenvalues must all be real. 
We conclude that physical observables can be represented only by 
Hermitian operators. 

As an example of a physical observable, we may consider the total 
energy E=T+V of, say, a hydrogen atom. The eigenstates of the 
operator E can be taken as discrete, and we label them by 


lb), |), SiS ER 1.) 


with eigenvalues €,, €,..., €,. A measurement of the energy of the 
atom will always yield one of the eigenvalues ¢,. Therefore, the 
observed energies may form a discrete (quantized) spectrum as 
observed experimentally. If the atom is in an eigenstate |wW,,) of the 
energy operator, then the measurement will yield the eigenvalue e,, 
according to 


E |W.) = &n |n) (3.4) 


On the other hand, the atom need not be in an eigenstate of E, 
but may be in an arbitrary state |@). This state can be expanded into 
the eigenstates of the energy operator 


b= ln 1O)=¥ | C, (35a) 


where we designate the amplitudes (x, | @) by C,. We assume that 
the state |f) is properly normalized, and this implies that 


(616)=¥ Kw, |b)? =¥ |C,? =1 (3.5b) 


m1 


provided that the eigenstates |y,,) were chosen to be orthonormal. 

A measurement of the energy of an atom in the state |@) can yield 
any one of the eigenvalues e,,. If we make repeated measurements 
on similarly prepared atoms we can find the average value (e) of the 
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energy for the state |); this is given by 


(e) = be EnP_ i En Kab, | o)|? 
Me ie ey Kw, | o)|? 


=) «, \W,|o)r=> =, (1CP (6a) 


where P,, is the probability of obtaining the eigenvalue e, in any one 
measurement. In the third step we made use of Eq. (3.55). We now 
show that the average value of the energy in the state |#) is given 
directly by the matrix element of the energy operator 


(e)=(d| E |o) (3.6b) 
Proof: We first operate with E on Eq. (3.5a) 


E \o)=¥ E |b, hn 1O)=D &n [ne |b) 


m1 


and then we close from the left with the bra (#| to obtain 


(6| E 1b) = Yb | | E 16) = Yb | en dy | din) Cay, |) 
kin 


k 


=e En kb | Un )den tn |O=D End | ya), |b) 


=P &, Ki, | 6)? =(e) 


where in the last step the result of Eq. (3.6a) was used. 

The expression obtained in Eq. (3.6b) is obviously not restricted 
to the energy operator. For any operator we define its expectation 
value in the state |) as the diagonal matrix element 


(| O|¢) expectation value 


For Hermitian operators the expectation value equals the average 
value of repeated measurements of Q on similarly prepared states 


ld) 
| (o| Q |b)=(q) | (3.7) 


When |d) is an eigenstate |q,,) of O, then the expectation value is the 
corresponding eigenvalue q,. 
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Interpretation 


That the measurement of a physical observable O on similarly 
prepared states |) yields different values q,, is contrary to the 
intuition gained in classical physics. In classical physics the state of a 
system completely determines the outcome of a measurement, 
whereas the quantum-mechanical interpretation of the measurement 
process asserts that we can predict only the probability of the 
occurrence of an event. The probabilistic interpretation of quantum 
mechanics led to much debate in the first half of this century, often 
in the form of paradoxes that appeared to lead to contradictions. 
One such famous paradox discussed by Einstein? can be illustrated 
by the decay of the 7°-meson. 

The w°-meson is an elementary particle that decays into two 
photons with lifetime += 10° '® sec 


7° > yy 


When the zw” is at rest the two photons are emitted back to back 
with equal energies as shown in Fig. 3.1. It is known that the 7” has 
spin 0, whereas the photon has spin 1. Along the direction of 
motion of the two photons there can be no orbital angular momen- 
tum (since 1=rxXp=0 when r is parallel to p) and. therefore. the 
projection of the angular momentum on that axis must be zero. To 
satisfy this requirement the photons must both be either right-hand- 
circular (RHC) polarized or left-hand-circular (LHC) polarized, as 
shown in (a) and (b) of the figure. Thus, the state of the two-photon 
system is described as 


I.) =|RiR2) (3.8) 


or 
|b, =|L,L>) (3.85) 


for the two cases. R, >» refers to RHC polarization for photons 1, 2 
and, similarly, L,, refers to LHC polarization. Since either config- 
uration is equally probable, we must take a linear combination of 
the two 


1 
Ib) = Si (RiRo)+|LiL>)) (3.9a) 


{ A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 (1935). 
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FIGURE 3.1. Decay of a a°-meson into two photons. Both photons must have the 
same sense of circular polarization in order to conserve angular momentum. 


It is found experimentally that the minus sign is appropriate for the 
a°-meson (the 7° is pseudoscalar under inversion of the coordi- 
nates; see Example 2), and therefore 


lb) = sail R»)—|L,L»)) (3.95) 


Qu 
The states R, > are orthogonal to L, 5 and can be decomposed into 
linear polarization states according to Eq. (2.9a). 

From Eq. (3.9b) we can obtain the amplitude for finding the 
system with both au RHC polarized 
(R,R2| RiR2)—>3 (RiR2| LiL2) 


(Ri R2| $)= 


aa 7” 


= (R, R, R, Ro) = 


and thus the probability 
P(R,R,)= KR, Ro | $)\? = 2 


Similarly, P(L,L2)=3, whereas P(R,L,)=P(L,R,)=0. Conse- 
quently, if we measure photon 1 to be RHC polarized, we can 
predict with certainty that photon 2 also will be RHC; the same 
holds true for LHC polarization. So far, our argument is not 
different from the conclusions we would derive from classical 
physics. 

Alternately, we can express the state of the two photons in terms 
of their linear polarization along the X and Y axes shown in Fig. 
3.1. One finds 


b= si (|X, ve) YX) (3.9c) 
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and in view of the orthogonality (X,| Y,)=0, etc., 


i i 
Fave (Y1X216)= si 


(X,X2| 6)=(Y,Y2|¢)=0 


In other words, if photon 1 is polarized along the X-axis, we can 
predict with certainty that photon 2 is polarized along the Y-axis, 
and likewise for the opposite combination. 

We see that if we use a circular polarization analyzer for photon 
1, we are certain to find photon 2 circularly polarized as well. But if 
we use a linear polarization analyzer for photon 1, we are certain to 
find photon 2 to be linearly polarized in an orthogonal orientation. 
What bothered Einstein was the following: how can photon 2 know 
what type of analyzer photon 1 will encounter and then adjust its 
own polarization accordingly? After all, the 7° decays. and the two 
photons have separated long before photon 1 reaches the polarizer. 
If the photons are circularly polarized, then either linear polariza- 
tion is equally probable, and what we do to photon 1 should not 
affect photon 2. 

In quantum mechanics, on the other hand, there is no difficulty in 
interpreting the experimental observations. The two photons form a 
single system described by the state |}®). Any measurement of the 
state |@) will yield one of the eigenvalues of the measuring device. If 
we use a circular polarization analyzer the possible eigenstates are 
only 


(X,Y2|6)= 


|R,R>) or |L,L>) 


If we use a linear polarization analyzer the possible eigenstates are 
only 
|X, ¥2) or |¥,X2) 


and any measurement will yield one of these two possibilities. Such 
behavior may appear to be peculiar, but it ts confirmed by all 
experiments in which it is tested. 


Example 1 


Let us show here how one obtains Eq. (3.9c) from Eq. (3.9b). We 
have the following connection between states of linear and circular 
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polarization [see Eqs. (2.9)] 


R= ss IX) +1Y) 


1 
|L4) = 41/2 (\X4)— i |Y,)) 
Thus 


IRR) =5 XiXa)-[¥¥a))+5 (X1 ¥o)+1¥.%a)) 


il i 
|\L,L2) = 2 (|X, X>) a | Y, Y>)) 5 (\X, Yt | Y,X>)) 
and, therefore, 


; | 
Ib) = si (Ri Re)—|LiL2)) = 75 (XL Y2) + 1YX2)) 


Example 2 


Let us show here that the state |) defined by Eq. (3.9b) changes 
sign under an inversion of the coordinates: 


We refer to Fig. 3.1(a) and note that for photon 1 the sense of 
rotation is from X — Y, whereas the momentum is along the Z-axis. 
If we invert the coordinate axes X’=—X, Y’=—Y, Z’=~—Z. With 
respect to the new coordinate system, the sense of rotation 1s still 
from X'— Y’, but the momentum is along —Z’. Thus, the helicity of 
the photons has reversed sign. This is the familiar effect whereby 
inversion changes a right-handed coordinate system into a left- 
handed one, and vice-versa. Thus, using R’, L’ to denote the helicity 
in the new system, we have 

1 
Oe 

1 


"97 (Ri R3)—|LiL3)) = —|¢’) 


lb) = 3 (IL, L3) -|RiR35)) 
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where |’) stands for the same functional relationship as |) but is 
expressed in the new coordinate system. 


3.2. TIME DEPENDENCE OF QUANTUM-MECHANICAL 
AMPLITUDES 


We are familiar with the notion that observables describing a 
physical system may be changing in time. We speak of time depen- 
dence, a very simple example being the position of a moving 
particle. Something analogous must hold in quantum mechanics, and 
we must be prepared to allow the state describing a quantum- 
mechanical system to evolve in time. We will adopt the convention 
that the basis vectors that span the Hilbert space are fixed in time. 
Thus, the coordinates of the state vector, namely, the amplitudes 
between the state and the basis vector, will carry the time 
dependence.t 

The time dependence of a state vector, and thus of the corres- 
ponding amplitudes, is governed by the equation of motion of 
quantum mechanics, which we will introduce in the next chapter. 
Here we would like to use a heuristic argument to obtain the time 
dependence of probability amplitudes for some simple cases. Con- 
sider a particle of mass m that is at rest, and let its state be 
designated by |p). If |x) represents the eigenstates of the position 
operator, then (x | do) is the amplitude for finding this particle at the 
position x. 

Since the particle is at rest, its momentum is well defined and 
equal to zero, or Ap, =0. From the uncertainty principle, Ax > ~, 
namely, the probability is the same for finding the particle at any 
point on the X-axis. This means that 


P(x) = |{x | bo)|? = independent of x (3.10) 


7 This approach is known as the Schrédinger picture of quantum mechanics. One 
can also adopt the opposite convention where the basis vectors change continuously 
in time and the amplitudes for any particular state remain fixed—this is known as the 
Heisenberg picture. 
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Furthermore, P(x) cannot depend on time since a particle that is at 
rest remains at rest in the absence of external forces. The probabil- 
ity P(x) for this case must be independent of time: therefore the 
amplitude (x | @,) can contain at most a time-dependent phase 


(x | do) = Ae (3.11a) 


where a is a real constant. 

The constant a must be related to the properties of the particle. If 
we ignore internal structure, then the only such property for a 
particle at rest is its mass m, and we postulate that 


(x | Po =e Heme (3.11b) 


This result is consistent with the De Broglie relations for matter 
waves introduced in Section 1.3. For a particle at rest, the energy E, 
is 


Eo = mc? 
so that Eq. (3.11b) can be written as 
{x | bo) = Ae ‘F/M = Ae Wo! (3.146) 


Equation (3.11c) implies that even though the particle is at rest 
and the position probability P(x) is time- and space-independent, 
the position amplitude (x | @,) oscillates rapidly with angular fre- 
quency w,)=E,)/h. This is an important result which we will 
generalize to amplitudes involving states of well-defined energy. If 
\j) is the complete set of basis states of well-defined energy E; for 
our system, and |) is any arbitrary state of the system, then the 
amplitudes <j | &%) depend on time as exp (—iE,t/h). We write 


Gipa Cees: G2) 


The functions C,,(A) may depend on various physical observables 
that we designate by A, but they may not contain the time. Of 
course, they depend on the state |) and on the corresponding basis 
vector |j). 

Equation (3.12) can be used to express the time dependence of 
any arbitrary state |W) in terms of the simple oscillatory time 
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dependence of states with well-defined energy, namely, 
IW) = DV Gu ade ei" (3.134) 
i 


In view of the orthonormality of the basis states (k | j)=6,, it 
follows from Eq. (3.13a) that if the state jw) is normalized, then 


Y Cua)? = 1 (3.13b) 


The expansion of an arbitrary state |y) into states of well-defined 
energy is most useful when the coefficients C,,(A) are known or can 
be easily found. In the special case that only one of the coefficients 
Ciy(A) is different from zero, the state |y) has a very simple time 
dependence. If 


Ci, (A) = 1, tk 
= 0, otherwise 
then 
weken =.” (3.14a) 


States that have the form of Eq. (3.14a) are called stationary 
because the probability of obtaining a particular value for any 
physical observable does not change in time. For instance, let an 
observable be represented by the operator QO, and let \q;) be the 
corresponding basis states. Then the probability that a measurement 
of O on the system \us) will yield the eigenvalue q; is 


P(qi) = Ka; | &)|? = Kai | kD)? (3.14b) 


where we have used Eq. (3.14a) to express |y). Since both |k) and 
\q;) represent basis states, they are (in our convention) fixed in time, 
thus (q,|k) does not depend on time and P(q;) is constant for all 
physical observables. 

When more than one of the coefficients C,,,(A) in Eq. (3.13a) are 
different from zero (and they correspond to basis states with differ- 
ent energy), the state |) is not any more stationary. In this case the 
probability of finding a specific value of a physical observable may 
change in time. This can be seen in the example given below, as well 
as in the following section. 
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Consider a state 


1 ' ; 
IW) = 5a (lide "+ [ke EN) (3.15a) 


with E,# E,. The probability that a measurement of the observable 
Q will yield the value q; is obtained from 


1 5 ~—iw.t —iw,t 
(ai |W) = 573 Cai | De "+ (ai | ken") 
For simplicity we set 


@lp=A (qi: |k)=B w@, @, =Aw 
so that 


P(qi) = Kai | )|? 
= 3(|A|*+|B|?)+[Re(AB*) cos Awt + Im(AB*) sin Aot] 
(2156) 


The above example shows that for nonstationary states the time 
dependence of probabilities is governed by the difference in the 
frequencies w, of the states of well-defined energy needed to de- 
scribe the system. Consequently, if we change the energy of all the 
states by the same fixed amount W, the physically observable results 
remain unchanged. This is analogous to the case of the potential 
energy in classical physics where the absolute value can be freely 
chosen without affecting the dynamics. 

Because of this, there is a certain freedom in expressing the time 
dependence of quantum-mechanical amplitudes such as those given 
in Eq. (3.12). When no particles are created or destroyed, then the 
total mass of the system remains fixed and E, can be set equal to the 
sum of the kinetic and potential energy of the state |j). As a further 
illustration of this argument we note that in principle we should 
include in E, the potential energy due to the gravitational attraction 
of the earth, but when—as is almost always the case—this is the 
same for all states |/), we can omit it. Thus, the value of E, that 
governs the time dependence of amplitudes has no absolute mean- 
ing but, of course, must be chosen consistently for all the states |/) 
used to describe the system under consideration. 
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3.3. OBSERVABLES WITH NO CLASSICAL ANALOGUE: 
SPIN 


We are familiar from classical physics with such physical observables 
as position, velocity, angular momentum. energy, etc. In describing 
a quantum system it is found that one needs to specify new 
observables that have no counterpart in a classical description of 
physical systems. The most familiar of these observables is the spin 
of microscopic particles, e.g., atoms, nuclei, or electrons. 

That electrons have spin was first discovered in the fine structure 
of atomic spectra and in the interpretation of the so-called *“‘anomal- 
ous’ Zeeman effect. Spin has many similarities to angular momen- 
tum and is measured in units of A= h/27. A molecule or a nucleus, 
or an elementary particle, is said to have spin s when the maximum 
value of the projection of the spin on some reference axis is S. = sh. 
The spin quantum number? s can take only half-integer or integer 
values, and the only possible projections on the reference axis are 
S,—=m,h, where m,=—s, s—1,..., (~s+1), —s. The number Gi 
possible m, values is (2s+1); for example, a spin 1/2 particle can 
have only two projections, +4/2. 

The spin of quantum systems appears to be a very fundamental 
property because it determines the behavior of aggregates of parti- 
cles. Particles with half-integer spin obey Fermi—Dirac statistics, 
which leads to the Pauli exclusion principle, whereas particles with 
zero or integer spin obey Bose-Einstein statistics. Associated with 
the spin S there is a magnetic dipole moment p related to it through 


B= 857 S (3.16) 
where we have introduced the dimensionless factor g. The quantity 
py ~ eh/2m, is known as the Bohr magneton, and in terms of this 
the electron has a g-factor that is very close to g~ 2.0. Thus, the 
projections of the electron’s magnetic moment on the reference axis 


+ As indicated in Section 1.1 we can think of the magnitude of the spin as being 
fi[s(s + 1)]", but this is not very relevant since in all observable interactions we are 
concerned with the projection of the spin on a particular axis. 

In Chapter 1 we used the symbol tp. 
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are to. Often we refer to these two projections simply as spin 
“up” or “down.” The magnetic moment of nuclei are measured in 
terms of the nuclear magneton, which is given by Eq. (3.16) with the 
electron mass replaced by the proton mass py = eh/2m,. 

The magnitude of the magnetic moment can be determined from 
its interaction energy in a magnetic field that modifies the overall 
energy of any particular state of the system. It can also be measured 
directly by the deflection of particles in a Stern—Gerlach apparatus 
or by the precession of the magnetic moment when the par- 
ticle is placed in a uniform magnetic field. We will describe this 
latter process because it provides a very clear example of how to 
handle the time dependence of quantum-mechanical amplitudes 
discussed in Section 3.2. 

Consider a uniform magnetic field B along the Z-axis, as shown 
in Fig. 3.2, and an electron at rest with its spin along the X-axis. By 
this we mean that the state of the electron is described by having 
spin projection on the X-axis equal to h/2. We will designate this 
state by |+x), and for this choice of axes the complete set of states 
consists of the two possible projections, |+ x) or |—x). We could have 
chosen a different basis, for instance, along the Z-axis, in which case 
the complete set of states would have been |+z) or |—z). These 
different bases are connected by a unitary transformation of the 
general form given by Eq. (2.22). 


Zz 


x 


S 


FIGURE 3.2. Coordinate system indicating a constant magnetic field B along the 
Z-axis, while the projection of the electron’s spin onto the X-axis is +3. 


The physical connection between the basis states is a rotation as 
shown in Fig. 3.3. Here the spin is along the X-axis of the original 
coordinate system, or along the Z'-axis of the primed coordinates. 
The latter can be brought into coincidence with the original system 
by rotating 90% counterclockwise around the Y’-axis. We will not 
derive the general form of the rotation matrix that connects the two 
systems of basis states for spin 1/2 systems, but give the result for 
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FIGURE 3.3. Rotation of the coordinates around the Y’ axis by 90° counter- 
clockwise. 


arbitrary 6 and for 6=—7/2 


|+z") ae) 
ee _|[+z) | cos 6/2 sin 6/2 
5 |-z) |—sin 0/2 cos 6/2 


(3.17) 
oa |) 


R,( m= \+z) | 1) Sl 2 

NO lene ie 

For the particular case @ = —7/2, |+z') is equivalent to |+x), and we 
have so indicated in the second matrix of Eq. (3.17). 


The state |) of the electron at ¢ - 0 is such that its spin projection 
is along the +X-axis, namely, 


lp (t =0)) =|+x) (3.184) 
The energy of the electron is given by 
bene LU 


where U is the interaction energy between the magnetic moment 
and the uniform magnetic field. Classically, 


U- p-B (3.19a) 


In quantum mechanics the projection of the magnetic moment of a 
spin 1/2 particle onto the B axis can take only two values, and thus 
UU) — twB when the electron is in the states |+2) or |-z) (the Z-axis 
is along B). We must express the state |@) in terms of its projections 
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along the Z-axis 
lo(t = 0)) =|+x)=|4+z)(+z | +x)+|-z)(-—z|+x) (3.18b) 
The states |+z) and |-z) are eigenstates of energy with eigenvalues 
eZ E = uoB 
ve) ee (3.19b) 
|-z) E=—poB 


where we have ignored the rest energy term since it is the same for 
both states. The signs in Eq. (3.19b) are reversed [with respect to 
Eq. (3.19a)] because for an electron the magnetic moment is 
opposite to the spin direction. 

We can now find the time dependence of the state |) by using 
Eq. (3.13a) and the amplitudes (+z |+x) and (—z|+x) as given by 
the second matrix of Eq. (3.17). 


Ib (t)) =< (|+-z)e+|-z)e9) (3.20) 


=. 21/2 
with 
pe B 


h 


From Eq. (3.20) we can form the amplitudes (+z|(t)) and 
(—z | d(t)), and see that the probability of finding the spin projection 
along the +Z or —Z axis is 1/2. However, if we ask for the 
probabilities of the projection along the X-axis we obtain 


(+x | o(0)= 52 ((+x | +z)e'+(+x |—z)e 


and similarly for (—x | (t)). We can use the second matrix of Eq. 
(3.17) to evaluate (+x |+z)=(4+z|+x)* and (+x |—-z)=(-z |+x)*. 
Hence 
P(+x, t)=|(+x | d(t))/? =|He+e “|? =cos* wt (3.214) 
P(—x, t)=|(—x | (t))? = (e+e |? =sin? wt (3.21b) 


As a check we note that 


P(4+x, t)+ P(—x, th=1 
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which is what we would expect since the two states |+x) and |—x) 
provide a complete basis. 

The result of Eq. (3.20) is plotted in Fig. 3.4(a) and is equivalent 
to a continuous rotation (a precession) of the spin in the X-Y plane 
with angular frequency 


2uyB 


OQ = 20@= = 


(3.22a) 


as shown in part (b) of the figure. The direction of precession is 
counterclockwise because of the negative charge of the electron. 
This can be established by calculating the probability P(+y, t), which 
becomes equal to one at time t= 7/4. 


(a) 


FIGURE 3.4. Spin precession in a magnetic field. (a) The probability of finding the 
spin projection in the state |+x). (b) Sketch indicating the classical interpretation of 
spin precession. 


The calculated motion of the (projection of the) spin is exactly the 
same as that obtained in a classical calculation for a particle that has 
an angular momentum L projected onto the X-Y plane with the 
value h/2 and has a magnetic moment p= (2yu,/h)L. Due to the 
external field B a torque 7 acts on the particle, and it precesses with 
angular frequency © such that 


7 = ebay x L 


Using the projected values of yw and L, which are in a plane 
perpendicular to B, we can solve for |Q|, which is along the B 
direction 


\p| |B) 2uylB 2 )B 
c@) FS ——- — : 
jal \L| iene! h oe») 
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In this case the classical and quantum-mechanical results agree 
because we are comparing the classical motion with the most proba- 
ble orientation of the spin axis as calculated by quantum mechanics; 
this is a manifestation of the correspondence principle. 

Spin-precession experiments such as the one we have discussed 
can be performed with great accuracy using w-mesons, which like 
electrons have spin 1/2. The w-mesons are produced from the decay 
of m-mesons, 7* — w~v,. As shown in Fig. 3.5(a) the uz *-mesons 
have their spin direction opposite to their momentum vector. The 
uw '-meson beam is then brought to rest in a target that is located in 
a magnetic field. The w-mesons decayt with a mean lifetime of 
2.2 wsec into a positron, a neutrino, and an antineutrino 


+ + - 
pe Va 


In this decay process the positrons are emitted preferentially along 
the direction of the spin of the w*-meson [Fig. 3.5(c)]. Therefore, 
by measuring the direction in which the positrons are emitted, we 
can infer the orientation of the spin vector of the parent pz "-meson. 


y 
Ss 
Su ual 
ae 
pe = a 
77 a 


(a) (c) 


FIGURE 3.5. Measurement of the magnetic moment of the w-meson. (a) p~- 
mesons produced in w*-meson decay. (b) The spin projection is opposite to the 
momentum vector. (c) Positrons from the decay of the w-meson are preferentially 
emitted along the spin direction. 


If we place a detector along some fixed direction in the X-Y 
plane, say the X-axis, we see that the yield of positrons varies 
sinusoidally with the angular frequency 2 given by Eq. (3.22). Data 
from an actual experiment [J. Sandweiss et al., Phys. Rev. Lett. 30, 
1002 (1973)] are shown in Fig. 3.6. The precession frequency is 


+ The decay is due to the weak interaction which does not conserve parity. 
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O97 cos(27 ft+1 OO) 


Vin 


Y 


FIGURE 3.6. Precession of the muon spin in a magnetic field of 6x 10~* T (60 G), 
[From J. Sandweiss et al., Phys. Rev. Lett. 30, 1002 (1973).] 


found to be v, = 807.5 kHz in a static magnetic field of 60 G. Thus 


_Oh | ah 
ge a 
for the above value of v, and B=6% 10 °T we find in MKS units 
p=446™% 10 Aan (3.23a) 


In these units the equivalent of the Bohr magneton for the ~-meson 
iS 


_ eh — ehc* 
2m, Z2megc 


re 5= 4.50 X 107*° A-m? (3.23b) 
where we use m,,c” = 105.4 MeV for the rest mass of the «.-meson. 
Comparing the results of Eqs. (3.23a) and (3.23b), and recalling 
that the w-meson has spin 1/2, these data imply a g-factor 

e 1 eh 


= Rite Pe Be Se ee, 
oe, Oe ae, 


or 
g, ~ 1.98 


The correct value of the g-factor of the w-meson is g, = 2.0033..., 
and has been measured to the remarkable accuracy of | part per 
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billion, which is in agreement with the theoretical prediction of 
quantum electrodynamics. This agreement represents one of the 
great triumphs of modern physics. 


3.4. DEPENDENCE OF QUANTUM-MECHANICAL 
AMPLITUDES ON POSITION: THE 
WAVEFUNCTION 


In addition to their time dependence quantum-mechanical amp- 
litudes may also depend on physical observables that are properties 
of the system, on position in particular. We cannot derive the 
position dependence, but we will follow an argument similar to that 
used to obtain the time dependence in Section 3.2. We postulated 
there that for a particle at rest the amplitude for finding it at a 
position x was 


(x |d)= Ae ihme*ime (3.24a) 


which leads to a time- and position-independent probability. 

For an observer moving with uniform velocity v = Bc along the 
negative X-axis, the particle will appear to be in motion with 
velocity v along the positive X‘-axis. All the laws of physics will be 
the same as viewed from the moving and stationary observers so 
that the amplitude (x'| @) in the moving system can be obtained by 
a Lorentz transformation of Eq. (3.24a). In Eq. (3.24a) the phase 
factor is given by 


exp[—(i/h)(Eot) | 
For any Lorentz transformation, expressions such as 
Et-pex 
are invariant. Since the particle is at rest in the unprimed coordinate 
frame, E = E, and p=0, we can write 
Bot=Bt=pra—Et—p xe (3.24b) 


where E’ is the energy and p is the momentum (along the X’-axis) 
of the particle in the moving frame of reference. 
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Example 4 
Let us now prove Eq. (3.24b). We recall the properties of the 
Lorentz transformation 


ct’ +x (v/c) Pao, 
ct “TT epee VC a) 


Eo—V¥* Po 


E-Ten 


yl Eo+ (cpo)B | 


with the notation y = 1/{1-(v/c)*]'”". Because the primed coordi- 
nate frame is moving toward the negative axis we set B = —v/c. Since 
Po= 90, cross multiplication of Eqs. (3.24c) yields 


(ct)(yEo) =[y(ct'— x’B)|E’ 


jee 
Bot = EB’ -=8 y= Bi p'x’ 
¢ 


or 


where the last step follows because 


B v! 
’ eee 4 ers, [mes 
E oY Moc” a= ¥ Mov =p 


We now use the phase expressed in the primed coordinates [as in 
Eq. (3.24a)] to find the amplitude for a particle moving with 
uniform velocity along the positive X’ axis 


(x! | 6) = Ae UME vx) 


We can relabel x’ — x, etc., without any loss of generality and use 
the notation w = E/h, k = p/h to write 


Calo Ae e a (3.25) 


This is the amplitude for finding a particle of well-defined velocity 
(and, thus, of momentum p ~ fk) along the X-axis at the position x. 
This is identical to the probability waves introduced in Section 1.3 
and vives a time- and position-independent probability as required 
by the uncertainty principle. Amplitudes of the form of Eq. (3.25) 
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are referred to as plane waves and as we saw in Section 1.6 can be 
used to build up wave packets. 

In Section 3.2 we expressed an arbitrary state |W) as an expansion 
in states of definite energy. We can perform a similar expansion in a 
basis whose states correspond to definite position along the X-axis. 
We label these states |x’) and remember that they form a continuous 
spectrum 


WW= Y be’rdx’ |= | bx Ayerort? de’ 


where we use Eq. (3.25) to express (x’| yw). We replace the summa- 
tion by an integral because the base states are continuous. We also 
add an index to the constants A... since they may be different for 
each position (basis state). If we write w(x’, t)=A,e '@'” we 
obtain 


le) =f |x’)eb(x’, t) dx’ (3.26a) 
as the complete description of an arbitrary state in the position 
representation. 
The amplitude for finding the state |) at the position x (that is, in 
the basis state |x)) is 
(x |) =f {x | x')eb(x’, t) dx' 
The continuum basis states |x) are normalized through (x | x’)= 
5(x—x’), so that 
(x |b) =f 8(x —x')yp(x', t) dx’ = W(x, t) (3.26b) 


The function W(x, t) in Eq. (3.26b) is called the wavefunction of the 
particle. It is the amplitude for finding the state |w) at the position x 


at the time t 
| (x |) = Wx, t) | (3.27) 


To see the usefulness of the wavefunction, consider the state |) 
and suppose we seek the amplitude for the overlap of |) with the 
arbitrary state |). By definition, this is (@ | yw). We represent |p) 
and (| through Eq. (3.26a) 


les) = J |x), t) dx 
(| =f (x'| b*(x’, t) dx’ 


116 QUANTUM MECHANICS 


and thus 


(db | wb) =Sf (x! | x)b*(x', thus(x, t) dx’ dx 
=f 8(x'—x)b*(x’, thw(x, t) dx’ dx 
=f H*(x, thy(x, t) dx (3.28a) 


In the same way we can obtain the matrix elements of an operator 
Q between two arbitrary states 


(b| O |b) =f b*(x, NOx) W(x, t) dx (3.28b) 


However, O must be expressed in the continuous position represen- 
tation, i.e., as a differential operator acting on the position coordi- 
nates. 

The plane-wave amplitude of Eq. (3.25) describes a freely moving 
particle. In the presence of external forces the amplitude will be 
modified. This can be taken into account by considering the change 
in the potential energy U of the particle. Since the total energy must 
include the potential energy, the angular frequency w in Eq. (3.25) 
is changed to 


E ji 
@ ruc ies U) 


In the presence of a constant potential energy U the amplitude 
acquires an additional phase 6 such that 


e® = e (Us/nt (3.29a) 


If the potential energy depends on position, then the phase change 
between positions 1 and 2 is 


1 2 
i 
where the integration is along the trajectory of the particle. 


As an example, a particle of charge e moving in an electrostatic 
(scalar) potential @(x) acquires a phase 


8o4= a | (x) dt (3.29¢) 


An analogous expression can be found for the motion of a particle 
in a magnetic field, and we will make use of it in the following 
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section. In quantum mechanics the concept of force, and therefore 
of electric or magnetic fields, plays a consistently smaller role in 
favor of the potentials. This is because quantum-mechanical amp- 
litudes propagate with wavelike properties [see Eqs. (3.12) and 
(3.25)], so that the physically observable phenomena depend sensi- 
tively on the phase of the amplitudes. 


3.5. SUPERPOSITION OF AMPLITUDES: INTERFERENCE 


An essential step in the use of quantum-mechanical amplitudes is 
the ability to combine several amplitudes into one. This can be 
illustrated by considering again the two-slit interference experiment 
discussed in Section 1.2. Let electrons be emitted from a source A 
that is equidistant from the two slits s,; and s, as shown in Fig. 3.7. 
The slits are separated by a distance d, and the electrons are 
observed on a screen as a function of the position x. The electrons 
can arrive at x by passing through either s, or sp. 


Ax 
= 


A A 
Se 


a———. 


FIGURE 3.7. Interference of amplitudes when an electron emitted from the source 
A can reach the point x of the screen by following two different paths, either through 
slit s, or through slit s>. 


The amplitude for the arrival at x of an electron that passed 
through s, can be written as the product of two amplitudes 


b= (x | A), =(x | s,)<s, | A) 
Similarly, if the electron passed through s, the amplitude is 


2 = (x | A)o= (x | So) {So | A) 
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We postulate that the amplitude @ for the arrival at the point x of 
the screen of an electron emitted from the source A is the linear 
superposition of @, and 5 


(x | A)=6=46,+¢42=& | $1)(S, | A)+(x | s2){s2| A) 
= » (x | s;){s; | A) (3.30) 


Equation (3.30) is a closure relation over all intermediate positions 
of the electron exactly analogous to Eq. (2.16); the latter was based 
on purely formal considerations in Hilbert space. 

As can be easily seen the linear superposition of amplitudes leads 
to interference: Electrons arriving at slit 1 or slit 2 have the same 
phase; however, when they reach the screen their phase has evoived 
according to Eq. (3.25) and therefore depends on the path length 
from the corresponding slit to the observation point 


re | Si) = Be~@teikh (x | se Be-teik. 


From the geometry of Fig. 3.7 we find |,=1,+Al=I,+d sin 6, and 
therefore Eq. (3.30) reads 


(x | oS Be SCY aR SL 8) 


The probability of detecting an electron at x is the absolute square 
of this amplitude 


kd sin *) 


o) 
& 


P(x)=Kx | A)? =4 [BP cos*( 
> (md sin 6 
= 4B" cas c= ) 


which exhibits a typical interference pattern, as shown in Fig. 1.9(b). 

In Section 1.4 we discussed in some detail that if we place a 
counter near the slits s, and sz so as to be able to distinguish 
through which slit the photon passes, the interference pattern disap- 
pears. We conclude therefore that the resultant amplitude is the 
linear superposition of the amplitudes for all indistinguishable pro- 
cesses that lead to the same final state. If the processes are distin- 
guishable, then we must add the probabilities and not the amplitudes. 
This is true as long as the processes involved are distinguishable 
irrespective of whether we distinguish them or not. Thus, the proba- 
bility for the occurrence of a particular event that can proceed 
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through intermediate states is 


2 
P(x) =|¥ (x |5,)(s,| A)| intermediate state i indistinguishable 


PixyS » Kx | s,)<s; | A)? intermediate state i distinguishable 


(3:31) 


A beautiful verification of the law of addition of amplitudes is 
found in the diffraction of neutrons from crystals. A neutron emerg- 
ing at an angle 6 may have scattered from any of the N nuclei in the 
crystal. The amplitude (6) is 


N 


$(8)= ¥ (6 | i)a(@)Xi| s) 


i=1 


where (i|s) is the amplitude for the propagation of the neutron 
from the source to the ith nucleus, a(@) is the amplitude for 
scattering from a single nucleus through the angle 6, and (@ | i) is the 
amplitude for propagation to a detector located at the angle 6. 
Because the nuclei are regularly spaced, the amplitudes (6 | i), 
(0{i+1), (@|i+2), etc., differ by a fixed phase. Since N is very 
large, @(6) will be very small, except in the case where the phase 
angle is 277, as shown schematically in Fig. 3.8(a). In that case, sharp 
peaks appear at distinct angles as shown in Fig. 3.9. 

If the nuclei have spin 1/2 (as does the neutron) it is possible that 
the neutron and the nucleus wil! flip their spins in the scattering 
process, as indicated symbolically in Fig. 3.8(b). Suppose that the 
kth nucleus flipped its spin. In principle then we could tell that the 
scattering occurred on the kth nucleus so that the spin-flip amp- 
litudes for scattering from any one of the N nuclei would be 
distinguishable. Therefore, the probability of observing a particle at 
the angle @ (the cross section) is different for the nonflip and 
spin-flip cases and is given, respectively, by 


2 


P(6)=|a(6)? | ¥ (| ii] s)} —— nonflip 


P(6)=|b(@)? Y Ka liils\? ——spin-flip 


120 QUANTUM MECHANICS 


<O|i> 
— mae <li> 


———  (G) 


(a) oe 


neutron 
spin 


TW ——- | 


neutron — crystal spins 
spin 
(b) 
FIGURE 3.8. Interference of a large number of amplitudes. (a) When the individual 


amplitudes have the same phase, the resulting amplitude is much larger. (b) Schema- 
tic of spin-flip scattering of a neutron from a crystal. -. 


where b(@) represents the spin-flip scattering amplitude. The inter- 
ference effects are greatly reduced in the spin-flip case, and the 
peaks are “washed out.” Even though we have no practical way of 
finding out from which nucleus the neutron scattered, nature has 
given this information away by flipping the spin: thus, the “game is 
lost,’ and there can be no interference. 
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FIGURE 3.9. Neutron diffraction pattern from aluminum powder. The wavelength 
is A= 1.08 A and the Miller indices of the diffraction plane are indicated. From E. O. 
Wollan and C. G. Shull, Physical Review 73, 830 (1948). 
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FIGURE 3.10. The Bohm—Aharonov experiment. (a) The path of the electrons 
through the crystal does not traverse the magnetic field B. (b) Vector potential 
describing a confined axial magnetic field. 


Evidence for the interference of quantum-mechanical amplitudes 
abounds. An interesting experiment is the Bohm—Aharonov effect 
first observed in 1956. A beam of electrons was diffracted from a 
crystal indicated schematically by the two slits in Fig. 3.10(a). A 
magnetic field perpendicular to the diffraction plane was established 
by introducing a magnetized filament behind the crystal. The 
magnetic field B was confined to the filament, and no force acted on 
the electrons. However, a vector potential A was directed along 
concentric circles such thatt 


VxA=B 


surrounding the filament, as shown in (b) of the figure. Therefore, 
the electrons traversed a region of space where A# 0), and according 
to our discussion in the previous section we could expect their 
amplitude to acquire an additional phase given by 


s=£| A«al (3.324) 


This is analogous to Eq. (3.29c), except that we must take the line 
integral of the vector potential along the path followed by the 
electron. 


+ For a constant field B in the region r< Rg, the vector potential A for r> Rg is 
given by A=3(Bxr)(R3/r?). 
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For paths such as @) and @ [in Fig. 3.10(a)] which go around the 
filament, the phase difference is simply 


3,-3.=<| | a-di-| A-di]="ha-ai (Gea) 
allo P h 


where the combination of path @ and the inverse of path Q) make 
up a closed loop. From the Stokes theorem 


pa-ai=|[(vxa)-ds=|[B-ds-o 


where ® is the magnetic flux contained in the closed loop. If the 
radius of the magnetic filament is R, then the shift in phase as 
derived from Eq. (3.325) is 


8,~82= > (BaR”) 


assuming that the direction of the magnetic field is pointing out of 
the paper. As a result, the entire interference pattern is displaced on 
the screen (located at a distance L) by 

oe A Ae . 

Ax = L@= Eo ae “35 (BrR~) (3.32c) 
and in the direction indicated in the figure, d is the spacing between 
the slits, and A = 27/k, the electron wavelength. 

The great significance of the Bohm-Aharonov experiment is in 
demonstrating that even though no magnetic field (i.e.. no force) 
acts on the electrons, the phase of the quantum-mechanical amp- 
litude is shifted because of the presence of the potential. This 
general topic is an important point in the interpretation of quantum 
mechanics that is still being debated today. 


3.6. IDENTICAL PARTICLES 


So far we have been concerned with the description of states that 
contain only one particle. For instance, in the two-slit experiment 
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the electrons or photons arrive one at a time, and the interference is 
due to the superposition of the amplitudes for different indistin- 
guishable paths. There are, however. many quantum-mechanical 
systems that contain several particles. A multielectron atom, a 
nucleus when viewed in terms of its constituent protons and neut- 
rons, any many-body system such as a crystal—all are obvious 
examples. To describe a many-body system the basis states must 
span a Hilbert space of very high dimensionality which can accom- 
modate the variables of all the particles. In many cases, when the 
interaction between the particles is weak or absent, it is possible to 
construct the many-body state |¢) from linear combinations of the 
direct product of single-particle states. To illustrate this point con- 
sider the hydrogen atom that is a bound state of a proton and an 
electron. We can express any state |@) of the hydrogen atom as 


It)=d Ip) le) 
p,e 
where, symbolically, |p) are the states of the proton, for instance its 
spin states, and |e) are the states of the electron. 

A particularly important case is when the particles in a many- 
body system are identical. Because of the absence of determinism in 
quantum mechanics it is impossible to label particles, and, conse- 
quently, identical particles are indistinguishable. Thus, all physically 
observable results must be invariant under the interchange of any 
two identical particles. This is a fundamental principle of quantum 
mechanics and imposes the condition that amplitudes for identical 
particles be either even or odd under particle exchange. Before we 
derive this general result we can demonstrate it by a familiar 
example. 

We consider the helium atom which consists of two electrons 
bound to the helium nucleus He*. Even though the two electrons 
interact with each other, for the present discussion we can neglect 
this effect as well as the motion of the nucleus. Under these 
conditions the ground state of the atom will be the state where both 
electrons are in their lowest single-particle state, which we designate 
by |s). The amplitudes for finding electron 1 or 2 in this state are 
written as 

(i]s) and (2|s) 


Electrons have spin 1/2, and thus for the state |s) there are two 
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possible spin orientations, up and down, which we designate by |s+) 
and |s—). The corresponding ground-state single-particle amplitudes 
for each electron are then 


(1|st+),(i]s—) and (2|s+),(2|s—) (3.33a) 


We can now construct the amplitude for the ground state of the 
helium atom by using the above single-particle amplitudes. There 
are four possible two-particle amplitudes 


b= (1|s+)(2| s+) 
tho = (1 | s+)(2 | s—) 
w= (1 | s—){2 | s+) 
ba = (1 | s—)(2| s—) 


and they, or their linear combinations, should be suitable for 
describing the ground state of the helium atom. 

It is a remarkable experimental fact that of the four possible 
linear combinations only one appears in nature. It is the combina- 
tion 


(3.33b) 


ee = (1 | S52) s—) ale) 2) | se) (3.33c) 


which has the property that when we exchange electrons | and 2, 
the amplitude changes sign. This observation is a direct result of the 
exclusion principle, also called the Pauli principle after its discoverer, 
which states that the amplitude for a system containing several 
electrons must be antisymmetric under the exchange of any two 
electrons. The reader should verify that it is impossible to construct 
another linear combination of Eqs. (3.33h) that obeys the exclusion 
principle. An equivalent way of stating this principle is that in a 
system consisting of several electrons, no two electrons can be in the 
same single-particle state. This follows directly from the fact that if 
any two electrons are in the same state, the totally antisymmetric 
amplitude always vanishes. 

To treat the general case we consider a system with two identical 
particles | and 2 and the single particle states |a) and |b). Physically 
the amplitudes 


6, =(1| a)(2|b) 


(3.34a) 
on = (1 | b)<2 | a) 
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are indistinguishable because we have no way of telling which is 
particle 1 and which is particle 2. Therefore, the amplitude for 
finding one particle in |a) and the other in |b) must be a linear 
superposition of @, and dy 


b = b+ by = (1 | a)(2| b)+(1| b)(2| a) (3.345) 


We have used a + sign in Eq. (3.346) because when particles 1 and 
2 are identical we have no way of knowing whether we must add or 
subtract the two interfering amplitudes. In the previous section we 
postulated that the amplitudes for all indistinguishable paths of a 
single particle are additive. In the present case the indistinguish- 
ability arises from the presence of two identical particles: a different 
situation! 

Let us denote by ¢’ the amplitude after the interchange of the 
particles. The probability |¢'|? after the interchange must equal the 
probability |@|? before the interchange since the two amplitudes 
correspond to indistinguishable physical conditions. From 


ip’ = lo 
we conclude that 
d'= ed, 6 real (3.34c) 


The interchange modifies the phase of the overall amplitude. If we 
interchange once more we return to the original situation so that 


b"=¢ 
From Eq. (3.34c) 
b" = e®g' = eo 
and therefore 
ew =1 of e* =+1 
We thus reach the important conclusion that a quantum- 
mechanical amplitude for two identical particles must either retain 


or reverse its sign under interchange of the particles. If we choose 
the plus sign in Eq. (3.345) 


d' =o symmetric amplitude 
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while if we choose the minus sign 
d'=—-¢ antisymmetric amplitude 


We have already mentioned that according to the Pauli principle the 
amplitude for a state containing two or more electrons must be 
antisymmetric. In fact, this is true whenever the identical particles 
have half-integer spin; we call these Fermi-particles or fermions. On 
the other hand, when the identical particles have an integer spin 
such as the photon, the m-meson, etc., the amplitude must be 
symmetric; we call these Bose-particles or bosons. As a conse- 
quence, the number of identical bosons that can be in the same state 
is unrestricted. 

This generalization of the exclusion principle is known as the 
spin-statistics theorem. It has far-reaching consequences well 
beyond the structure of the Periodic Table, and is found to be 
strictly valid in all physical processes observed up to today. We will 
return to a quantitative discussion of systems with identical particles 
in Chapter 10. 


3.7. CENTRAL CONCEPTS OF QUANTUM MECHANICS 


In Section 2.5 we summarized postulates and definitions of quantum 
mechanics under the heading of “Language of Quantum 
Mechanics.” In this section we give the rules governing the evolu- 
tion of quantum-mechanical amplitudes and the connection of the 
formalism with physically observable quantities as introduced in this 
chapter. We hope that this section in conjunction with Section 2.5 
will provide the reader with a compact reference to the principles of 
quantum mechanics. In the following chapters of the text we will be 
concerned mainly with the application of these concepts and of the 
corresponding formalism to the solution of physical problems. 


A. Process of Measurement 


1. Physical observables are represented by hermitian operators. 
The result of a measurement of a physical observable always results 
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in one of the eigenvalues of the corresponding operator. If the 
system that is measured is an eigenstate |i) of the operator, the 
outcome of the measurement is predictable and will yield the 
eigenvalue A; of the particular eigenstate. If the system is in a state 
lu), which is not an eigenstate |j) of the operator, one can only 
predict the probability P; = |(i| w)|* of obtaining the eigenvalue A, as 
a result of the measurement. Immediately after the measurement 
the system will be in the state |i). 


_ 2. The average value of repeated measurements of an observable 
A on identically prepared systems in the state |y) is 


(A) =| A |p) 


and is called the expectation value of A in the state \y). 


B. General Properties of Quantum-Mechanical Amplitudes 


We will work in the Schrodinger picture where the basis states 
defined by any operator are fixed in time. Therefore, all the time 
dependence is contained in the state vector |y). 


3. Amplitudes between an arbitrary state |W) and an eigenstate of 
energy |j) have the explicit time dependence 


qj | i= Cainje “es 


where E, is the eigenvalue of (the energy of the system in) the state 
lj), and C,,(A) is a complex function not depending on time. 
Therefore the evolution in time of the state |) can be represented 
by an expansion in energy eigenstates 


WW) =D L/Cy aye OF 


4. When |) is an eigenstate of energy it is called a stationary 
state. The probability of finding a stationary state |W.) in any one 
basis state |) is independent of time 


Py (w) = KK | WedI? = Ke | 8)1? [Coy (ADI? 


5. The amplitude for finding the state |W) in the basis state of 
position |x) is called the wavefunction (in coordinate or configura- 
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tion space) of the system 
w(x, t) = (x |b) 
For a free particle of well-defined momentum p 
us gj=Ac (P= a Ae 
B 


with 


6. In the coordinate representation the overlap of two states is 
given by 


(x |b) =S x*(x, tu(x, t) d?x 


and the matrix element of an operator A is 
(x| A |b) = ac t)A(x)eh(x, t) d°x 


where A(x) is a differential operator acting on W(x, t). 


7. When a final state |b) can be reached from an initial state |a) 
through two or more indistinguishable intermediate states |i), the 
amplitude @ =(a |b) is the sum of all amplitudes ¢; =(a | i)(i| b) 


b=dbit+d2t +++ =) (al iptil b) 
and the probability 


P=|6?=|b. toot: + P= 


2 


) (a | i){i | b) 


which may lead to interference between the amplitudes. When the 
intermediate states are distinguishable the probability P is given by 


P=($,?+\$2? +--+ = Ka | iyi | byP 


8. Amplitudes involving two or more identical particles have 
definite properties under the exchange of any two particles. If the 
particles have integral spin, 1.e., they are bosons, the amplitude must 
be symmetric under exchange. If the particles have half-integral 
spin, 1.e., they are fermions, the amplitude must be antisymmetric 
under exchange. 


Problems 


PROBLEM 1 


Consider the four Pauli spin matrices defined by Eqs. (4.68c). 


(a) Calculate the expressions (commutators) 


and discuss your result. 


(b) Define S, = (h/2)6,, S = +--+, etc., and find the eigenvalues 
of the matrix 


a 


§?= $24 24.82 


PROBLEM 2 


A quantum mechanical system is in the state 
Lp tery a ces) os aaah 8 2) 


where the orthogonal normalized states |1),|2),...,|n) are the 
complete set of states in which the Hamiltonian matrix H ts diagonal 
(energy eigenstates). Find the average value of repeated measure- 
ments of the energy on similarly prepared states |W). Express your 
result in terms of the energy of the stationary states and the 
amplitudes c;. 


PROBLEM 3 


Consider Problem 2 above and let |i) represent a complete set of 
base states and |w) represent a different complete set of basis states. 
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Show that if A is a hermitian operator, then 
D?=Y 2d Kul A lil? 
i op 


(the summations are over the entire sets) is independent of the 
choice of basis and equals the sum of the squares of all the 
eigenvalues of A. This result is called a sum rule. 


PROBLEM 4 


Let O be an operator that does not contain time explicitly. If |ys) is 
an eigenstate of energy, show that 


(| Q |b) 


is independent of time. (You can consult Chapter 6.) 


PROBLEM 5 


The quantum-mechanical equation of motion for a quasi-free elec- 
tron moving in a one-dimensional lattice (crystal) is of the form 


dC, 7 
ih oe =£ (Cy AC, AG. 


where C,, =(n |) are the amplitudes for finding the electron at the 
nth site (atom) and A is a constant. For stationary states |) 


Cc. Oe t) = a(x, je 


(a) Find the range of energies E of the stationary states by 


settin 
’ a(x,) =e" 
i Gea = eikG, +b) 
a(x ms) = ekGnt 2b) 
n 


where b is the lattice spacing, and k is a parameter. Plot E 
versus k. 
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(b) Give the amplitude C,, and the probability P,, for finding the 
electron at the nth, (n+ 1)th, and (n+27/b)th sites. Inter- 
pret your result. What is the physical significance of the 
parameter k? 


Note: The spectrum of energies E of the stationary states is 
continuous but restricted to an energy band, as you will derive in 
part (a). 


PROBLEM 6 


The data in the figure indicate the distribution of decay electrons 
from polarized muons which are moving in a circular orbit under the 
influence of a uniform magnetic field B= 1.47 Tesla. As time ad- 
vances a peak appears when the mean direction of the decay 
electrons coincides with the momentum vector of the muon and a 
valley when the mean direction of the decay electrons is opposite 
the momentum vector of the muon. The muon momentum vector 
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FIGURE P3.6. Time distribution of decay electrons as a function of time. The 
electrons arise from the decay of polarized muons precessing in a magnetic field of 
ee Te 
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rotates in the laboratory with the Larmor frequency 
eB 


oO, = 
My, 
From the data find the magnetic moment of the muon in units of 
=eh/2m,. The spin precession frequency is given by Eq. 
(3.22b). The reference to the data is J. Bailey et al., Phys. Lett. 68B, 
191 (1977). 


Note: To simplify the calculation the above relations refer to 
nonrelativistic muons. This is not true in the actual experiment. 


PROBLEM 7 


A neutron beam is split by Bragg scattering in a crystal and 
recombined as shown in the figure. The path S, is 30 cm higher than 
path S,, and the length along the horizontal direction is 1m. The 
wavelength of the neutrons is A=h/p=1A. Due to the gravita- 
tional interaction a phase difference is induced between the two 
paths. Calculate by how many fringes the interference pattern shifts 
when the apparatus is rotated so that path S, is 30 cm lower than S35. 


Note: This is a beautiful experiment performed by Colella, Over- 
hauser, and Werner demonstrating the influence of the gravitational 


force on the time evolution of quantum-mechanical amplitudes. 
[Phys. Rev. Lett. 34, 1472 (1975).] 


inkin bo ma ae | 


So 


FIGURE P3.7. Interferometer for the measurement of the phase shift of the neutron 
wavefunction as a function of the gravitational potential. 


Chapter 4 


STATIONARY STATES OF A 
QUANTUM SYSTEM 


We have already seen that the quantum-mechanical state of a 
system can be described as a linear superposition of basis states in a 
particular representation. One such set of convenient basis states is 
given by the energy eigenstates. We know that if a system is in a 
definite energy eigenstate, then it is stationary. i.e., the probability 
of finding such a system in any other eigenstate of energy vanishes 
at all times. It is clear, therefore, that if we are considering an 
isolated system it is sufficient to determine the energy eigenstates 
completely. We discuss in this chapter various ways of determining 
the energy eigenvalues and eigenstates from the knowledge of the 
Hamiltonian or energy operator. In any given representation the 
Hamiltonian, of course, can be represented as a matrix whose form 
is completely fixed once we know the forces (and hence the poten- 
tials) acting on the system. 

We derive the quantum-mechanical equation of motion, other- 
wise known as the Schroddinger equation. The time-evolution 
operator which causes temporal changes in a quantum-mechanical 
state is introduced, and it is shown that it contains all the dynamical 
information about the system. It is clear from the form of the 
time-evolution operator that the study of the Hamiltonian matrix is 
all that is needed to determine how states change with time. 

In nature, however, there are only a handful of physical systems 
whose Hamiltonian matrices can be solved to yield the exact energy 
eigenvalues. Fortunately, most physical systems have Hamiltonians 
that deviate only slightly from systems that can be solved exactly. 
We develop the theory of time-independent perturbation in this 
chapter and discuss how we can use this to obtain approximate 
solutions that are very close to the true energy eigenvalues of 
complicated systems. 

As an application of the methods of perturbation theory we 
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consider the two-level system in complete detail. The ammonia 
molecule, the K°—K° system, or a spin 1/2 particle in a magnetic 
field, are only a few of the physical examples that can be discussed 
as two-level systems. We examine how such systems behave under 
an external perturbation. A two-level system is simple enough so 
that exact energy eigenvalues can be obtained. We then compare 
the perturbative results to the exact values in order to bring out the 
powerful nature of perturbation theory. 


4.1. THE HAMILTONIAN MATRIX AND THE TIME 
EVOLUTION OF QUANTUM-MECHANICAL STATES 


In Chapter 3 we discussed the Schrédinger picture or description of 
quantum mechanics wherein the basis states are fixed in time, but 
the states describing a physical system depend on or change with 
time. The wavefunction that represents the overlap of the state of 
the system with a basis state is therefore time dependent. The 
operators, on the other hand, which represent physical observables, 
are not. 

Let us consider a general quantum-mechanical state |#(t)). Let 
|b(t,)) and |@(tz)) denote the states of the system at times ¢, and fp, 
respectively. We can relate the two states as 


|b(t2)) = U (ta, ty) |b(t,)) (4.1) 


where U (ts, t,) iS a quantum-mechanical operator since it causes a 
change in a state, taking it from a state at time f, to one at time 1). 
Consequently, it is known as the time-evolution operator or the 
time-translation operator. 

By definition we note that 


Ui | (4.2) 


which simply reflects the fact that if the inittal and the final time are 
the same, then the state remains unchanged. 
Furthermore, 


|$(t,)) = U(ty, tr) |b (t.)) (4.3a) 
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But Eq. (4.1) gives 


|b (t,)) = U7 (te, ty) |b (t2)) (4.35) 
which leads to the relation 
U tan t= U(t,, t>) (4.4) 


Time evolution does not change the normalization of states since 
that would amount to nonconservation of probability. Therefore, if 
a State is initially normalized to unity it must remain so normalized 
at the end of any finite interval of time. Thus 


(b(t2) | 6(ts)) = 1 = (h(t,)| OG UG. t:)|b(t,)) (4.5a) 
This implies that 


U' (to, t;)U(t, t;) =1 (4.5b) 
Consequently, ; , 
Ue. 1) =U (Bt) (4.5c) 


which shows that the time-evolution operator is unitary. The 
operator U also satisfies 


OG) =U Gat Gat.) (4.6) 


This physically represents the fact that a state evolving from f, to t, 
is equivalent to the evolution of the state through an intermediate 
time t,. We can thus summarize the properties of the time evolution 
operator as 


Ui(es t= an t,)= UG: ty) 
Uti) = Ue UG, t) (4.7) 
U(t, t)=1 


The operator U, and hence the time evolution of the system, 1S 
completely determined when we know all the matrix elements of 
this operator in a particular basis. We now show how this can be 
achieved in practice and give a simple derivation of the differential 
equation that governs the time evolution of quantum-mechanical 
states. 

We denote a set of basis states by |i) and consider two states |b(t)) 
and |@(t+ At)) separated by an infinitesimal time interval. By defini- 
tion 


(t+ At))= U(t+ At, t) |A(t)) 
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or 


(il ott An) =i] U lait) = ¥ GO lp | ol) (4.8) 


We also define 
(i| (1) =C,(t) 


7 (4.9a) 
(i| U(t+ At, t) |j) = U, = 6, + AtK, 


Furthermore, from the observation that the time-evolution operator 
is unitary and from the fact that, classically. time translation has the 
form e “", we write 
and identify Hj; as the Hamiltonian matrix. Thus Eq. (4.8) becomes 
i 
} 


=C,(t) 4 At 2 HC; (¢) 


or 
C,(t+At)h—C,) i 
ee SS ey He 4.10 
a ne C(t) (4.10) 
In the limit At 0, this reduces to the differential equation 
dC, i 
—=-—-—) H.C. 4.11 
dt ra a ( 


This is the basic equation that governs the time development of 
probability amplitudes in quantum mechanics. It is also known as 
the Schrodinger equation. The operator form of this equation is 
obtained by simply expressing the C;,(t) by their definition as amp- 
litudes: 


d rn 
ih G1 b(t) = d (il Hii | (0) 
=(i| H |6(0) 


OT 


d ; 
in lb(t))= H |6(t)) (4.12) 
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If the Hamiltonian operator does not depend on time explicitly, 
then Eq. (4.12) can be integrated to give 


id(t))=e “PR G(Q)) (4.134) 
which shows that the time-evolution operator has the form 
U(t, t,)= e WH, t,) (4.13b) 


It is clear from these results that the time development of a 
quantum-mechanical system is completely determined if the Hamil- 
tonian matrix H,, is known. We will now apply these ideas to a few 
simple examples and find the explicit time-dependence of the quan- 
tum states. 

Consider first a system that has only one state. Then Eq. (4.11) 
reduces to 

dC, 


hn = uC (4.14a) 
Furthermore, 
Jeli edie Wb ear ai (4.14b) 
is the energy of that state. Hence the solution of Eq. (4.14a) is 
Ci (jjjconst'e" 9 EX (4.15) 


The constant is easily obtained from the normalization of the 
amplitude 


IC\()? =1 
If the system has two basis states and if the Hamiltonian happens 


to be diagonal in the particular representation |1) and |2), then Eq. 
(4.11) reduces to two decoupled differential equations 


i = HC, 
(4.16a) 
dC, 
in —= H.C 
U dt 22%2 


Furthermore, if E, and E, are the energy eigenvalues associated 
with the basis states |1) and |2), respectively, then the solution to Eq. 
(4.16a) is given by 
(itn =eweawe" 
(2 | o(t)) oe Gn) aS. Bestines 


(4.165) 
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Thus, the state |@(t)) can be written as 
\h(t)) = Ae WHE; \1)+ BentwEs \2) (4.17) 


where the constants A and B can be uniquely fixed from the initial 
condition as well as from normalization. Such a state was discussed 
in Section 3.2. 

The solutions of Eq. (4.16b) correspond to amplitudes for station- 
ary states, and we conclude that stationary states are given by the 
basis states in the representation that makes the Hamiltonian matrix 
H,, diagonal. The eigenvalues of H,; give the energy of the station- 
ary states. If the Hamiltonian is not diagonal in a particular 
representation, we can always find an orthonormal set of basis states 
in which it will be diagonal. This follows from the fact that the 
Hamiltonian matrix is hermitian, and hence one can always find a 
unitary matrix that would diagonalize it, i.e., 


i = SHS“! = sist (4.184) 


as indicated in Eq. (2.34a). The convention for the transformation 
matrix S_, is that of Eq. (2.22a). The basis states in the representa- 
tion that diagonalizes the Hamiltonian are labeled |w), whereas in 
the original representation they were labeled |i). Then 


(u| A lv)= 2 (uw | iXil AiG |v) 
or 


Ho =) SLAG. (4.18b) 
ij 


The elements of the unitary matrix S are given by the amplitudes 


or (ue | i) 
(S");,=G | v)=(v | 1* 


as defined in Eq. (2.22a), with S a unitary matrix. The new basis 
states are obtained through 


lnw=2 li)(i | w) 
® i) (S"),. 


(4.18c) 


(4.19a) 


Finally, the amplitudes transform as in Eq. (2.215), which for an 


STATIONARY STATES OF A QUANTUM SYSTEM 139 


arbitrary state |@) gives 


(u1o)=2 (uw | ii | 6) oar 


=) Sui (ilo) 


Note that the amplitudes transform inversely from the basis states. 
While Eqs. (4.186) and (4.19b) can be interpreted directly as matrix 
multiplications, this is not the case for Eq. (4.19a). 


Hermiticity of the Hamiltonian Matrix 


It is clear from Eq. (4.136) that the time-evolution operator can be 
unitary only if the Hamiltonian matrix is hermitian. We will now 
show that the Hamiltonian matrix must be hermitian if probability is 
to be conserved. We know that the sum of the probabilities over all 
basis states of a complete set must equal unity, i.e., 


LIGCOP= 2 CMG=1 (4.20) 


Taking the derivative with respect to time, we have 
a 


di (4.21) 


(ie ¥ [St cw+cto 


The quantum-mechanical equation of motion [Eq. (4.11)] tells us 
that 


dC, i 
es een ae 2 
dt Her iG 
and 
* « 
“— == Hic} (4.22) 


Substituting into Eq. (4.21) we obtain 


y, (< eee: a CHC) =0 


ij 


and since we sum over the indices i, j we can interchange them in 
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the first term 


yb : (C*H#C, — CtH,C,) = 0 


tJ 
or 


y Ci(H;, — H,)G =0 (4.23a) 
ij 


For arbitrary amplitudes this relation can be true only if 


Hr = Ay 
or 
(H"),, = Hi; (4.23b) 


That is, the Hamiltonian matrix must be hermitian for probability to 
remain conserved. Furthermore, its eigenvalues, which represent the 
energy of the stationary states of the system, will therefore be real. 


4.2. TIME-INDEPENDENT PERTURBATION OF AN 
ARBITRARY SYSTEM 


As we have seen, the knowledge of the eigenvalues and eigenvectors 
of the Hamiltonian matrix is all that is needed to determine the time 
development of a quantum-mechanical system. However, for most 
physical systems an exact solution of the Hamiltonian is impossible 
to obtain. Surprisingly, approximate solutions arbitrarily close to the 
exact results can be obtained almost without effort if the Hamilto- 
nian can be split into a dominant part which can be diagonalized and 
another part which is complicated but can be treated as a perturba- 
tion on the first part. 

It is worthwhile to digress for a moment, to illustrate the power of 
perturbation theory through the example of an algebraic equation. 
Suppose we want to find the roots of the cubic equation 


x*—4,001x+0.003 =0 (4.24a) 


This cquation 1s extremely difficult to solve exactly. However, let us 
introduce a small parameter 


e =0.001 
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so that the equation is written 
x°-—(4+e)x+3e=0 (4.24b) 


It is clear that the solution to this equation would be a function of 
the parameter e, and hence one can expand the solution in the form 


xe) = 3 ae" (4.25) 


We substitute this expansion into Eq. (4.24b) and solve for x 
consistently order-by-order in e. For example, to order e° the 
equation becomes 


x?-4x =0 
with solutions 
x=0,42 (4.26) 


To find the roots consistently up to order e, we keep the first 
order terms in Eq. (4.25) for the three roots 


x,=O+ae (4.27a) 
X,=2+be (4.27b) 
X3=—2+ce (2) 


Substituting for example x,, from Eq. (4.27a) into Eq. (4.24b) we 
obtain 


(ae)? —(4+ €)ae+3e=0 (4.28a) 
If we keep only terms linear in ¢, Eq. (4.28a) reduces to 
—4ae+3e=0 
with the solution 
=a 
a~4 
Thus 
wi 0 tee — 46 up to order ¢ (4.28b) 


If we substitute x, from Eq. (4.27b) into Eq. (4.24b) we obtain 


(2+ be)? —(44+ €)(24+ be) +3e =0 
or 
8+ 12be +6b2674+ b2 ce? —(84+2€ +4be + be?) +32 =0 
(4.29a) 


142 QUANTUM MECHANICS 


Therefore, to order ¢ the equation becomes 


12be —4be —2e4+3e =0 
with solution 
b=-3 (4.29b) 
Thus 
Xo>=2—ge up to order e 


Similarly, it is easy to show that up to order e the third root 
becomes 


X3=—2—Ze (4.29c) 
Thus, to this order the roots become 
x, =3(0.001) 

i= 2— 200,001) (4.30) 


x3 = ~2—3(0.001) 


One can similarly obtain the roots up to order e*. And it is clear 
that the roots in order ¢* would differ from the exact roots only by | 
part in 10 ©. We do not have to stress further the significance of this 
approximation scheme. 

In quantum mechanics, however, we deal with matrices, and we 
develop below a perturbation scheme to handle them. We assume 
that we are looking for the solutions of the equation 


H |n)=E, |n) (4.31a) 


We also assume that the Hamiltonian can be separated into two 
parts 


H=H,+ eH’ (4.31b) 


As before, it is evident all entities will be functions of the parameter 
¢. For instance, the eigenvalue for the nth state is 


E, (e)=EO + eH + 6*EBO +--- (4.32a) 
and the corresponding state vector is 
In(e)) = |n\) + € |n) 4 &7 |n)+--- (4.32b) 


Here |n“’) corresponds to the stationary state of the unperturbed 
Hamiltonian H,, and for simplicity we consider the case where the 
perturbing Hamiltonian H’ is independent of time. If we substitute 
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the expansion given in Eqs. (4.32) into Eq. (4.31la), we can solve 
consistently for various quantities order-by-order in ¢. Thus 


(Apt eH')(\n) +e In) + e7 |n)+--- 
— (EO + cE + e°EOt+ eee (in) + € In“) + e? In)+- rs -) 


(4.33) 

Thus up to 
order &°: Hy |n®) = E® |n) (4.34a) 
order €!: Hy |n®)+ A! |n®) = E® [n™)+ E® jn) (4.34b) 


order €7: Hy |n®)+ H’ |n™) 
= BO |n) + BY |n)+ BE? In) (4.32c) 
Equation (4.34a) simply reflects our choice of notation where |n“") 


are the stationary states of the Hamiltonian Ay with eigenvalues 
E\. Taking the inner product with (n‘| in Eq. (4.34b) we obtain 


E® =(n| A’ |n) (4.35a) 


al 
’ 


Similarly, taking the inner product with the state (m where 


m#n, we obtain 
(m |, In) + (m© \A’ In = Eo (m® | n) 4 ED (m® | n) 

or 

(m| H' \n 
EO EO ’ 


m 


Ce a) m#=n (4.35b) 


We can thus find |n“”) in the usual way 


In“) = y lm) <m© In) 
oe y (m| A’ \n) 


2 EOE |m) (4.36a) 


where a is undetermined in view of Eq. (4.356). Thus, up to order 
é, 
In) = jn y+ € Fie 


(mH? |n) 
= (Irae) nO )re ae ear 


msAn 


\m“) (4.36) 
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Normalization of the state |n) up to order e further requires that 


i=o 
Thus, to order ¢ we obtain 
E,, = EO+ € (n| ’ In» 
m| H’ In 


ln)=|n) +e ) 


(O) (0) 
mn d sie =F 


(4.36c) 


\m 


Similarly, one can carry out the calculation up to order e° and show 
that 


BE, =E®+¢ (n®| A’ |n©) + €? (n©| A’ |n®) 


E,, = B® +e (n®| A’ |n) 


. 2 (n| H’ lm) <m| H’ In) 
msn 16 Se 


+e 


(4.37) 


In a quantum-mechanical system it is not easy to identify a 
parameter e, unlike the algebraic example we considered above. 
Thus, ¢ has been introduced for bookkeeping purposes and can be 
set equal to unity. However, looking at the expressions in Eqs. 
(4.36c) and (4.37) it is clear that the true expansion parameter is 

£ (m| (2g oe H’ 


mn 

ae m#n 
©) _ FO) (0) _ FRO)? 

ee ee , 


and for the perturbation scheme to be useful we must have 


lél«1 


In other words, the perturbation expansion works only if the off- 
diagonal elements of the Hamiltonian are much smaller than the 
difference in any two energy levels of the unperturbed Hamiltonian. 

Clearly the perturbation expansion that we introduced breaks 
down if any two levels |m‘’) and |n“”) are very close to each other 
or if they are degenerate in energy, unless the corresponding matrix 
elements H/,,, vanish. In such a case, if the first-order correction 
does not remove the degeneracy or increase the separation between 
the two levels, then a partial diagonalization of the Hamiltonian in 
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the space of degenerate states is necessary. Physically, one can 
understand the difficulty in the following way. When degenerate 
states are present any linear combination of such states is a good 
starting point for the perturbative calculation. An ideal starting 
point is the linear combination to which the perburbative solution 
reduces in the limit of vanishing perturbation. We, of course, have 
no prior knowledge of this combination and hence, in the presence 
of degenerate states, we must first select the right zeroth-order 
linear combination of the degenerate states. This is accomplished by 
diagonalizing the Hamiltonian in the subspace of degenerate states 
and then applying the perturbation theory developed in this section. 
This will be illustrated in Section 4.6 in connection with the am- 
monia molecule. 

The perturbation method that we described for obtaining approxi- 
mate energy eigenvalues is due to Rayleigh and Schrodinger. Note 
that although we assumed in our previous discussion that the energy 
levels were discrete, the method works as well for continuous states 
also. In this case the matrix elements H/,,, can be written as 


Han = (m| H'|n) 
=f d>x d*x'(m | x)(x| H’ |x’){x' | n) 
=f d3x d°x'W*(x) (x| A’ |x’) b, (x) (4.38a) 


Thus, to obtain the perturbative results we need to know the matrix 
elements of the perturbing Hamiltonian H' in the coordinate rep- 
resentation. In this case the perturbation Hamiltonian is given by a 
differential operator H (x) such that 


§ d?x'(x| A’ |x’) &, (x) = A(x) ys, (x) 


and therefore 


Hin =f d?xb* (x) (x), (x) (4.38b) 


We see that given the wave functions of a system the problem is 
reduced to finding the differential operator H'(x) that describes the 
perturbation. This can often be achieved (but not always) by corres- 
pondence with classical physics. For example, when an electric field 


é is applied the perturbation energy acquired by an electron of 
charge e is described in the coordinate representation by the 
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differential operator 

H'(x)=e€ -# (4.39a) 
If the electric field is along the Z-axis, then 

H'(x) = e62 (4.39b) 


A 


where Z is the differential operator (in this case, it is simply the 
coordinate z). Similarly, if a magnetic moment p = (p/h)L, where L 
is the angular momentum, is subjected to a magnetic field B, then 
the perturbation energy is described in the coordinate representa- 
tion by the differential operator 


A'(@)=—f-B=-7L-B (4.40a) 


where L is the angular momentum operator. If the magnetic field is 
along the z-direction 

A B A 

A(x) = Ae ie (4.40b) 
We have already discussed this interaction in Section 3.3 for the 
case of an electron. The construction of general differential 
operators in the coordinate representation is taken up in Chapter 6. 
In the next section we give simple examples of perturbation theory 
applied to matrix mechanics. 


4.3. SIMPLE MATRIX EXAMPLES OF TIME- 
INDEPENDENT PERTURBATION 


As a numerical example consider the 3X3 matrix given by 


il % 4 
fi ee ; (4.41a) 
€ E73 


Here e¢ ts a small parameter and we wish to determine the eigen- 
values and eigenvectors of this operator. Note that this appears to 
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be a highly complicated problem, and the degree of complexity 
increases as we go to matrices of increasing dimensionality. We will 
therefore use the perturbation techniques developed in the previous 
section and calculate the eigenvalues only up to order e~ and the 
eigenvectors only up to order e. If e€ is sufficiently small, then this 
would give a reasonably close approximation to the real answer. To 
use perturbation theory we rewrite the Hamiltonian as 


AH =H,+ eH’ 
i, 00 (dem 

-|0 2 Ol+e1 0 1 (4.41b) 
oo 3 1 1 0 


The matrix Ho is diagonal. By inspection we see that its eigenvalues 
and eigenvectors are 


1 
BO = il ee = 0 
0 
0 
E®=2 pO=l 1 (4.42) 
0 
0 
E%=3  y®=[0 
i 


The matrix elements of the perturbing Hamiltonian in this basis are 
given by 
ao aly f 
I aoe ade ee (4.43) 
= 0, form=n 


Thus the first-order correction to the eigenvalues are all zero 


ee er 
ES = eH, =0 (4.444) 
eee nest 


and the eigenvalues are unchanged through this order. The second- 
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order change in the eigenvalues is given by 
tnd 
E? =e? mm 
0) _ BO) 
m1 Ej E., 
= 6 12H), A Ai3H, ) 
E©- E® EO-E® 


ae 3) ve 
(ss 123" ie 2" 


BE@=e 2 ‘i, Petrciion 
2 = EO Eo Eo 
m 


(Hat, , Hist | 
ES - E® ES — je 


(4.44b) 


- pe 1) 9 
Ro Coon « 
ee as 
ren £ wT 
E© fae EY -—E® 


et ey 
= 62 |e = 3,2 
ees 3=2) 2° 


and the eigenvalues up to order ¢* are given by 
E,=ED+EY+EP=1-3e7 
Bo= BP +EP +E? =2 (4.44c) 
E3= = EO pS + Eo 34+5e 


The first-order correction to the eigenvectors are obtained ac- 
cording to Eq. (4.36c) 


(0) 
f= sy Jel tii) 
mel E®- E—© ES 


mn 
SE ae 
EO - EY EO — EO 


0 
= 2 = 
gf = la) ie 
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t (0) 
(i a, m2Y%m 
27 (0) (0) 
m2 Ey mad = 
’ (0) (0) 
— Abo) A425 
= 0) (0 3) y 
BD) — BO" EOE 


Asst) 


(0) 
( — > Ai3Wmn 


3) 5 (0) (0) 
m3 (5 co op 


t t 
x! A43 YO4 H4; yO 
2 
E?- Eo ES — BO 


; (°) i 0 1/2 
=-——| 0}+——| 1} =| 1 
3- == 
0 d (1 () 


Thus, the eigenvectors up to order € are given by 


1 ) 1 
v= abi=(o | =] )-( =£ 
0 —1/2 =£/2 
0 i. E 
Wo = Wt va'-(i}oof 5 -( ; 
0 poll =e 


0 72 e/2 
don yie nti ={a + il -( | 
1 0 if 
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(4.45a) 


(4.45b) 


We have thus obtained the desired information about the eigen- 


values and eigenvectors of the matrix of Eq. (4.41a). 


As a second example, let us consider a simple physical system of 
angular momentum (or spin) 1 in a uniform magnetic field of 
magnitude B along the z-direction. We have seen before that the 


perturbing Hamiltonian in this case is 


4 uB « 
A’=-—f 
h Zz 


(4.46a) 
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Here L, is the angular momentum operator that measures the 
projection of angular momentum onto the Z-axis. We know that the 
eigenvalues of ks can take only the values +1, 0, or —1 (in units of 
h) so that the basis states are defined to be 


L, |+)=h|+) 
L, \0)=0 (4.46b) 
ie => =—-h |-) 


The basis states form a complete orthonormal set. Thus, the per- 
turbing Hamiltonian can be written in matrix form as 


[es 0) eile) 


(4.47) 


The above perturbation is diagonal in the {|+), |0), |—)} representa- 
tion. If these states are stationary in the absence of the magnetic 
field (namely, if they are eigenstates of the unperturbed Hamilto- 
nian A). they will remain stationary even in the presence of the 
magnetic field that induces only first-order corrections. Let the three 
states be degenerate (rotational symmetry requires this) and have 
the energy E, in the absence of the field. Then, in the presence of 
the magnetic field, the degeneracy is lifted, and the energy values 
for the three levels are given by 


Eo = Eye 
Fo= Eo (4.48) 
Be, tee 


The change in the energy levels is shown in Fig. 4.1. This phenome- 
non of the splitting of otherwise degenerate energy levels due to the 
presence of a magnetic field was first observed in atomic spectra and 
is called the Zeeman effect after its discoverer. In that case since 
the electron has negative electric charge, uw is negative and the 
energy of the |+) state increases, while that of the |) state decreases 
due to the perturbation. The number of degenerate states depends, 
of course, on the value of the angular momentum and is equal to 
(ier I). 
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ees 
B=0 B#0 


FIGURE 4.1. Splitting of degenerate energy levels in a magnetic field. The three 
levels correspond to states with 1=1, and have different projections of angular 
momentum onto the Z-axis. 


4.4. ENERGY EIGENSTATES OF A TWO-STATE 
SYSTEM 


We have so far developed a formalism (a mathematical machinery) 
for describing a quantum-mechanical state and its evolution. In 
order to apply this formalism to a physical system it is natural to 
begin by considering the basis states in which to write our equations. 
This is a formidable task because, in principle, any real system has a 
very large number of degrees of freedom. In fact, we do not know 
all the possible degrees of freedom of, say, an electron. We assume 
that it is a point particle with spin 1/2, and thus for a free electron 
its momentum and spin projection form the complete set of basis 
states. However, the electron may have internal structure (this has 
not as yet been discovered) in which case we would need additional 
basis states to describe the state of the internal structure of the 
electron. For instance, in the case of the proton we could specify the 
states of its constituent quarks. 

Such lack of knowledge does not prevent us from obtaining 
physical predictions using quantum mechanics in all cases of inter- 
est. For calculational purposes we assume that the electron is a point 
and use the appropriate subset of basis states as a complete set. We 
can ignore the basis states describing a particular degree of freedom 
as long as they do not affect the problem under consideration. For 
instance, when we studied the precession of the electron’s spin 
projection in Section 3.3 we ignored the momentum basis states 
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because the electron was at rest. Often, even if the additional 
degrees of freedom affect the problem, we can ignore them as long 
as their influence is adequately small. This approach is the one used 
in all practical calculations and agrees with the spirit of perturbation 
theory that we discussed. 

As an example of a system that has only two basis states we will 
consider the ammonia molecule in its lowest energy state. Ammonia 
(NH3) consists of three hydrogen atoms and one nitrogen atom 
arranged as shown in Fig. 4.2(a). The three hydrogen atoms define a 
plane and are symmetrically positioned; the nitrogen lies out of the 
plane. The nitrogen may lie either above or below the symmetry 
plane as shown in Fig. 4.2(b). These two configurations represent 
two different states of the molecule and we label them as |1) and |2). 
Of course, the molecule can be in many other states. For instance, 
the hydrogen molecules may vibrate about their equilibrium posi- 
tion, the rotational motion may involve more units of angular 
momentum, the electron in one or more of the hydrogen atoms may 
be in an excited state, and so on. In addition, the molecule as a 
whole may be in motion. For our present considerations we can 
ignore these degrees of freedom and treat the two basis states |1) 


and |2) as a complete set. 
H + 2 
f oH 


(a) (b) 


FIGURE 4.2. Two possible configurations of the ammonia molecule. The nitrogen 
atom can be found (a) above or (b) below the plane defined by the three hydrogen 
atoms. 


Let us construct the energy matrix for the two states |1) and 2). 
When in the state |1), let the cnergy of the molecule be E,. From 
the symmetry between the two configurations the energy of the 
system when in the state |2) must also be Ey. Thus, we have 
established two of the four matrix elements 


GQ|A\)=B, (Q\H\2)=E, 
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What about the matrix elements (2) H|1) and (| \2)? If these 
matrix elements are different from zero there will be a finite 
probability for a transition from the state |1) to state |2), and vice 
versa. In fact, this is the case for the ammonia molecule which is 
very “flat.” When the nitrogen atom is in the symmetry plane it is 
strongly repulsed by the hydrogens; in other words, the potential 
energy is very high. There is, however, a small probability for the 
nitrogen atom to tunnel through this potential barrier so that 
Starting from the configuration of Fig. 4.2(a) it could reach the 
configuration of Fig. 4.2(b). Therefore, the amplitude (2}H |1) is 
different from zero, and we let it have the value —A. Again, from 
the symmetry of the two configurations we expect that the amp- 
litude (1) H|2) has the same value. Therefore, in the |1).|2) rep- 
resentation, the energy matrix is given by 


|1) [2) 

z FS ier, =i 

H= 12) A = E,, A real (4.49a) 
=s oO 


and H is hermitian as expected. 

Having obtained the energy matrix we can write the equation of 
motion for any arbitrary state |@(t)) of the ammonia molecule. As in 
Section 4.1 we introduce coefficients C(t) as shorthand for the 
amplitudes 


C\(t)=(1|d) and C,(t)=(2|¢) 
which obey the equation of motion, Eq. (4.11) 


d 

d (4.49b) 
th +7 Co) = —AG GW) Byes) 

We can readily see that the basis states |1) and |2) do not correspond 
to stationary states. From Eq. (4.49a) we note that the energy 
matrix is not diagonal in the |1),|2) representation. From Eq. 
(4.49b) we see that even if C,(t)=0, [and _ therefore 
C,(t) = 1] dC,/dt# 0, so that at a later time t’, C(t’) will be nonzero. 
Equation (4.49b) can be solved exactly. If we add and subtract 
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the two equations we get 


d . 
ih dt (Cit C2) = EC C,)-A(C, an C2) 


q (4.50a) 
ih Ai (Cy —C,)= E(C; = C2) a7 A(C, = C2) 
We introduce the notation 
Cy = (C,+ C3) Cy =(C,—-C) (4.50b) 
and integrate Eqs. (4.50a) to obtain 
(GES (ses, = —(i/h)(E,—A)t 
: : oo (4.51a) 


Cy & ec = CG =e be UME ot Ant 


Here a and b are arbitrary constants to be determined from the 
initial conditions. Adding and subtracting Eqs. (4.5la) we solve for 
the original amplitudes 


en ee ul TEE 7p (U/AWE +A ve 


C(t) = 
(4.51b) 


C.(t) = e-mE,—aye_? e WARE tA 


NIS NIS 


If at time t=0 the molecule is in the basis state |1), then 
C,(t=0)={1| d(t=0))=1 and C,(t=0)=(2| d(t=0))=0. For 
these initial conditions the constants a and b in Eqs. (4.51b) must 
satisfy a = b=1, and therefore 


(i/h)At —(U/A)A 
: e +e At 
C,(t)= ewmen(S ‘ =i¢ “MEneas (= ) 


(i/h)At GAYA 
2G e ~e ere cae 
C.(t) =e gaa 5 ) = je G/A)E,t sin( 5 ) 


(4.52a) 
At any time t the state |@(t)) is then given by 
|b(t)) =|1) Ci(t) + |2) Ca(t) 


= emeal 1) cos( 2) +i |2) sin(2)] (4.52b) 
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The state described by Eq. (4.52b) remains properly normalized at 
all times, since ((t) | @(t))=1. 

Clearly, the probability of finding the molecule in the basis state 
\1) or the basis state |2) changes in time as 


P(1)= {1 | &(@)P =|C,)? = eos"( 5") 


(4232c) 


P(2)=|2| 6(t))|?=|Ca2= sin?(*") 


This time dependence is exactly the same as that found in Eqs. 
(3.21) for a spin-1/2 particle precessing in a magnetic field. This 
should not be surprising since that system also consisted of only two 
states, the spin projections onto the +X and —X axes. These states 
were not stationary. 


Finding the Stationary States by Diagonalizing the 
Energy Matrix 


We have just seen that the basis states |1) and |2) are not stationary. 
The stationary states are therefore given by some linear combina- 
tion of the states |1) and |2). We can find this linear combination 
either by the explicit solution of the equation of motion as obtained 
in Eqs. (4.5la) or equivalently by finding the representation in 
which the energy matrix is diagonal. In the first approach we note 
that the amplitudes 


C,=d|¢) and C,=dI|¢) (4.53a) 


given by Eqs. (4.51a), have the time dependence corresponding to a 
well-defined energy: thus the basis states |I) and |II) are stationary. 
Making use of Eq. (4.50b) we can express these states in terms of 
the original basis of |1) and |2) 


1) = salt) +2) 
j (4.53b) 
1) = sa llt)~ 29] 


The factor of 1/2! is needed to assure the normalization of the 
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states |I) and |II). Note also that |I) and |II) are orthogonal, i.e., 
(I| 1D =0; thus Eqs. (4.53b) provide a complete orthonormal set of 
basis states. They correspond to stationary states of the system (the 
ammonia molecule). The energy of the molecule in these states is 


E,= BoA and Ey, = Et A (ALS 3e)) 


as can be seen directly from Eqs. (4.51a). 

We could have obtained these results without explicitly solving 
the equation of motion [Eqs. (4.50a)], because in the representation 
in which the basis states correspond to the stationary states of the 
system the energy matrix must be diagonal. Therefore, let us 
diagonalize the matrix of Eq. (4.49a). This is achieved by setting the 
secular determinant of the matrix equal to zero 


Bea Oa. 
det |", E,-v\=9 (4.54a) 
Namely, 
(Ey-A)*- A*=0 
with the two solutions (Epg—A)=+A or 
Mo Eye x Ao= EFA (4.54b) 


A, and A, are the eigenvalues of H, and in the new representation H 
takes the form 


Eo-A 0 


H’ = SHs"'= 
0 E,+A 


(4.55a) 

To find the new basis states we must first find the unitary matrix S 
that induces the transformation indicated by Eq. (4.55a), namely, 
between the basis states |1) and |2) and the basis states that make H 
diagonal. Using the convention of Eqs. (4.18) and designating the 
new basis states by |I) and |II) we find 


|1) |2) 


MW) | <Uf1) E]2) ft 
— \IT) |<I1} 1) IE] 2) ~ 9172 : = (4.55b) 


It is easy to verify that S'S = 1 and that Eq. (4.55a) is satisfied. To 
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find the new basis states we have from Eq. (4.19a) 


=D (Si, 


and with S given by Eq. (4.55b)—(note that for this special case 
S= S35 *) =e of iain 


1) = sallt) +129) 
(4.56a) 


1 
I) = srallt) -[2)) 


which ts in agreement with Eqs. (4.53b). The energy eigenvalues for 
these eigenstates can be obtained directly from Eq. (4.55a) as 


E,= ID AN and Ey=EqtA (4.56) 


which is in agreement with Eq. (4.53c). We see that diagonalization 
of the energy matrix is completely equivalent to solving the equation 
of motion. 


Discussion 


That the nitrogen atom can tunnel through the symmetry plane is 
due to the structure of the ammonia molecule which is extremely 
flat. That is, the equilibrium position of the nitrogen atom is very 
close to the symmetry plane. If the nitrogen atom could not inter- 
change its position, there would still be two possible states for the 
molecule, the states |1) and |2), but they would be stationary states 
and have the same energy E,,. The energy matrix would be diagonal 
(A — 0) in the |1),|2) representation and would be degenerate. 

In reality, there exists a finite probability for the tunneling of the 
nitrogen atom. As a consequence, the degeneracy is removed and 
the two energy eigenstates |I) and |II) acquire a small difference in 
energy. From a study of the microwave absorption spectrum of 
ammonia One finds that the splitting between these two states is of 
order 


ME = Ae 1210°-%EV 
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This is much smaller than the spacing to the next rotational state of 
ammonia, which differs from the ground state by ~10 'eV, or to 
the vibrational states, which differ by leV. Clearly, the other 
possible basis states of the system are far removed on an energy 
scale compared to the energy difference between the states |I) and 
\II). It is for this reason that we can ignore these other basis states 
and treat the states |1), |2) or |I), |IJ as a complete set. 

It is worth noting that we were able to describe the ground state 
of the molecule without knowing the exact values of E,, and A. In 
fact, it is hardly possible to calculate A from first principles, its 
value being obtained from the experimental observations. 

The relation between the states |1), |2), and |I), |II) is analogous to 
the behavior of a mechanical system with two coupled modes. For 
instance, consider two identical pendula connected by a weak spring 
as shown in Fig. 4.3. If we set pendulum A in oscillatory motion 
while B is at rest [Fig. 4.3(a)], after some time pendulum A will 
come to rest and B will be in motion [Fig. 4.3(b)]. These modes of 
oscillation are not stationary in time in the sense that if we start with 
mode (a) at a later time the system will be in mode (b), and as time 
advances it will revert back to mode (a), and so on. Modes (a) and 
(b) correspond to the description of the ammonia molecule by the 
states |1) and |2). If, however, we set both pendula in motion 
simultaneously, as in Fig. 4.3(c), they will remain in this mode 
(neglecting friction) forever. The same is true for the mode of Fig. 
4.3(d) where the two pendula oscillate with phases differing by 180°. 
Modes (c) and (d) are the normal modes, i.e., the eigenstates, of the 
coupled pendula system and correspond to the description of the 
ammonia molecule by the basis states |I) and |II). This equivalence 
holds because the equations of motion have the same mathematical 
form for both systems. 


(ie) I |e (b) |2> (c) |I> (d) [o> 


FIGURE 4.3. The motion of two coupled pendula. The normal modes of the system 
labeled |I) and |II) are the stationary states. 
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4.5. TIME-INDEPENDENT PERTURBATION OF A 
TWO-STATE SYSTEM 


We have seen that when weak forces, not previously considered, act 
on a system, it is best to treat them as perturbations. For the 
ammonia molecule, as for all atomic and molecular systems, these 
forces arise from the presence of electric or magnetic fields. The 
ammonia molecule possesses an electric dipole moment because the 
valence electrons are clustered closer to the nitrogen nucleus than to 
the protons. As a result, even though the molecule as a whole is 
electrically neutral, the mean position of the negative charges is 
displaced with respect to the positive charges as shown in Fig. 
4.4(a). Thus, the electric dipole moment is directed opposite to the 
position of the nitrogen atom with respect to the symmetry plane of 
the molecule, as shown in Figs. 4.4(b) and 4.4(c). 


ud 
(a) (b) (c) 


FIGURE 4.4. In the ammonia molecule the mean positions of the positive and 
negative charges are displaced from one another, giving rise to an electric dipole 
moment yw. In the presence of an electric field € the two orientations of the dipole 
moment make different contributions to the total energy of the molecule. 


We shall designate the electric dipole moment by wp, and we can 
roughly estimate its magnitude. Assuming that the average charge 1s 
of the order of the electron’s charge e and that the displacement of 
positive from negative charges is of the order of molecular dimen- 
sions, that is, 1 A, we find 


pw =|p.|~ eX 107° coul-m (4.57a) 


Suppose an external electric field é is applied and the ammonia 
molecule is positioned as in Fig. 4.4 so that the symmetry plane is 
perpendicular to the direction of &. If the molecule is in state |1) 
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[Fig. 4.4(b)] it will acquire an additional potential energy 


U=-p.-&=pé state |1) (4.57b) 
and if in state |2) [Fig. 4.4(c)] the additional potential energy is 
U=-p.-€=—pé _ state |2) (4.57c) 


For experimentally realizable fields, é ~ 10* V/cm, Eq. (4.57a) gives 
U~10*eV; that is, U is of the same order of magnitude as the 
energy required for tunneling from the state |1) to the state |2). 

In the presence of the external electric field the energy in the state 
|1) is H,,=Eo+é and in the state |2), H..= E,)—wé. Thus the 
energy matrix of Eq. (4.49a) takes the form 


|1) |2) 


: E,+ = 
fe | fot? (4.584) 
|2) = Eo pé 


The states |1) and |2) are not stationary since H is not diagonal. The 
energies of the stationary states are obtained by diagonalizing H 
and are given by the roots of the secular equation 


(Eot wé —d) —-A 


det : 
—A (Ey— pé—-A) 


=(0 


or 
[(Eo—-A)+ wé [(Eo—A)— pé]—A?=0 
with solutions 
he=Ept(A tea 
Ap = Ey—(A?+ p76)!” (4.58b) 


For weak electric fields such that (ué/A)>« 1 Eqs. (4.58b) are 
expanded to yield the approximate expressions 


2p. 

a He 
Eee = a 

. ? 2A 


Correspondingly, for strong electric fields the expansion is carried 
out in the small parameter (A/wé)°« 1, yielding the approximate 
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expressions 
AS 
vw cs [ee we Te 
re strong field (4.59b) 
Ag=Eo— = 
R ore 26 


These results can be visualized by plotting the energy eigenvalues A,, 
and Ag as a function of field strength, as shown in Fig. 4.5. The 
dashed lines in the figure correspond to the functions (E,+uwé) and 
(E,o—wé). As € > 0 the eigenvalues reduce to (E)+ A) and (Ey- 
A), as also found in Eq. (4.56b). The corresponding eigenstates are 
the states |I) and |II). The presence of the weak electric field is not 
sufficient to prevent the occurrence of tunneling from state |1) to 
state |2). It perturbs the ammonia molecule quadratically in the 
small quantity (wé/A) as indicated by Eqs. (4.59a). 


FIGURE 4.5. The energy of the two states of the ammonia molecule as a function of 
the strength of a perturbing electric field @. 


For a strong electric field the energy eigenvalues tend to (E,+ 
wé), and (E,— wé) and the corresponding eigenstates approximate 
the states |1) and |2). The interaction of the electric dipole moment 
with the electric field is now the dominant factor and prevents the 
nitrogen atom from tunneling through the symmetry plane. The 
energy separation between the states |1) and |2) increases linearly 
with the strength of the electric field. The tunneling effect is a 
perturbation which contributes only quadratically in the small quan- 
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tity (A/wé) as given by Eqs. (4.59b). This contribution is indicated 
by the difference between the dashed and solid lines in the figure. 

For intermediate values of the electric field, that is, when wé is 
comparable to A, the stationary states approximate neither the basis 
states |1) or |2) nor the basis states |I) or |IT). This is because in the 
absence of tunneling and an electric field the two states of the 
molecule are degenerate, as mentioned previously. There are large 
off-diagonal elements in the energy matrix in either the |1), |2) or 
the |I), |II) representation, and they mix the states that they 
connect.t 


The Perturbative Solution 


The techniques of perturbation theory enable us to obtain approxi- 
mate eigenvalues such as Eqs. (4.59a) or (4.59b) without having to 
perform the exact diagonalization of the energy matrix. This is very 
important when the energy matrix is of high dimensionality. We 
illustrate the application of the method using a simple example and 
begin by considering the energy matrix in the absence of the 
tunneling as well as electric field perturbations. As we know, it has 
the form 


Bee) 
~ 5 Ee, 0 
o= 210 £ (4.60a) 


Next we introduce both the clectric field and the tunneling effect so 
that the total Hamiltonian, still expressed in the |1),|2) representa- 
tion, becomes 


[1) (2) 


(4.60b) 


+ We can think of an off-diagonal element H,; as a connection between the states |i) 
and |j). 


STATIONARY STATES OF A QUANTUM SYSTEM 163 


Clearly two distinct cases arise: 


Case I: Weak-Field Case (wé <« A) 


Here we can treat the electric field as a perturbation and write 


H=H,+4, 
where 
[1) — |2) 
x iia =A 
Bi. = 4.61 
: \2) —-A Eo : 2) 
and 
|1) — |2) 


H, = Pi (4.61b) 
12); O ~—pé 


We have to diagonalize H,, which has already been done in Eq. 
(4.55a). In the basis in which Hp is diagonal, it has the form 


IT) |IT) 


A |I) a 0 
Ho= (4.62a) 
\II) E,+A 


The matrix elements of H, in the new representation are found in 
the usual way, je = = SH,S ', where the transformation matrix S is 
given by Eq. (4.5 555). We can use matrix multiplication or calculate 
the elements directly by aie 
(I| A, I) =| 1) A, p ILC |1)+(1| 1)(1 |, |2)(2| D 
+ (I| 2)(2| A, Ae 
1 


1 
= 5172 KE at 0+04+ 55 (- ué) Sip ae 


and similarly 
(I| H, |Il) = wé 
(| H, |) = pe 
(| H, |) =0 
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so that 


I) I) 
ci 


ae 0 pé 
Wie - 0 


This shows that 
Cen = inn = BE 
= form=n 


Clearly, the first-order change to the energy 
The second-order change is given by 


(4.62b) 


for m#n (m,n =I, ID) 


eigenvalues vanishes. 


Fes tn 
EY = » EO po 
= Ay Aty =a we ws, _ we? 
EO EY E,.-A-E 9-A 2A 
Similarly 
HiawH; 
(2) mitt tim 
B= 2 EQ-ES 
— AinAn ME BE See 


(4.63a) 


Thus, up to second-order in the electric fields, the energy eigen- 


values become 


wos” 
Ey=E y+ At=— 
it 10) 2A 
292 
wes 
E,=E,)-A- 
I 0 an 


(4.63b) 


which is in agreement with the expansion of the exact solution as 


indicated by Eqs. (4.59a). 


The change in the stationary states up to linear order is given by 


(m >| H' aes 
ee dL EO _ po |m) 
a vel oes rn! ws 
E?-E® E,—A-E,—A 


tr) _ 1) 
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and 


[1r?) = y (m| Hy We 
m#Il By 


Ain LE 
= = |fO\ = (0) (0) 
EO pO! ) BA See A ) = oa oa ) (4.64a) 


m) 


Thus, the eigenstates up to first-order in the perturbation are given 
by 
I) = Ngee Sa) 
ag (4.64b) 
iDp= (i) a> 


Case HI: Strong-Field Case (wé > A) 
In this case we can treat the tunneling as a perturbation and 
separate the Hamiltonian in the following way. 
H=H,+H, 
where 


[1) [2) 


A il a +pé 0 
A= | ) ote 


[41> [2) 


ib ees 
H, = 2y|-A 0 (4.65a) 


The unperturbed Hamiltonian is already diagonal with eigenvalues 
E,+pwé and E,—wé. The perturbing Hamiltonian has only the 
off-diagonal elements nonzero. Hence 


(A, )mn = Hin =—A for m# n (m, i= il. 2) 
=0 form=n (4.655) 


166 QUANTUM MECHANICS 


Furthermore, the off-diagonal elements are small in magnitude 
compared to the difference in the energy levels of the unperturbed 
Hamiltonian. Therefore, the theory of nondegenerate perturbation 
is applicable. Since the perturbing Hamiltonian has no diagonal 
elements it is also clear that the first-order change to the energy 
eigenvalues vanishes. The second-order change is given by 


y Elietim 
aoe ye 

_ aH — (CAYCA) A? 
E©-E®” E,tpé—-—Eotué 2yeé 


Qs 
ja — 


and 
HK. H: 
E@= m2442m 
P= 2 Eee 
_-HbH  (-A)CA) A? 
eee Eo— pé—Ey—pé 2u6 


(4.66a) 


Thus, the energy eigenvalues up to second-order in the perturbation 
are given by 


Ke 
E,=Eo+pé+s £ 

= (4.66b) 
Bo Boa te 4 
2 o - Qué 


which are in agreement with the expansion of the exact solution as 
indicated by Eqs. (4.59b). 
The first-order change to the eigenstates is given by 


ma H" \1) 
(1°?) = p |m) 
ae —A 


200)" — BMY 
~ EO_ — ) E+ pé—Eot nt ) 


ae 90) 
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and 
(m| H" \2) 
j2)= ay EO EO EO m) 


' 
H'2 


— 

EO pO! ) 

ae (4.67a) 

= —_—____—_____ [49 

ay Sean 

A 
= —— |/j|" 

one | ) 


Thus, the eigenstates up to first-order in perturbation are given by 


A 
DS =|) === — 9(0) 
\1) | ) 2 ; | ) 


A (4.67b) 
2\= 40) yO 
2S ae? 


This simple example should illustrate to the reader the power and 
consistency of perturbation theory. 


4.6. GENERAL DESCRIPTION OF TWO-STATE 
SYSTEMS: PAULI MATRICES 


We have seen that the evolution of any two-state system is com- 
pletely defined by its corresponding 2x2 energy matrix H: this 
matrix is hermitian. Therefore, if we develop a formalism describing 
the most general hermitian 2 X 2 matrix it will be applicable to any 
and all two-state systems. Such a description is provided by the 
Pauli matrices, first introduced by W. Pauli in order to describe the 
effects of the electron’s spin. 

Consider the most general 22 matrix with real elements. It is 
obvious that any such matrix can be expressed as a linear combina- 
tion, with real coefficients, of the four matrices 


(oo) Ga) Go) Go) “ee 
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It is also evident that the four matrices of Eq. (4.68a) are linearly 
independent.t Of course, we can also use any other set of linear 
combinations of these four matrices. We can form the sum and 
difference of the first two and last two to obtain the set 


(om) Greentree) (Sie) ame 


The matrices of Eq. (4.68b) can be used to expand any arbitrary 
2x2 real matrix. If we allow the expansion coefficients to be 
complex we can construct all 2 x 2 matrices with complex elements. 

At present we are only interested in hermitian matrices and will 
demand that the expansion coefficients be real. The first three 
matrices are already hermitian, but not the fourth. Multiplying it by 
—i we obtain the set of four hermitian matrices 


rst? °) ee’ \ meaye 
all) | er.) a ee a 


1 O 


4.68 
0 |) 468e1 


6 62> ( 
Any hermitian 2X2 matrix with real or complex elements can be 
expressed as a linear combination with real coefficients of the four 
matrices in the above set. We write 


H=aitA,6,+Aé,+A.6,, ao, A,, A,, A, real (4.69) 


The four matrices of Eq. (4.68c) are the Pauli spin matrices. Of 
course, Eq. (4.68c) is a particular representation of the Pauli 
matrices since we can obtain other equivalent representations by 
performing similarity transformations 


T= So se. etc. 


with S a unitary matrix (S'S = 1). The representation of Eq. (4.68c) 
is used most frequently, and we will adopt it unless otherwise 
indicated. 

The particular set of Eq. (4.68c) has important properties [which 
are absent in the choice of Eq. (4.68a)| because the four matrices 


+ It is not possible to construct any one of these matrices as a linear combination of 
the other three. 
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provide the representation of a group.t This is so because: (1) the 
matrix operation 


Og; 0B, ..5— 0; x,y, Z 


reproduces one of the four matrices; (2) the set contains the identity 
element; (3) the inverse of all elements is contained in the set; and 
(4) matrix multiplication is associative. It can be easily shown that 
the matrices in the set of Eq. (4.68c) satisfy 


Aas (4.70a) 
ic, (4.70b) 


This last property can be written in compact form as 
[G;, 6;] = 2i6;,, i, j, k cyclic (4.70c) 


where i, j,k stands for the indices 1,2,3 or x, y,z as given in Eq. 
(4.68c). 

The four matrices can be separated into two classes according to 
the following properties 


det(¢)) = +1 Tr(é) = 2 
det(é;)=—1 Tr(é;) = 0, i= 2S 


The three matrices o, can be thought of as the components: of a 
vector o, which, of course, is a matrix-vector, a fact we have 
anticipated by writing 0@,=0,,...,etc. We can then use the short- 
hand notation 


H=a.it+A-o (4.71) 


to express the most general 2 2 hermitian matrix as given by Eq. 
(4.69). Here A is a real vector (A,, Ay, A.), and a, 1s a real number. 
Often we will drop the symbol 1, implying that in matrix equations a 
real number is always understood to be multiplied by the unit matrix 
fl. 


+ This is the SU(2) group, which can be defined through the algebra indicated by 
Eqs. (4.70). 
+ The justification for this identification is discussed in Section 5.6. 
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To see the usefulness of the Pauli matrices let us examine the 
special case where: ag=0, A, = A, =0, and A, =1. Then H takes 


the form 
P 1 | 
| 4.72 
H=<6, ‘6 an ( a) 


and the system has two eigenstates |1) and |2) with eigenvalues 
A,=+1 and A,= —1. Since it must hold that 


Hf |1)=A,|1)=|1) and A|2)=A,|2)=-|2) (4.725) 


the two states |1) and |2) can be represented as column vectors of 


the form 
[1)= (;) |2) = (") (4.73a) 


They are orthogonal since their inner product 
0 
(HI D= 7 o(7)=0 (4.73b) 


vanishes; they are also normalized. The most general state of the 
system is described by 


|) = by [1) +b. |2)=(7") (4.73c) 


where b,,b. can be complex but must obey the normalization 
condition 


\b,|?+ \b,|* =) 


The hermitian G-matrices represent operators, and we can use the 
representation of Eqs. (4.68c) and (4.73c) to find their effect on an 
arbitrary state |6). Of particular interest are the combinations 


, eee 7 eee °) 
is a) 6.) ne = man 
(4.74a) 


which have the properties 


G|1)=0, 6, |2)=|1) and &.|1)=|2), &_|2)=0 
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When acting on the arbitrary state |@), the operators G.,6 yield 
#-16)=(5 o)(s,)-(o) 
4.16) (; o/\b,) \o 
_ (0 “Nate, 
G 6) =(" o)\p.) =p, (4.74b) 


Therefore, @, and G_ act as operators for raising and lowering, 
respectively, the entries in a column vector. 


and 


Examples of Two-State Systems 


Consider light propagating along the Z-axis. We represent linear 
polarization along the X-axis by the state |+z) and linear polariza- 
tion along the Y-axis by the state |—z). Then 


|P..) = (5) |P,) = (1) (4.79a) 


These are eigenstates of the o, operator with eigenvalues +1. 
According to Eqs. (2.9a) RHC and LHC polarized light will then be 
represented as 


bel 1 Oy a! 
Pe)=532(1) and P.)=sr3(_.] (4.79b) 


These are eigenstates of the operator dG, with eigenvalues +1, as can 
be easily checked. A linear polarizer along the X-(or Y-)axes is 
represented by the operator 


M= (4.80a) 


as given also in Eq. (2.41d). A circular polarizer will be represented 
by 
fico, 


N= 
2 


(4.805) 


As another example we examine the ammonia molecule that we 
analyzed in the previous sections. For instance. in the |1),|2) rep- 
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resentation the energy matrix of Eq. (4.49a) can be written as 
H = E,i- Aé, (4.81a) 


In the presence of an external electric field the Hamiltonian takes 
the form of Eq. (4.58a), which again can be compactly expressed in 
terms of the Pauli matrices as 


H=E,1—-Aé, + yée, (4.81b) 


Another well-studied two-state quantum system is that of the 
neutral K-mesons. This consists of two states, |K”) and |K"), which 
are distingu’shed from one another by having opposite strangeness 
quantum numbers. The |K”) state is assigned, by convention, 
strangeness — 1, whereas the |K”) is assigned strangeness +1. Other- 
wise the two states are identical. They can be thought of as the 
|1),|2) states of the ammonia molecule. 

Weak interactions do not conserve the strangeness quantum 
number and thus provide a connection between the two states, 
which is in exact analogy to the connection resulting from the 
tunneling of the nitrogen in the ammonia molecule. Therefore, the 
energy matrix is of the form 


[Kale 


A 
or M=mi+— 6, (4.82a) 


which is in exact analogy to Eq. (4.81a). 
If we also take into account the possibility that the K°-mesons 
may decay we must introduce a hermitian decay matrix 


Poi | or T=yi+yp6d, (4.82b) 
Vio ay 


with y, y,2 real. The overall energy matrix is not hermitian anymore 
because the K°, K° decay. We can, however, represent it by 


s A a A 
H= M+it =(m+iyn+ (= +inn)e, (4.83a) 


When this matrix is brought to diagonal form, the basis states in the 


STATIONARY STATES OF A QUANTUM SYSTEM 198 


new representation are known as the |K{) and |K8) states, and the 
energy matrix in this basis has the form 


ie 0 Y¥+ Y¥12 0 


0 n——— 0 Vice 


A 
=(m+iy)it+ (AS. inna) 6. (4.83b) 


The mass (energy) of the |K{),|K$) states is given by the real part 
of the diagonal elements of the matrix 
A A 
m(K°)=m+— m(K°)=m-—_ 
2 2 
The imaginary parts of the diagonal energy matrix give the probabil- 
ity for the decay of the two states, the so-called decay width,t+ which 
we indicate by [ 


WKY)=y+yi2 yW(KD=y-yie 


Note that 6,, 6), ¢, do not refer to any particular direction in space 
but are defined in terms of their action on the states of the neutral 
K°® meson system. 

As a final example, we consider the proton and the neutron as 
two states of the same system—the nucleon. We represent the 
proton as the |+z) eigenstate of the nucleon and the neutron as the 
|—z) eigenstate. Again, such a representation has nothing to do with 
directions in space but can be thought of as defining the Z-axis in 
the isotopic spin Hilbert space. If |’) represents an arbitrary state of 
an assembly of nucleons, then the electric charge Q of the system 
can be obtained from the expectation value 


a= (v= |0) (4.84) 


This result can be easily checked by using the representation of Eqs. 
(4.68c) and (4.73a). 


+ See the discussion in Section 5.7. In the presence of CP violation the off-diagonal 
elements of the mass and decay matrices can be complex, an effect we have ignored 
here. CP is the product of the charge conjugation (C) and parity (P) symmetries. 
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4.7. SUMMARY 


We have tried to emphasize that the time evolution of a quantum- 
mechanical state is completely determined once the time-evolution 
operator is known. This, in turn, depends on the Hamiltonian 
matrix. Therefore, knowledge of the eigenvalues of the Hamiltonian 
matrix determines the time development of the quantum- 
mechanical states. However, physical systems possess complicated 
Hamiltonians which do not lend themselves readily to exact solu- 
tions. In such situations we take recourse to approximation 
methods. In this chapter we have developed the theory of time- 
independent perturbation. We have emphasized that this method is 
used to determine the approximate stationary states of the theory. 
Transitions between different states involve time-dependent pertur- 
bations and are dealt with in the next chapter. We have discussed 
simple examples to indicate the power of perturbation theory. We 
have solved exactly for the energy levels of the ammonia molecule 
which represents a two-level system. We have also used perturba- 
tion theory to obtain approximate solutions for this system and have 
compared these with the exact solutions. Finally, we have intro- 
duced the Pauli matrices which lead to a general description of all 
two-level systems. 


Problems 


PROBLEM 1 


An atom is in a Stationary state of energy E,, where the eigenvalue 
of the total angular momentum is j=3/2. A magnetic field B, is 
applied along the Z-axis. The perturbation Hamiltonian is 


where py =(eh/2m,) is the Bohr magneton. Find the energy of all 
the stationary states having j = 3/2 in the presence of the perturba- 


tion. 
Note: The magnetic field is weak so that the perturbation energy 


is small as compared to the energy spacing between the unperturbed 
states of different j-values. 


PROBLEM 2 


Consider a Hamiltonian matrix of the form 


Fi) the Fises JP Fy, Fy. 
m=-1/2 m=4+1/2 m=-3/2 m=-1/2 m=4+1/2 m=+43/2 


ia} Q2 


F,,m=-1/2 age B 0 0 Sorel 0 0 
2 Qil2 
A 
Fy), m = ~3/2 0 0 oe 0 0 0 
Que A 1 
F3,.,m =—1/2 ea 8 0 0 rw 0 0 
Q12 
Fy,m=+1/2 0 — 0 0 Se 0 
ae 3 3 
A 
F5p.m = +3/2 0 0 0 0 0 —+B 
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(a) Diagonalize the above matrix and plot the energy of the six 
stationary states as a function of H for the range B«< A to 
B~100 A. Hint: Rearrange the ordering of the states so 
that the matrix becomes block diagonal. 

(b) Check your results by using perturbation theory in the 
limits B« A and A>B using the Hamiltonian in the 
(nondiagonal) form given above. 


PROBLEM 3 


A perturbation due to an electric field 
H' = e&2 = e€r cos 0 
is applied to the hydrogen atom. 


(a) Construct the perturbation matrix for the four n= 2 states 
Use the eigenfunctions given by Eqs. (8.32). 

(b) Find the energy of the eigenstates in the presence of the 
electric field. Note that the energy will depend linearly on 
the electric field. Why? 


PROBLEM 4 
Consider Problem 3 above, but include also the n= 1, 1=0, and 
m —( state in the energy matrix. The wave function for this state is 


[see Eqs. (8.32)] 


1 
Eliseo) 5 — ane 


—ria, 

Find the energy of the eigenstates in the presence of the electric 
field. Note that you will now also obtain a contribution quadratic in 
the electric field. You may use perturbations theory through second 
order where applicable. 
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PROBLEM 5 


(a) Show that any matrix that commutes with & is a multiple of 
the unit matrix. 

(b) Show that we cannot find a matrix that anticommutes with 
all three Pauli matrices. 


PROBLEM 6 


Let A and B be two vector operators that commute with the Pauli 
matrices but do not commute between themselves. Prove the Dirac 
identity 


(6 - A)\(G- B)=(A-B)+i(AxB)-6 


PROBLEM 7 


Show that any 2x2 complex matrix M can be written as 


33 
M= ). m6, 


a=0 


where m, =2Tr(6,M) and oo=1, o, for a =1, 2,3, are the Pauli 
matrices. 


PROBLEM 8 


The neutral K-mesons can be found in the |K") or |K") states which 
have different strong interactions. Another representation of the 
neutral K-mesons is in the two states |K,) and |K,), which have the 
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following time dependence 
IK =|i)er*@ decays in time 
ims) = (2yenr stable in time 
Here a,#a@> are real; B real. The base states |1) and |2) can be 
assumed orthogonal and normalized. _ 
In terms of the |K,) and |K;) states the |K”) and |K") are given by 
i 
518 
aly 


Syl 


[K") = 533 (IK) + (Ka) 


Ke (|K,)- |K>)) 


Consider a neutral K-meson at rest in a state |ys) such that at time 
t=0 it is a pure K°, ie., 


(K°|Wt=0))=1 CK | (t= 0))=0 
(a) Find as a function of time the probability that the state jw) 


remains a K°. 
(b) Plot your result for the case 


a =a,—-a,=27(2B) and 26 =10'°sec 


(c) Give a physical interpretation of the constants a,, a>, and 
B, and of the result obtained in part (a). 


PROBLEM 9 


Consider the K° system introduced in Problem 8 above. Plot the 
probability for finding a K° in a beam of particles which at time 
t=0 is pure K”. Use the exact values for the parameters of the 
system 


Amc? 10 1 
jh =a =a,—a,=0.535X 10" sec™ 
oa 1 10 
is ay = 0.89310 “sec 


Extend the plot for at least two complete oscillations. 


Chapter 5 


TRANSITIONS BETWEEN 
STATIONARY STATES 


In Chapter 4 we indicated that for any quantum system the eigen- 
states of the energy operator are stationary. Finding the spectrum of 
these stationary states is an important task, and we showed how to 
calculate the shifts in the energy of the stationary states due to small 
perturbations of the system: we were concerned with the static 
properties of quantum systems. In this chapter we will discuss the 
dynamics of the system, namely, the changes of state. These are 
treated in quantum mechanics by considering the stationary states of 
the system and evaluating the probability that a transition will occur 
from one to some other, stationary state. For anyone familiar with 
quantum mechanics such a concept seems natural, but it is far 
removed from the classical view of the change in the state of motion 
of physical systems. In quantum mechanics the system can undergo 
changes only between specified states, which may be discrete. We 
calculate the probability that the change will take place without 
knowledge of the details of the intermediate steps: this is why we 
speak of transitions. 

In general, the external forces that are responsible for the transi- 
tion are presumed weak as compared to the energy of the stationary 
states. Otherwise, as we saw in Chapter 4, it does not make sense to 
use the spectrum of the stationary states as calculated in the absence 
of the external forces. For weak forces we can resort to methods of 
perturbation theory similar to those introduced for the static case. 
Brief reflection convinces us that in order to induce transitions 
between stationary states the perturbation must be time dependent. 

In this chapter we begin by calculating the transition probability 
for a two-level system. This can be done with only few approxima- 
tions. As an example, we consider the ammonia molecule discussed 
in Section 4.4. Next, we develop the formalism for time-dependent 
perturbations of an arbitrary system and show how it leads to 
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Fermi’s ‘‘golden rule” of quantum mechanics. This expression was 
coined by Fermi because of the vast number of physical applications 
of time-dependent perturbation theory in all areas of physics. 

We use the golden rule to discuss the emission and absorption of 
radiation from quantum systems in Section 5.3. Scattering from a 
fixed potential calculated in the lowest-order approximation 1s pre- 
sented in the following section, again using the golden rule. As a 
further example of transitions between stationary states we discuss 
nuclear magnetic resonance and the conditions for observing such 
transitions. Since this is a two-state system we use the Pauli spin 
matrices introduced in Chapter 4. 

A system can sometimes undergo transitions spontaneously. 
When this happens its states are not truly stationary. If the mean 
time for the occurrence of a transition is 7, then, according to the 
uncertainty principle, measurements of the energy of the state will 
have a dispersion AE =h/r around the mean value of the energy. 
This subject is discussed in the final section and illustrated by 
specific examples. 


5.1. TRANSITIONS IN A TWO-STATE SYSTEM 


We begin the discussion of quantum-mechanical transitions by 
considering a two-state system. In this case the problem is simplified 
since the only possible transitions are from state 1 to state 2 (1 = 2). 
and vice versa (2 > 1). In particular, when the perturbation causing 
the transition varies harmonically in time. it is possible to obtain an 
exact solution of the quantum-mechanical equation of motion of the 
system. If the angular frequency of the perturbation is w, and AE is 
the energy difference between the two states, the transition proba- 
bility is significant only when h@ — AF. Two-state systems are often 
encountered in practice, as when a proton is placed in a magnetic 
field where the transitions between the two states lead to the 
phenomenon of nuclear magnetic resonance. 

We will develop the general results for transitions in two-state 
systems by using the ammonia molecule as an example. We have 
already analyzed this system in Section 4.4 and identified the states 
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|1) and |2) as corresponding to two different configurations of the 
nitrogen atom with respect to the plane of the hydrogens. Because 
of the possibility of tunneling from one configuration to the other, 
the stationary states are given by linear combinations of |1) and |2) 
which we labeled |I), |II) 


1 1 
ID= sn ({1)+|2) IID) = 70 (V1) — 2) (S.1a) 
with energies 
E, = Ej5—-A = he, and Ey = Eot+ A = hwy (5.1b) 


If the system is initially in the state |I) (or in |II)) it will remain in 
this state. If a static perturbation is applied the stationary states are 
modified, but we can always find the corresponding two stationary 
states. 

If, however, the perturbation is time-dependent, we cannot 
strictly speak of stationary states because the energy of the system is 
no longer constant. When the perturbation is weak it is still useful to 
treat the eigenstates of the unperturbed system as stationary. As a 
result of the perturbation the system may undergo a transition from 
one to the other stationary state. By “‘weak” we mean that the 
matrix elements of the perturbation matrix are small compared to 
the energy difference between the unperturbed states. 

In Section 4.5 we examined the changes in the energy spectrum 
when an external electric field € is applied, as in Fig. 4.4. We now 
assume that the electric field is time-dependent 


Zuij— sncosar—acqe +e) (5.2) 
If wé.)<« A, we can treat the states |I) and |II) as stationary, and in 
this representation the energy matrix H = H)+ H' is given by Eqs. 
(4.62). The equation of motion [Eq. (4.11)] for the two-state system 
takes the form 
d 


ih FE C(t) = (Ey— A) C(t) + wd (t) C(t) 


ih = Cult) = we WCU) + (Bot AIC 


Our task is to solve the coupled Eqs. (5.3) for the two coefficients 
C(t) and C,,(t). 
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In the absence of the perturbation (ué =0), Eqs. (5.3) are un- 
coupled and have the simple solutions 


C@)=ae."" “andC,()—be- 


with w , @,, defined by Eqs. (5.15). Since 4é,)« A the coefficients 
C(t), Cy(t) will not be very different from their values in the 
absence of the perturbation, and we therefore write them as a 
product of a slowly varying function of time c,(t), cy,(t) and of the 
rapid exponential behavior of the unperturbed solution 


CGO atie "eri =ae = (S.4a) 


We introduce these expressions into Eq. (5.3), multiply the first 
equation by e‘"' (the second by e“=") and define 
2A 


i a aka ke (5.4b) 


to find the differential equations for the slowly varying coefficients 


d — = tet 
ai c(t) = i ws (t)ey(t)e 


(5.4c) 


d 
A — ent) = —— = wié(tey(te 


Given the explicit form of &(t) we can solve Eq. (5.4c) to obtain the 
coefficients c,(t), c(t) and using the definition of Eqs. (5.4a) the 
coefficients C\(t), Cy(t) for any initial condition of the system. We 
then know the probabilities (as a function of time) |C,(1)|? and 
|C),(1|° of finding the system in the state |I) or |II) in the presence of 
the time-dependent perturbation. 

As an illustration of the case when the perturbation has a har- 
monic time dependence we use the form of &(t) given by Eq. (5.2) 
and introduce it into Eq. (5.4c). We obtain 


= ext) a wb (eo rs) ot 4 g—ilwto, en (t) 
(55a) 


i 
= pS (ete *oote e Se) 


Cy(t) = Oh 


dt 
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which is a fairly complicated set of coupled equations with the 
formal solution 


t 


ee teol er) av'| 
(5.5b) 


c(t) = a7 5 we | eee (i) dt’ + [ 


Since we have assumed that c,(t) and c,,(t) vary in time much slower 
than es the integrals in Eq. (5.55) will average out to zero unless 
(@ — Wy) is very small. We can therefore ignore the terms e‘'?'?:"' 
and remember that c,(t) will be different from zero only for values 
of w very close to wy). Under this assumption Eqs. (5.5a) simplify to 


= cit) = 5 Ube! ey(t) 
(5.5c) 


Za 


i —i(w-w 
dtz xz Usoe ‘ c(t) 


Cy(t) = ay 


which can be solved exactly.t We will consider only the special case 
of exact resonance w = wy. Differentiating Eqs. (5.5c) and substitut- 
ing one in the other we obtain the uncoupled equations 


a Za\- 
gel =-(5R) ln 
L u&\? (5.6a) 
dt2 Cy(t) = (H2) Cy(t) 
with the solutions 
é . (ue 
C(t) = ao cos( HE9 ”) + bo sin( 42 ) 
(5.6b) 


. .. (us ; ws 
Cy(t) = —idg sin( He :) +ibo cos( aa ) 


The constants a ) and by, depend on the initial conditions. For 
instance, if at t=O the system is in state |I), aj=1 and b)=0. The 


+ See, for instance, L. D. Landau and E. M. Lifshitz, Quantum Mechanics, Second 
Edition, Addison-Wesley, Reading, MA (1965), p. 139. 
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probability of finding the system in the state |II) is then 


bo 
Pu(t) =|Cu(OP=len(0)? = sin?( 452 


and for finding it in the state |I) (5.7a) 


Eo 
POSE) len) = cos*( Ho ) 


Probability conservation is satisfied since the condition 
P(t) + Py(t)= 1 


holds at all times. The system must be in one of its two states. 

Equations (5.7a) are plotted in Fig. 5.1 and we see that after a 
time t = (har/é_) the system has changed from the stationary state 
\I) to the stationary state |II). The time-dependent perturbation has 
caused a transition. When (w@,/2h)t« 1 


wEo\? 2 
P. p= (Ee) 5.7b) 
ut) ~ (Eo 
which shows that the transition probability is proportional to the 
square of the electric field. The average intensity of an elec- 
tromagnetic wave is given by 
1/2 2 
£ é 
(I)= (=) = (5.8) 
Uo 2 
so that when an electromagnetic wave of resonant frequency @, is 
incident On an ammonia molecule the transition probability is 
proportional to the intensity of the radiation. 


FICHE SSS. The probability of finding the two-level system in state |I) (dashed 
curve) and for finding it in state |II) (solid curve), plotted as a function of time. 
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The energy of the system when it is in state |II) is larger by the 
amount (E,};— E,;)= hw, than when it is in state |I). The external 
time-dependent electric field has supplied energy hw = hw, to the 
system. Note that hw is the energy carried by one photon of the 
electromagnetic field at the frequency w. Thus, the system absorbed 
one photon in undergoing the transition |I) > |II). Conversely, when 
the system is in state |II) (at the time t=ha/u%,), there exists a 
finite probability that it will make a transition back to the state |) at 
some later time. In this case the system loses energy, since E,< Ej. 
and in undergoing the transition |II) > |, emits a photon frequency 
w. The two states of the system are indicated in Fig. 5.2 by their 
corresponding energy, and the arrows indicate the possible transi- 
tions. 


FIGURE 5.2. Representation of the transitions between the states of a two-level 
system. 


The results obtained in this section are idealized because we 
assume that the electric field has the exact frequency w=@,. In 
practice, the frequency of the field will be centered at w,, but will 
have some spread around the central value. Similarly, whenever we 
consider an aggregate of ammonia molecules, as is the case in real 
experiments, not all molecules have their stationary states at exactly 
the same energy E, and E,, because of collisions with the walls, 
random motion, etc. We discuss how to take account of these effects 
in the following sections. 


5.2. TIME-DEPENDENT PERTURBATIONS: THE 
“GOLDEN RULE” OF QUANTUM MECHANICS 


We have considered a perturbation that depends explicitly on time. 
A static perturbation, that is present for only a finite amount of time 
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(say from t=0 to t ~ T) depends implicitly on time and, therefore, 
can also induce transitions between the stationary states of the 
unperturbed system. In this case, transitions occur only between 
states of the same energy. We will now develop a general formalism 
for calculating the probability per unit time for a transition between 
the stationary states of an arbitrary system in the presence of a 
time-dependent perturbation. 

We designate the unperturbed energy matrix by H,, and the 
perturbation by H'. With the basis states taken as the eigenstates of 
Hp the equation of motion is of the form 


ih . C,(t)= ¥; H.C, (t) (5.9a) 


where the matrix element H,,, is given by 
H,, = (Hoa + (H),, = oy, + Hi, (S.9b) 


Here E“” is the energy eignevalue of the sth state of Hy. As in the 
previous section we assume that H/,«(E‘”-—E‘’) and therefore 
write 


C.(p=c,(ne VrE™ (5.10a) 
where c,(t) is a slowly varying function of time. Substituting this 
expression into Eq. (5.9a) and making use of Eq. (5.95) 

in| = c(t) Je GWE y E!'C(t)= BCs) t ye H’,c, (ne (Et 


and multiplying by e‘’”""*""' we obtain the equation of motion for the 
slowly varying coefficients 


d 7 » Oo) 
ih “7 e()=), Hie, (te OMer em (5.10b) 


This result represents a set of N coupled equations (where N is the 
number of basis states), the solution of which determines the N 
coefficients ¢.(t). It is an exact equation and reduces to Eq. (5.4c) 
for a two-state system. 

We must solve Eq. (5.106) by approximation methods based on 


our assumption that the matrix elements H{, are weak as specified 
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above. Then the time derivatives are small 


d 
a on< 1 (Sei) 


Given the initial conditions 
c(t=0)=1 and c,(t=0)=0 fors 71 (Selby) 


and the assumption of Eq. (5.1la). we can set all the coefficients 
c,(t) in the right-hand side of Eq. (5.10b) equal to zero, except for 
c(t), which we equate to its initial value of 1. In this approximation 
Eq. (5.106) reduces to N uncoupled equations 


d i 
=e — —_ (p7") pWAlEe-EO) 
a oh) = 7 se (5.12a) 
which can be integrated directly to yield the coefficients c,(t) 
ells = -+{ (1) eC eo em dt' (5.12b) 
0 


where all c,(t) are assumed much smaller than 1. 

To perform the integration in Eq. (5.12b) we must know the time 
dependence of the perturbation. In particular, we may assume that 
H' depends harmonically on time as already given in Eq. (5.2) 


A’'=2H, cos wt = H,(e'+ e~ (5,134) 
where H , 1S time independent. We then have 
I : i + (0)— FRO) f i (H— Rwo)— ’ ' 
c.(t) = -=( (H,) qe PE Erte’ 4 gW/MMEY-E hoor’) gp 
@) 
The integral is elementary and gives 
t¢ 


EOE tha | EO-E-he 
(5.13b) 


G/A) EO — EO +h )t ES cae 


c.(0)= (Hal 


Since (H,),, « E{”’— E<’ the only significant contribution to c(t) 
will come from the term for which the denominator is close to zero. 
For instance, when E‘’> E‘” the second term is relevant, and then, 
only if 

Pd (O) (O) 
hw = dee ae E; 


188 QUANTUM MECHANICS 


The probability of finding the system at time ¢ in the state |s) (given 
that at t=0 it was in the state |i)) is 


5 sin-[{B© — E® —ho)1/2A] 
(EO — EO- hw)? 


P,;(t) =|C,(t)|? = |e, (t)|? = 4 |(CAy)si| 


(S.13e) 


Equation (5.13c) is the general result for weak harmonic pertur- 
bations; it has the form of the function 
sin? ax 


. _— pO)_ Bo) _ it 
= with x=E,’-—E;’-hw and a H (5.13d) 


This function peaks at x =0, that is, when E{?— ES” =ho, as 
shown in Fig. 5.3 and becomes narrower as t increases. In the limit 
t—>«x it becomes a 6-function. We see that the transition probability 
is significant only when the angular frequency w of the perturbation 
is such that Aw almost coincides with the energy difference between 
the initial and the final states. 


FIGURE 5.3. The function (sin? ax)/x? plotted as a function of x. Here x= 
(E™ — Ei —hw) and a =1/2h. 


At this point we have obtained an expression for the transition 
probability P(t), but have not taken into account the finite width of 
the frequency of the perturbation nor the finite width of the energy 
Ievels. The latter is shown in Fig. 5.4 where we assume that in the 
vicinity of the final state |s) there are many stationary states with 
energies differing very little from E®”. In that case the total probabil- 
ity for a transition from |i) to any one of the group of states |s) is 


Pa) =), Fae) eee) (5.144) 
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E Es 


plEs) 


as = 
hw 


Ew | plEs) 


FIGURE 5.4. When many states are available near the final energy E“” they are 
represented by a density function p(E,). This is indicated by the curve. 


If the states |s) are continuously distributed we must replace the sum 
in the above equation by an integral, taking into account how many 
states |s) are found per unit energy interval in the vicinity of the 
energy E\’. The conversion factor p(E,) is called the density of final 
states factor and is defined as 


_dN 


US Ges 


where N represents the number of stationary states with energy E. 
Therefore, 


P.njs)(t) = J Ic,(t)|? p(E,) dE, (5.14b) 


Since |c,(t)|? is so sharply peaked at E,=E,+hw we can treat 
(H,),; and p(E,) as constants for the purpose of the integral in Eq. 
(5.145) 


i eed 
Payolt)=4 (Hal o(E){ “2 ax 


where we have used the notation of Eq. (5.13d), and |(H),),,\7 is the 
value of the absolute square of the perturbation matrix element 
averaged over the final states. The integral has the value 


5 dx = 7a =— 


{ Pci ax at 
ee eX. 2h 
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and we see that the transition rate 


= Panjsy(t) 
t 


R,(t) (S315) 


is independent of time. Thus the probability for a transition per unit 
time is given by 


Se 
Ry 7S, WH dal” PCE) (5.16) 
1 


Equation (5.16) has been named by Enrico Fermi the ~Golden rule” 
of quantum mechanics because of its many important applications to 
practical problems. It is valid only when the perturbation is weak, so 
that the assumptions of Eqs. (S.11a) and (5.11b) remain justified. 
The frequency of the perturbation must satisfy the resonance condi- 
tion 


hw = +(EO- FE) Galq) 


From Fig. 5.3, or equivalently from Eq. (5.13c), it is evident that 
a reciprocal relation exists between the time interval over which the 
perturbation acts and the sharpness of the resonance condition. This 
is a manifestation of the uncertainty principle, which can be illus- 
trated as follows: the half-width (at half-maximum) of the resonance 
curve in Fig. 5.3 is Aw = 7/At, corresponding to an energy width 


AE=hAw=ha7/At or AE At=h/22h (5.18) 


Namely, if a transition occurs in a time interval At, it can lead to a 
final state with energy differing from (E‘"’ thw) by an amount 
AE - h/At. As a result, the transition energy is distributed around its 
central value with a width of order AE. This phenomenon ts evident 
in all short-lived systems and is discussed in Section 5.7. 


5.3. PHASE SPACE 


To use the “golden rule” we must be able to evaluate the density of 
final states p(E,). In many cases pUE,) can be approximated by the 
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density of final states for a free particle that can be calculated from 
the corresponding volume in phase space. Phase space is the space 
spanned by the position and momentum coordinates of the system. 

Consider a particle of momentum p confined inside a cubic 
volume with sides of length 2L. As discussed in Section 1.8. because 
the probability of finding the particle outside the cubic box vanishes. 
the allowed values of the momentum are given by 


T 
p, = hk, = thn, aL (5.19a) 
and similarly for p, and p,. The numbers n,, n,, and n, are positive 
integers, and p, can be along either direction on the X-axis. Every 
combination of the integers n,.n,.n. represents a different state. 
The number of states dn, included in an interval of momentum dp, 
is given by 
dp, =2h——d (5.19b) 
py = pie ny = 
where the factor of 2 is included because p, can be either positive or 
negative. 
The total number of states dN available to a particle of momen- 
tum |p| in the interval d°p is 


dN = dn, dn, dn, = ()'a dp, d = ee (5.20) 
Ree oy ee. ee 
where we have used (2L)* = V for the confining volume. Since d*p is 
the volume element in momentum space in which the particle can be 
found, Eq. (5.20) has the natural interpretation that 


phase space volume 
(h)° 
In other words, the number of available states equals the phase 
space volume divided by (h)°’. Alternately. we can say that every 
state of a free particle occupies a volume (h)° in phase space. 
The momentum space element d‘p can be conveniently expressed 
in spherical coordinates, as shown in Fig. 5.5. We have 


d°*p=p’ ddd cos 6 dp 
=p” aaa) 


dN = 
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FIGURE 5.5. The differential volume element in spherical coordinates in momen- 
tum space. 


with dQ the solid angle. The density of states is then given by 


dN V_p?dpdQ 
dE (27h) dE 


p(E)= (5.21a) 
For a free particle 
dyes | 


dE v 


whether the particle is moving slowly or near the velocity of light. 
Note that for a slowly moving particle we may write 


E =mce?+T=mc? +3mv" 


ieee or ad Se 
dv de dE 


whereas, relativistically, 
E*=(mc’)*+p?c?_ or 2EdE=2c’pdp 
dp_E__yme? _1_1 
dE c*p c*myBc Bc v 
Introducing this result for dp/dE into Eq. (S.21a) we obtain 
2 


Vp 
E)= ae 3.2165 

p(E) GER o ( ) 

This is a very useful expression to which we will refer often. As it 
stands, it contains the arbitrary volume V into which the particle has 
been confined. However, when p(E) is used to calculate observable 
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phenomena, as in the “golden rule’, the matrix element contains a 
corresponding factor of 1!/V, so that the final result is always 
independent of the quantization volume V. This should be true since 
the use of a quantization volume is a calculational artifact on which 
physical observables should not depend. 


5.4. EMISSION AND ABSORPTION OF RADIATION 


Emission of visible light by atoms is one of the most spectacular but 
also key phenomena in our universe. It takes place when an atom 
undergoes a transition from one stationary state to another of lower 
energy. As mentioned in Chapter 1, the spectrum of atomic radia- 
tion is discrete, implying that the stationary states have discrete 
energies. Therefore, we must calculate the transition probability 
between states of discrete energy. This is precisely where the 
“golden rule” is applicable. We will use it to first find the transition 
probability under the influence of an external time-dependent elec- 
tromagnetic field. Then, using an argument on the statistical proper- 
ties of an ensemble of atoms in equilibrium with the radiation that 
they emit, we will be able to deduce the probability for a spontane- 
ous transition, that is, a transition in the absence of external fields. 

To orient ourselves we recall that the energy spacing between the 
two states of the ammonia molecule we considered, is 


NE 10> eV 
and therefore the electric field must oscillate at an angular fre- 


quency 


LE. 10°-* eV 


Pea eeaj eves Re 


@ = 


which corresponds to microwave frequencies. For transitions be- 
tween atomic levels the energy differences are typically AE = 1-2eV 
so that w ~10'°rad/sec, which corresponds to visible light. The 
electric field associated with a monochromatic electromagnetic (em) 
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wave of average intensity I is given by 


(8, UBB) _ (0) 88 3 
Ho 2 2 


(I)= lp) = e( eo 7 
0 
(5.23a) 


where p is the energy density of the field, and |é,| and |B,|/= 
(1/c)|&,| are the maximum amplitudes of the electric and magnetic 
field, respectively, in the wave. This is the same expression as in Eq. 
(5.8) and is given in MKS units. Since, in practice, the em wave 
contains a spread of frequencies, we must specify the intensity 
dI/dw in a differential frequency interval dw, 


dl 
(=) dw = cu(w) dw (5.23b) 
dw 
Where u(w) is the energy density per unit frequency interval at the 
frequency w. 

As for the ammonia molecule the perturbation energy is 


meu wale 5 (e+e)  (5,24a) 


where € is the vector along the direction of &, and ¢ is referred to as 
the polarization of the wave. Introducing this result in Eq. (5.13c¢) 
we find that the transition probability induced by a monochromatic 
wave of frequency w is 


Pe) t 
(ine, “Ete =| 
Pie, )=4 (9) ae) rrr 
where E,—E;=hw,. We can now take account of the spread of 
frequencies of the em wave around the resonant value wo, by 
integrating P,,(w, ) over dw. To do this we note that &§ = 2(1)/(cey), 
and replace (I) by (dI/dw) dw 


P, (t) = { Biaaoda 


0 


: t 
oo sin?| (hoy hw) =| 


2 (dIl\ ———~ 
=x (Se) wel. (5.080 
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In the second step of Eq. (5.24b) we assumed that dI/dw and the 
matrix element |(f| w-e|i)|? varied slowly with frequency as com- 
pared to the (sin* ax)/x* resonance term, and therefore we have 
taken them outside the integral. This is true in most cases of 
interest. With w, fixed the integral over dw yields mt/2h-, and we 
obtain a form equivalent to the “golden rule” 


t CE oh” 


The only difference between Eq. (5.16) and Eq. (5.25) is that 
instead of the density of final states we have introduced the density 
of the incoming radiation. Of course, the frequency of the radiation 
must satisfy the resonance condition hwy = E; — E,. 

Equation (5.25) gives the rate for transitions induced (the term 
stimulated is also used) by an em field acting on a molecular or 
atomic system that has an electric dipole moment. For instance, in 
the laser the electric field of the radiation trapped between the two 
mirrors induces transitions from a state of higher energy to a state of 
lower energy. The electric field [see Eq. (5.24a)] contains both an 
e* and an e “ term (unless the radiation is circularly polarized) 
and therefore the rate of induced transitions from the state |i) of 
energy E, to a lower state |f) of energy E,<E, equals the rate of 
induced transitions from |f) to |i) 


d 
Ry Kfly- elo? (=) (5.25) 


sOTa 


In addition to induced transitions, atomic and molecular systems are 
observed to also undergo spontaneous transitions, which occur from 
a state of higher energy to one of lower energy in the absence of an 
external field. This is difficult to explain within our framework since 
the state |i) is assumed stationary and there is no perturbation 
present.+ We will use a statistical equilibrium argument first intro- 
duced by Einstein to show that if the probability for induced 
transitions is finite, spontaneous transitions must take place, and we 
will calculate their rate. 

Consider an assembly of identical atoms in a cavity containing em 
radiation, the system being in thermodynamic equilibrium. Let E, 


+ In reality, the state |i) is quasi-stationary because it interacts with the fluctuations 
of the vacuum which are present even in the absence of an external em field. 
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and F, be the energies of two states of the atom with E,>E). 
When equilibrium is reached the number of atoms in the two states 
is determined by the Boltzmann distribution 


N> Ne ~E/kT 


= = NowEURF = e (E,-E kT] (5.27 a) 
1 Cea: 


The number of atoms (per unit time) undergoing the transition 
1 — 2 is proportional to the rate R>, induced by the radiation and to 
the number N, of atoms in the initial state 

dN 

— (1) 2 Na 

dt a 
The number of atoms (per unit time) undergoing the transition 
2— 1 is proportional to N, and to (R,,+A), where A is the 
spontaneous transition rate as shown in Fig. 5.6 


aN 
ae (2 > 1)=N(Ri2+ A) 


In equilibrium, these two rates must be equal. Using Eq. (5.27a) we 
find 


Ry»tA N, (E,-—E, kT (he/kT) 
Ro, N2 
where as usual hw = E,-— E,. 
ES No 
N, Ro, No(R,o+A) 


= N, 


FIGURE 5.6. Induced and spontaneous transitions between two atomic levels. 


We now refer to our result for the induced transition rate (Eq. 
(5.25)] and use Eq. (5.236) to express it in terms of the energy 
density per unit frequency interval u(w) in the cavity 


Roi aie (2| prs e|1)|?u(@) = B,u(w) 
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where we have used the notation B,, = /e,h> |(2| p> e|1)/°. For em 
radiation in equilibrium at a temperature T the energy density per 
unit frequency interval is given by Planck’s law 


1 hw? 


Introducing these results in Eq. (5.27b) we obtain 


ees | Pe 
By AWC nor A WC 


= phwlkT 
Bs, Boy fo B,, hw? 
which must hold for all temperatures T. This is possible only if 
A 7c? B 
ae 1 and ie 1 
21 Nw 21 


The second condition B,,=B,, implies that the rate for induced 
transitions is equal for 1— 2 and 2— 1, as we already know from 
Eq. (5.26).1 The first condition gives the rate for spontaneous 
transitions 


hw? iy . 
A 5 ee p-e |2) (5.29) 


Equation (5.29) is a landmark result in that it determines the 
probability for the emission of light by atomic systems. It allows us 
to calculate the intensity of atomic spectral lines in terms of the 
matrix element of the electric dipole moment operator (pe). To 
compare it with experiment we note that the lifetime 7 of the upper 
state is the inverse of the spontaneous transition rate 


‘= — (5.30a) 


For the matrix element entering Eq. (5.29) we make a rough 
estimate as follows. The electric dipole moment is of the order 
(uw) = (x)e, where e is the charge of the electron and (x) is typical of 
atomic dimensions. We must also include a factor of , from averag- 
ing over all oreintations in (w-e), since the moments are not 


ft Note also that B,,=B.,, are the absolute squares of time-reversed matrix 
elements and therefore must be equal. 
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aligned? 


Lepostates Ace 
Tit 3 he 4rE_ 


\(x)|? (5.30b) 


Numerically e7/4me hc = a = 1/137; w/c =27m/d, and setting (x)= 
1A 
141 ( ) ee Oe 
—=———c{—]} (1 A)*=—zy sec 
773137 Na) OO “TDP 
For a typical wavelength in the visible spectrum A = 4x 10° A, our 
estimate gives 


t=~10 *sec 


which agrees well with the observed typical lifetimes of atomic 
states. 

It is also interesting to compare Eq. (5.30b) with the result 
obtained from classical radiation theory. The power radiated by an 
accelerated particle of charge e is given by the Larmor formula* 

2 e? (6)? 


347, c° 


where b is the acceleration. If we assume that the particle moves in 
a circular orbit of radius r, with uniform angular velocity w, its 
acceleration is } =w*r. We can argue that the time + required for 
the classical system to radiate energy hw/2 is equivalent to the 
lifetime 7. Thus 


Lace Ae e* w*r? 4 w> e? 
t hw hw347e, c? 3hc?4aEe, 


r? (classical) 


The qualitative agreement between the classical and quantum- 
mechanical results is a manifestation of the correspondence princi- 
ple. However, the mechanism for the emission of the radiation is 
completely different in the two cases, and the classical argument can 
never produce the discrete spectrum of the radiation. 


+ (> ©)? =(ex)*(cos 6, .)? and (cos? @) = 4. 
+t See, for instance, J. D. Jackson, Classical Electrodynamics, Wiley, New York 
1962. 
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5.5. SCATTERING OF A PARTICLE FROM A STATIC 
POTENTIAL 


As another application of the ‘golden rule” we will consider the 
scattering of a fast-moving particle from a potential that is fixed in a 
region of space as shown in Fig. 5.7. In this case the perturbation 
does not depend explicitly on time. However, it acts only for a finite 
time interval, —-T to +7, when the particle is within the range of the 
potential. It can therefore cause transitions between different station- 
ary states as long as they have the same energy. Since every 
direction of motion corresponds to a different state the particle can 
be deflected by the potential but will retain the same energy. We say 
that it is scattered elastically. 


p, (t= +0) 


FIGURE 5.7. Scattering from a localized potential. The region where the potential is 
different from zero is indicated schematically by the shading. 


In scattering experiments we observe the direction and not the 
position of the particles. Thus, we choose stationary states of 
well-defined momentum. These form a continuous set, and it is 
convenient to use the coordinate (or position) representation intro- 
duced in Section 3.4. In this representation a state of the system is 
specified by the amplitude for finding the particle at the position x, 
which we call the wavefunction. Since the particle is free and its 
momentum p=Ahk is well defined, the wavefunctions are plane 
waves 


—i(wt —k’-x) 


—i(wt —k-x) (x) = e 


ae a 
Se aTeTE Tbe (ey) 


(9.31) 


The wavefunctions are normalized to a density of one particle in a 
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cubic volume V=(2L)°, as can be seen from the fact that 
Sv |w|? d*x = 1 when the integration is extended over the volume V. 
This is the same normalization condition used in the discussion of 
phase space [Eq. (5.20)]. As usual, w = E/h=p?/2hm and k=p/h. 
The wave vector for the initial state is k, and for the final state it is 
k’#k. The two wave vectors have the same magnitude, |k| = |k’|, 
because the scattering is assumed to be elastic. 

We are interested in the probability that a particle incident along 
the direction of the wave vector k will emerge after the scattering 
along the direction of the wave vector k’. That is, we must find the 
rate of transition from the state k to the state k’. This is given by the 
golden rule [Eq. (5.16)]. We therefore need to find the matrix 
element of the perturbation Hamiltonian 


(k’| H1’ |k) (5.32) 


between the initial and final states. In this case the perturbation is 
given by the interaction energy of the particle in the potential of the 
scattering center. In general, this will be a function of x, and we 
write 
H’ = U(x) 

For instance, when a particle of charge +e is scattered from a 
nucleus of charge +Ze we have 

1 setZe) 
Ate, |x| 


U(x) = (3:53) 
provided the scattering center is placed at the origin of the coordi- 
nates. We also assume that the position of the scattering center 
remains fixed. 

In the coordinate representation the matrix element of Eq. (5.32) 
is given by the overlap integral [see Eqs. (3.28)] 


(k’| H’' |k) = | wee Voodow d= Jewuwe as bee 


(2Ey" 
where the time dependence has cancelled out because w has the 
same value for the final as the initial state. Note that the matrix 
element depends only on the difference (k’—k) of the wave vectors 
since the space dependence is integrated out. We introduce the 


TRANSITIONS BETWEEN STATIONARY STATES 201 


notation 
q=nk —k) (5.34a) 


where the vector q represents the momentum transferred during the 
scattering. q is referred to as the momentum transfer vector. As can 
be seen from Fig. 5.8 the magnitude of q is 


a) 
lq| = 2 |p| sin 5 (5.34b) 


where @ is the scattering angle. 


P, 


FIGURE 5.8. Definition of the momentum transfer vector q. 


The matrix element is now written in the form 


(k’| A’ |k) = 


(i/Fiyqex d ay 


| UUme KY s jae 


i 
Cm =o 


(SS) 


We recognize that this is the three-dimensional Fourier transform of 
the interaction energy with a momentum equal to the momentum 
transfer (see Appendix 1). A complementarity ts apparent between 
the spatial dependence of the scattering potential and the angular 
distribution of the scattering. 

We can evaluate the Fourier transform of the Coulomb potential! 
of Eq. (5.33) by standard techniques. It is best to work in spherical 
coordinates as shown in Fig. 5.9 and so we choose the polar axis 
along the q direction. We let y be the angle between the q vector 
and the arbitrary vector x. Thus 


aN 


ee. Wee 
Wi A = | 


Ame (2L)? 43 {xl 
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FIGURE 5.9. Coordinates used for performing the integration indicated by Eq. 
(5.35a). For fixed direction of q we integrate over the region where the potential is 
different from zero. 


and 


eax e(i/Mar cosy 
| ax = |"? drd cos yas 
r 


Ix| 
. oo +1 . 
= za a( qr cos y) | ar ail a{ qr cos y) 


iq (0) cos y=—1 
h co h? 
=*zt| sin() Get (5,355) 
q 4+ h q 


In the last step of this derivation the integral at the upper limit is of 
the form cos(qr/h) with r— «, which is ambiguous. It can, however, 
safely be taken to equal zero.t Therefore. the matrix element 
entering into the “‘golden rule”’ is 


Ze 1 4ah*\? 
4me,(2L)? q? 
We also need to evaluate the density of final states p(E,). Since 


the particle in the final state (after the scattering) is free. we can use 
the result of Eq. (:21b) 


((k'| A’ |k)|? = 


(9325¢) 


GAR p 
(27h)? v 


p(E;) = (5.21b) 


Introducing the matrix clement of Eq. (5.35¢) and p(E;) into the 
“golden rule” (Eq. (5.16)], the transition rate is given as 


Ze eo al 
reax(Z2) Ay} | 
KK \4qeo/ Q2L)Y v qf pe.) 


+ This result can also be found in most tables of finite integrals. 
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Even though we have obtained the transition rate this is not a 
directly observable physical quantity. In a scattering process we 
determine the differential cross section do/dQ, which is defined as 


probability of observing one particle per unit time 
da (6, o) a at angle 0,¢@ per unit solid angle dQ 


dQ when one particle is incident per unit 
area per unit time 


(5.37a) 


The numerator on the rhs of Eq. (5.37a) is the transition rate Ry, 
divided by dQ), and the denominator is the incident flux S. There- 
fore 


da(0, ¢) 1 


aca oe (5.37b) 


Since we have normalized the wave functions to a density p of one 
particle in a volume (2L)?, the flux is given by 


l 
Sine aye? 


Introducing this value for S and the result for Ry into Eq. (5.37b) 
we obtain the differential cross section for Coulomb scattering 


do _ 


— 3236 
70 (5.38) 


(22 ae (Ze yn 
Ameo] v> q* \4ie/ 4p* sin*(/2) 


We have used the expression of Eq. (5.34b) for the magnitude of 
the momentum transfer |q| so that the differential cross section is 
also expressed in terms of the scattering angle 0. 

As for the result obtained in the previous section, Eq. (5.38) is 
central to modern physics and contains several features that need to 
be discussed. First, it agrees exactly with the classical result for 
Coulomb scattering, the well-known Rutherford cross section. This 
is a coincidence due to a mathematical peculiarity of the 1/r poten- 
tial that does not occur for other forms of the potential. In general. 
however, whenever a quantum-mechanical result does not contain 
h, it is equal to the classical calculation. Second. the arbitrary 
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normalization volume (2L)*, even though required for the interme- 
diate steps, does not appear in the expression for the physical observ- 
ables. Furthermore, since Coulomb scattering is proportional to 
1/q*, both do/dQ, and ao =§ (da/dQ) dQ diverge as 6 — 0. This last 
property is due to the infinite range of the 1/r potential and is not 
present for the short-range potential of the nuclear forces. Finally, 
the scattering is independent of the sign of the charge of the incident 
particle, because the cross section depends on the square of the 
matrix element. 

The calculation of scattering by the “golden rule” is the leading 
term of a perturbation expansion. This is known as the Born series 
after Max Born who first used it in collision problems. It can be 
applied only when the effect of the scattering potential is weak and 
the incident particles have high momentum. If the range of the 
potential is a and its strength U, then the condition for the validity 
of the Born approximation is 


- Uip?~ 2mU)"?— p]« 1 


5.6. NUCLEAR MAGNETIC RESONANCE 


The phenomenon of nuclear magnetic resonance (nmr), first ob- 
served in 1945, has become an important analytical tool in physics, 
chemistry, and other sciences. In nmr experiments one observes 
transitions between the two spin states of the proton when it is 
placed in a magnetic field. The proton has spin |/2 and thus, in the 
presen :e of the magnetic field, there are two basis states which we 
choose to correspond to the projections of the spin onto the Z-axis. 
We label these states |+z) and |—z). The potential energy due to the 
interaction of the proton’s magnetic moment p with the field B 
directed along the Z-axis is given by 


U (for |+z)) =~ |B 


U (for |-z)) =u [BI (5.39a) 


As in our previous discussions « stands for the maximal value of the 
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projection of the magnetic moment onto a reference axis. The 
magnetic moment of the proton is defined in complete analogy to 
Eq. (3.16), but in terms of the nuclear magneton py 


S en 


B= Stn 7 UN = On, (5.39b) 


where §S is the proton spin and g is the g-factor. For protons s = 1/2 
and therefore m, can take only the two values m, = +1/2. Conse- 
quently, the possible projections of the magnetic moment onto any 
reference axis are 


(w-u,) > gunm, = +3gun = thu 


It is common usage to call uw the magnetic moment of the proton, 
and it has the value pw = 2.792846yy. 

If we take into account the rest energy of the proton which is 
E,=™m,c* and the potential energy given by Eq. (5.39a), then the 
energy matrix in the |4z) representation is given by 


|+z) |—z) 


Se fas 
0 —p |B 
where we use m to designate the proton mass m,. Since the proton 
in a magnetic field is a two-state system we can use the Pauli 


matrices introduced in Section 4.6 to describe the system 1n concise 
notation. The above energy matrix is then written as 


H=Ho+H, =mc71—(u |B))é, (5.40a) 


If the B-field is oriented along the X-axis the potential energy 
matrix is diagonal in the |+x) representation 


[exe =x) 


a) [fe | =e BI 0 
Op = 5.40b 
; a 0 +p (BI a 


We can, however, express the potential energy operator U, in the 
|+z) representation by transforming the above matrix according to 
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Eq. (2.34) 
UL=SU.s— (5.414) 


where the unitary matrix S rotates the +x axis into the +z direction. 
This is the same transformation as shown in Fig. 3.3 and the matrix 
S is given by Eq. (3.17) 


|tx) [=x 
_|+z) | U2 -V2 0 gy *=( 1/v2 ne 
~|-z) | av2 v2 1/2 1Jv2 


Using these values in Eq. (5.41a) we obtain 


eee ee) 


,_-e2)| 0 pw IB) oo 
rae ae Ta 


Thus, in terms of the Pauli matrices, the energy matrix in the |4-) 
representation when the B field is along the X-axis, is written as 


H =H,+ U1 =mc74- p |B 6, (5.41b) 


Similarly, when the field is along the Y-axis the interaction energy 
in the |4z) representation is given by U!=—p |B] d,. 

Combining the above results, we see that for an arbitrarily 
oriented magnetic field B with components (B,, B,, B.) the interac- 
tion energy matrix is 


U =—u(B,6, + Byé, + B.G,)=—pB-o (5.42a) 


If the Pauli matrices are chosen as in Eq. (4.68c) where 6, is 
diagonal, then Eq. (5.42a) gives U in the |+2) representation. Of 
course, the magnetic feld components must be given with reference 
to the same system of coordinates. On the other hand, the expres- 
sion U =~ wB-& is independent of the choice of coordinate axes 
since it is the scalar product of two vectors.+ If we identify the 
operator 


wo = pb (5.42b) 


+ More precisely, both B and & are pseudovectors, but B- @ is a true scalar. 
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as the quantum-mechanical magnetic moment operator, then the 
interaction-energy operator is simply written as 


U=-p~-B (5.42c) 


This expression is directly analogous to the classical potential energy 
of a magnetic dipole pp, in a field B, U gascica: = —(, * B). The 
complete energy matrix for a proton in a field B is then 


H=mc1- p(B: 6) 


We can now apply this formalism to the description of nmr. Let a 
sample of protons be placed in a constant and homogeneous magne- 
tic field By. We choose the orientation of the coordinates so that the 
Z-axis is along B,. Then, as we already know, the energy matrix is 


mc? — uBo 0 


Sao 
0 mc*+ - ( a) 


H = mc4- uBoo, = ( 
The magnetic field lifts the degeneracy between the two states 
|+z) and |—z), which become spaced by an energy difference AE = 
2uB,. This is indicated in Fig. 5.10(a). Next, a time-varying magne- 
tic field B, = B’ cos wt is applied in the x-direction. In practice this 
is accomplished as shown in Fig. 5.10(b). An iron core electromag- 
net is used to provide the field By, and the sample of protons (say, 
water) is located between the pole faces surrounded by a solenoid 
coil coupled to a tunable radio frequency circuit. The coil is oriented 
so that the magnetic radiofrequency (rf) field lines are along the 
X-axis. 


i 7 Bx® Bcos wt 


FIGURE 5.10. Nuclear magnetic resonance. (a) The two states of a proton placed in 
a homogeneous magnetic field B, have energy differing by AE = 24,By. (b) Physical 
arrangement of an nmr experiment. The time-dependent magnetic field must be 
perpendicular to the constant field. 
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The potential energy due to the time varying field gives rise to an 
interaction energy 


, 


m B 2 ‘ 
U =—wB,6, = ae (eX*+ eG, 


where the X-axis is completely determined by our previous choice 
of placing the Z-axis along By. Thus, the complete energy matrix is 
H=mc71— wB,6, — uB,6, 


, 


(e@ dt e my 


mya e 2 
HDo 5) 


eae (5.43b) 


t 


a (e™" +e“) +B, 


This energy matrix is exactly the same as for the time-dependent 
perturbation of the ammonia molecule given by Eq. (5.3). Thus, if 
the radiofrequency is such that 


hw = 2uBoy (5.43c) 


the off-diagonal elements will induce transitions+ between the states 
|+z) and |~z). The rate for transitions “up” equals the rate for 
transitions “‘down” as found in Eqs. (5.7). If there are N, and N 
protons in the two states and we designate the transition rate by R, 
we can write for the number of protons undergoing transitions per 
unit time 

AN(+—>—)=RN, 


(5.44a) 
AN(- > +) = RN_ 


Under equilibrium conditions we must have AN[(+)—(—)]= 
AN[( )-—>(+)], and therefore if the rf magnetic field is strong 
enough it will equalize the population of the two states, leading to 
N,=N_. 

Initially, however, the distribution of protons between the two 
states is governed by the Boltzmann law [also given in Eq. (5.27a)] 


N Noe —(E /kT) N e (me? +n Bo /kT 
—_ eS it) = 
= =e 2uBJkT — (5.44b) 


N, — Noe E/k™ = Noe oe HB VET 


+ Note that if the time-dependent field is parallel to the direction of By, no 
transitions occur since the off-diagonal elements will be zero. 
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Therefore N,>N , and according to Eq. (5.44a) the number of 
transitions ‘up” exceeds the number of transitions ‘“down” 


ANI(+) > (-)]>AN[(-) > G)] 


This implies that the proton sample absorbs more energy from the rf 
field than it delivers to it. With suitable apparatus we can detect this 
energy absorption which occurs only when the frequency is exactly 
w =2uB,/h. But even in the presence of the rf magnetic field the 
upper level |—z) contains fewer protons because of the interaction of 
the protons with neighboring nuclei and collisions in the sample. 
These processes, which are called relaxation mechanisms, result in 
the transfer of protons from the state |~z) to the state |+z) without 
the emission of a photon of energy w = 2uB,/h. Thus, the popula- 
tion difference given by Eq. (5.44b) is maintained even in the 
presence of the rf field and the absorption of energy from the field 
can be observed under steady-state conditions. 

In practical applications the constant magnetic field is modulated 
by a small field AB,(t) at a low frequency (60 Hz) by using sweep 
coils [Fig. 5.11(a)]. When [B,)+AB,(t)]=haw/2u, an absorption 
signal is observed, as shown in Fig. 5.11(b). Since AB, is often of 
sinusoidal form, resonance is crossed twice in each cycle and a 
typical pattern displayed on an oscilloscope is as shown in (c) of the 
figure. 


ARF. power 


(a) (b) 


FIGURE 5.11. The signal from an nmr experiment. (a) Sweep coils provide modula- 
tion of the constant field. (b) As a result of the modulation, power is absorbed only 
during some fraction of the sweep. (c) The observed signal on an oscilloscope. Note 
that the field passes through resonance twice 1n every cycle. 


The detailed structure of the observed signal depends on the 
homogeneity of the constant field B, and on the strength of the 
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externally applied rf field. In addition, it depends critically on 
the interaction of the protons with the other nuclei and atoms in the 
sample. Thus, nmr can provide detailed information about the 
chemical structure of compounds, biological samples, and many 
different materials. 

To estimate the frequency at which proton nmr can be observed 
under laboratory conditions, we note that the magnetic moment of 
the proton is 


1 eh 
w= gily = eae = 5 SROs 05 1x 10-2” Aas 
2-2in,, 
Thus, for a magnetic field of 7 kG (0.7 T) we obtain 
wo 2yuB 
=>—=>— = 29.807 MH 
in oe 


which is a convenient radiofrequency. Note that the g-factor of the 
proton g =5.586 differs from the value g ~ 2 that we had found for 
the electron. This gross deviation from the prediction of the Dirac 
equation for spin 1/2 point-particles is due to the extended structure 
of the proton. It indicates that the proton is a composite system. 
Indeed there is now overwhelming evidence that the proton is 
composed of elementary spin-1/2 particles, named quarks. 

It is instructive to consider a semiclassical interpretation of nuc- 
lear magnetic resonance. Classically. there is no way to explain the 
two discrete states that the projection of the proton’s spin can 
occupy. We must postulate that the spin projection onto the direc- 
tion of the magnetic field is fixed and given by +h/2. We can then 
use the classical picture of a spinning magnetic dipole precessing in a 
magnetic field B, as discussed in Section 3.3. This is shown in Fig. 
5.12(a), the precession angular frequency 0 being given by Eq. 
(3:22D) 
2B 4 


Q= 
hi 


(5.45) 


We also show in the figure the field B, oriented along the X-axis. 
Such a field will exert a torque on the magnetic moment, tending to 
precess it around the B, direction. As a result the spin projection 
would change from +h/2 to ~h/2, and vice versa. However. for the 
field B, to be effective it must always remain in the plane defined by 
the spin and the constant field B,. This implies that B, must rotate 
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in the X—Y plane with the precession angular frequency of Eq. 
(5.45), which is exactly equal to the resonance frequency at which 
quantum-mechanical transitions occur between the two states, as 
given by Eq. (5.43c). An oscillatory field in the x-direction is 
equivalent to two counterrotating fields in the X—Y plane, as 
shown in Fig. 5.12(b). One sense of rotation follows the positive 
projection of the spin and the other follows the negative projection. 
Thus, transitions ““down”™ are as probable as transitions “up,” as we 
had already found from the quantum-mechanical calculation of the 
transition rate. 


Acoswt 


FIGURE 5.12. (a) Precession of a magnetic dipole in a homogeneous magnetic field 
B,. The perturbing field B, must rotate around the direction of B, at the precession 
frequency. (b) An oscillatory field is equivalent to two counterrotating fields. 


The phenomenon of nmr gloriously and unambiguously demon- 
strates the existence of stationary states of discrete energy and the 
quantization of angular momentum. It further demonstates that 
transitions induced by an external em field can occur between these 
states; nmr is easy to observe experimentally and can be analyzed in 
terms of the most simple two-state quantum system. It should come 
as no surprise that it has so many practical applications. 


5.7. ENERGY WIDTH OF QUASI-STATIONARY STATES 


Throughout this chapter we have been considering stationary states 
and the transitions that take place between them. In Section 5.4. 


212 QUANTUM MECHANICS 


£ 


however, we showed that an atom in an excited state will make a 
spontaneous transition—we say it will decay—to its ground state. 
Since the transition is spontaneous, the excited state is not precisely 
stationary but characterized by a lifetime 7 as given by Eqs. (5.30). 
Since the state can be observed on the average only for a time 
interval At~7, any measurement of its energy will be correspond- 
ingly uncertain by AE =h/At=h/r. Even though individual meas- 
urements fluctuate by AE from that central value, the central value 
of the energy of the state remains precisely defined and can be 
determined by repeated measurements. This is reflected in the width 
of the spectral lines that are emitted in the transitions from or 
between quasi-stationary states, or in direct measurements of the 
energy. 

We can calculate the shape of the linewidth by a slight mathemat- 
ical extension of our formalism for the description of stationary 
States. We know that such a state is an eigenstate of the energy 
operator with eigenvalue «. Thus the time dependence of the 
wavefunction is given by 


w(t) = e Wet 
We now assume that the eigenvalue is complex 
S=Eo—1 ae l real, positive (5.46a) 


This choice of ¢ implies that the energy operator is no longer 
hermitian. This is a necessary step if we wish to describe a decaying 
state, namely, a situation where probability does not appear to be 
conserved. In terms of Eq. (5.46a) the time dependence of the 
wavefunction becomes 


us(t) = e MEM Tame (5.46b) 
and its absolute square is 
y(t)? = eo (5.46c) 


The probability of finding the system in the state w decreases in time 
exponentially, with a lifetime +> fA/P. Thus [ represents the width 
or uncertainty in the energy of the state. 

To find the distribution around the central energy E, of the state, 
we can perform a Fourier transform of Eq. (5.466) from the time 
variable to the conjugate frequency variable. Any function of time 


TRANSITIONS BETWEEN STATIONARY STATES 213 


w(t) can be represented by a Fourier integral 


it = or 
u(t) = Qn) | A(w)e'” dw 
where 


1 ‘3 
Qn)? i w(tye* dt (5.47a) 


Introducing Eq. (5.46c) for w(t) and setting w,= E,/h we obtain 
directly 


A(w) = 


oO 


1 
A(@)= (Qa) | e i@o-eN-(C/2At gy 


0 
i 1 
(2a)? i(wy— w)+T/2h 


(5.47b) 


The absolute square of A(w) gives the probability of finding the 
system at the frequency w in the interval dw. Then the normalized 
probability P(E) of finding the system at the energy E, in the 
interval dE is 

i 1/2 


iat a Pali 4 
7 (Bo— EY +174 7°) 


r ‘ 
P(E) = 73 |A(o)|"= 
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MASS 77° 7r° 
FIGURE 5.13. Distribution of the a 7° effective mass indicates the existence of a 


short-lived particle, the p-meson. Note that the p-state has a finite width. [From D. 
Berg et al., Phys. Rev. Lett. 44, 706 (1980)]. 
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Equation (5.47c) describes the shape of the energy distribution of 
a decaying state and is known as a Lorentzian curve. It peaks at 
E=E,, the central value, and its full width at half maximum is 
AE=TI. Such a curve is shown in Fig. 5.13 for the p-meson, an 
elementary particle that decays rapidly into two m-mesons. The 
figure [from D. Berg et al., Phys. Rev. Lett. 44, 706 (1980)]| shows 
the distribution in the energy (effective mass) of the wm and 7” 
mesons. The distribution is centered at E,=750 MeV, which 
specifies the mass of the p-meson and has a full width [ ~ 150 MeV. 
This indicates that the p-meson decays rapidly, its mean lifetime 
being only +=f/T~0.5X10 *sec. Similar distributions are ob- 
tained for any decaying state. 


Problems 


PROBLEM 1 


A hydrogen atom in its ground state is subject to a time-dependent 
electric field of the form 


é=0 aA) 
oc neue t>0 
which gives rise to a perturbation Hamiltonian 
H'= (eé )rcos 6 


(a) Using perturbation theory find the probability that as t —> 
the atom is in the n=2, 1=1, m=O state. The wavefunc- 
tions are given by Eqs. (8.32). 

(b) Express your result in terms of the total energy of the 
perturbing field 


w= ac| |H'|? dt 
0 


and discuss the relation between the time duration 7 of the 
electric field pulse and the transition probability for fixed 
total power. Can you interpret this result in physical terms? 


PROBLEM 2 


A one-dimensional oscillator in its ground state is subjected to a 
perturbation of the form 


H'(t) = Cpe *""' cos wt, C, a, w are constants 


Here p is the momentum operator p = —i(mw,h/2)(4 — 4’). 
What is the probability that at ¢ > ~ the oscillator will be found in 
its first excited state in first-order perturbation theory? Discuss the 


Pile 
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result as a function of a,w, and @, (the oscillator frequency). The 
wavefunctions for the ground state and the first excited state are 


given by Eqs. (9.27). 


PROBLEM 3 


A particle is in the ground state of the one-dimensional potential 


0, Dea! 
V(x) =40, -axxs<a 
ee) x>a 


A time-dependent perturbation acts on.it and has the form 


A a XG 
H'= To)Vosin ae 5(t), To, Vo constants 
a 
What is the probability that the system is in the first excited state 
afterward? The wavefunctions for the ground state and the first 
excited state can be obtained from Eqs. (1.78). 


PROBLEM 4 


The energy of the nth stationary state of the hydrogen atom is 
al m2(e7/4 29)” a. 


Boe 
- 2h? rc 


Show that in the limit of large n the frequency of the radiation 
emitted in a transition from the (n+1)th state to the nth state 
w=(E,,,  &,)/h equals the angular frequency of rotation of an 
electron of energy E, moving classically in a circular orbit around 
the proton. 

Note: This is an example of the correspondence principle. 
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PROBLEM 5 


From the data represented by Fig. 5.11(c) and given that the total 
sweep width was of order AB=4+2.5G 


(a) Estimate the width of the absorption line in gauss, and 
from this give the fractional inhomogeneity of the field over 
the area of the sample. 

(b) From the decay of the wiggles estimate the transverse 
relaxation time T>. 


Chapter 6 


THE COORDINATE 
REPRESENTATION 


We have learned how to describe a quantum-mechanical system by 
a State in Hilbert space and have introduced the notion of operators 
that can act on these states. In particular, we have studied the time 
evolution of states and have found that the eigenstates of the energy 
operator are stationary. Even though we discussed several physical 
examples we still have not developed a systematic method for 
finding the Hamiltonian operator and its eigenstates for any given 
quantum-mechanical system. In fact, this is a very difficult problem, 
and there is no unique prescription for obtaining a solution. 

A very useful method for finding the stationary states of a 
quantum-mechanical system is to use the coordinate representation, 
i.e., the representation in which the position eigenstates are the 
basis states. As discussed in Section 3.4, in this representation the 
amplitude for finding a system described by the state |yw) at the 
position x is a continuous function of the coordinates known as the 
wavefunction w(x, t) = (x| yw). The usefulness of the coordinate rep- 
resentation is related to the fact that classical systems are most 
frequently described by functions of the coordinates, for instance 
the trajectory of a particle moving freely or under the influence of 
forces. Thus, a fairly close analogy can be established between the 
classical and quantum descriptions of a physical system. Often the 
quantum-mechanical Hamiltonian operator can be obtained from 
the classical Hamiltonian by a well-defined transcription of classical 
variables into operators. In the coordinate representation the equa- 
tion of motion, introduced in Eq. (4.12), becomes the celebrated 
Schrodinger equation.+ This is a differential equation that the 
wavefunction (x,t) must obey, and it can be thought of as an 


+ By extension, analogy, or habit the equation of motion in its general form of Eq. 
(4.12) is also often referred to as the Schrédinger equation. 
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eigenvalue problem. The wavefunctions for the stationary states are 
the solutions of this equation satisfying suitable physical boundary 
conditions. The Schrédinger equation has been and remains a very 
powerful tool for studying quantum systems. We will use it exten- 
sively in our study of physical applications. However, when the 
system possesses degrees of freedom that have no classical analogue, 
it can no longer be completely described in the coordinate represen- 
tation, and we have to take recourse to more general methods. 

As indicated by the title, this chapter is devoted to the coordinate 
representation of states and operators. We begin by showing that 
observables that can be simultaneously determined correspond to 
operators that commute. Most operators in quantum mechanics, 
however, are noncommuting. We then introduce the basic com- 
mutator between canonical operators < and p,, and from it deduce 
the coordinate representation for the momentum operator. This 
allows us to discuss the uncertainty relations for pairs of canonically 
conjugate observables. In Section 6.3 we give the coordinate rep- 
resentation of operators. These are either multiplicative operators 
such as the position operator, or they take the form of differential 
operators as in the case of the momentum. Next we discuss the time 
rate of change of the expectation values of the quantum-mechanical 
operators (Ehrenfest theorem) and emphasize again the correspon- 
dence principle. We then apply this theorem to several simple 
examples to bring out its essential character. 

Next we introduce the Schrédinger equation both in its time- 
dependent and time-independent forms. We point out how under 
appropriate conditions this simple equation leads to quantized val- 
ues for the energy of a bound system. We conclude the chapter with 
applications to two physical systems that can be adequately de- 
scribed by the one-dimensional Schrédinger equation. The first 
application is the motion of a particle in a periodic potential. This 
leads to band structure. In other words, there are distinct regions 
(bands) of energy that the particle is allowed to occupy; this has 
observable effects in the motion of electrons in crystalline materials. 
As a second application we treat the a-decay of heavy nuclei where 
the w-particle penetrates through a potential barrier. Classically this 
would have been impossible, but in quantum mechanics there is a 
small but finite probability for this tunneling to occur. Application 
of the Schrédinger equation to more conventional problems such as 
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the hydrogen atom are taken up in Chapter 8 where we begin a 
systematic study of systems that form bound states. 


6.1. COMPATIBLE OBSERVABLES 


Physical observables are represented by hermitian operators, and 
the result of any measurement yields one of the eigenvalues of the 
corresponding operator. Operators can be represented by square 
matrices acting on column or row vectors. Furthermore, we know 
that in a representation where the basis states are the eigenstates of 
the operator A, the operator A is diagonal. 

In particular, the eigenstates of the energy operator H are station- 
ary states, hence in order to describe. a quantum system it is 
advantageous to choose the energy eigenstates as the basis states. 
These can be labeled by an index 1, 2,3,...,n, corresponding to 
different energy values E,, E>, E3,...,E,. However, it is possible 
that corresponding to a particular energy E,, there exist several 
states. For example, in the absence of a magnetic field the two 
orientations of the proton spin have the same energy but correspond 
to two different states. In such cases we need a second index (or 
more) to distinguish between the degenerate stationary states 


[Pre 


The index n refers to a particular eigenvalue of the energy 
operator. The supplemental index @ must therefore correspond to 
some other observable of the system (for example, to the projection 
of the spin) and must refer to the eigenvalues of some hermitian 
operator other than the cnergy. The fact that we can label a state of 
the system by the eigenvalues of two (or more) different operators 
implies that we can measure both (or all such) observables simul- 
taneously. Observables that can be measured simultaneously are 
called compatible. 

Let |.) be the simultaneous eigenstate of the operators A and B 
with eigenvalues a,, and b,. Thus 


Vnv) = An |\Wnv) 


| (6.1a) 
liv) = by |v) 


A 
B 
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for all values of the indices n and v. Clearly, the observables 
corresponding to the operators A and B are compatible. From Eq. 
(6.1a) we note that 


AB |hp) = A(B thay) = A(B, Wav) = BA lbw) = Andy Law) 
BA |tha,) = B(A |W) = BCA, |Unv)) = AnB |v) = Onde (pv) 
(6.1b) 
It follows that 
(AB — BA) |v,,) =0 (6.1c) 


and since this relation holds for all values of n and v we conclude 
that 


AB- BA =[A, B]=0 (6.2) 


In other words, when two operators commute the corresponding 
observables are compatible. If they do not commute a simultaneous 
eigenstate is not impossible, but 1s highly accidental. However, when 
they commute there are enough simultaneous eigenstates to form a 
complete set. Therefore, the basic problem in quantum mechanics 
lies in both establishing the eigenvalues of all compatible observa- 
bles of a system and in finding the corresponding eigenstates. 
Equation (6.2) has a direct interpretation when we represent 
Operators by matrices. In general, two matrices do not commute. 
However, two diagonal matrices always commute. That is, if 


my, 0 ny 0 
M= nie and N= Mae 
0 ry 0 
Then 
m,n, 0 
MN = ; M32N2_ = NM (6.3) 


Therefore, if two operators commute there exists a representation in 
which the matrices for both the operators are simultaneously 
diagonal. 

As an example, consider the Pauli matrices which can be used to 
represent the operator that measures the projection of the electron’s 
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spin along a particular axis. We cannot specify simultaneously the 
projection of the spin along, say, the X- and Y-axes since 


6,6, - 6,6, =[6,, 6, |#0 (6.4) 


On the other hand, we can specify the energy of the electron and 
the projection of its spin, say along the X-axis, because in the 
absence of a magnetic field and if the electron is at rest, then 


a 


H=m,.c-1 
and therefore 
[H, é,]=0 (6.5a) 


If a magnetic field directed along the X-axis is present, the energy 
operator becomes 


Al = m.c71— wB6, (6.5b) 
However, note that 


[H’, 6,]=0 (6.5c) 


This shows that even in this case the energy as well as the projection 
of the spin along the X-axis can be simultaneously measured. 

From the example above we note that when no magnetic field is 
present, specifying the energy of the system, does not completely 
determine the state of the electron because the two spin-projection 
states are degenerate. We must use the spin-projection eigenvalue 
to write 


ee) and | leeeseestee 1) (6.6a) 


in order to distinguish the states. On the other hand, the magnetic 
field lifts the degeneracy, and we can specify the states of the system 
simply by giving their energy 


ls —mc?—wB) and [We—m,c?+nB) (6.6b) 


However, it is much more convenient and natural to retain the 
notation of Eq. (6.6a), where we label states by the eigenvalues of 
all the compatible observables of the system. 

Finally, we note that compatibility of two or more observables is a 
property of the corresponding operators. It depends on the system 
under consideration only insofar as a particular operator, say the 
energy matrix, is different for different systems. 
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6.2. QUANTUM CONDITIONS AND THE UNCERTAINTY 
RELATION 


We have argued—and this is supported by experiment—that it is not 
possible to determine simultaneously all the physical observables of 
a microscopic system. For example, we cannot determine simultane- 
ously and with unlimited precision the position and the momentum 
of an electron. This implies that x and p, are not compatible 
observables and, therefore, the operators ¢ and p,, which represent 
the measurement of the x-component of position and the x- 
component of momentum, do not commute. That is, 


[x, p. ]#0 (6.7a) 


Furthermore, if the uncertainty in the measurement of x and p, is 
given by the Heisenberg relation 


h 
Ax Ap, == 
xX Ap, 5 


then the commutator in Eq. (6.7a) must have the form 
Depelae (6.7b) 


This postulate determines the structure of quantum mechanics 
and is referred to as the quantum condition. Any physical theory 
that involves commutation relations such as Eq. (6.7b) is called a 
quantized theory. We note here that the factor i in Eq. (6.7b) is a 
result of the fact that both x and p, are hermitian operators so that 

[%, B,J" = (2b, — B,)" = BF — FB, = —[%, B,] (6.7¢) 
Thus, the rhs of Eq. (6.7b) must also change sign under hermitian 
conjugation. Planck’s constant (divided by 277), h, measures the 
noncompatibility of x and p,. In classical physics where the mag- 
nitude of the quantities involved is much larger, the observables x 
and p, become compatible as a consequence of the smallness of h. 

The quantum condition of Eq. (6.76) can be justified by analogy 
to classical mechanics. Here we will only sketch the argument. A 
complete derivation is given in Appendix 5. A fundamental relation 
of classical mechanics is the Poisson bracket: for any two functions 
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A(x; p;) and B(x;, p;) of the canonical variables, this is defined as 


{A, B}=5 (42-2) (6.8a) 
i \OX; OP; 9X; OD; 

If we now think of the functions A and B as corresponding to 
physical observables, then in quantum mechanics they will be rep- 
resented by operators and we can attempt to express the Poisson 
bracket in terms of these operators. To do this we must preserve the 
order in which the operators act, and as shown in Appendix 5 this 
leads to a proportionality relation 


[A, B]}=(AB- BA) «{A, B}g (6.8b) 


where {A, Bye is the quantum equivalent of the Poisson bracket of 
Eq. (6.8a). The proportionality constant in Eq. (6.8b) is set equal to 
ih and we assume that {A, Bho has the same value as the corres- 
ponding classical Poisson bracket. Classically 


{x,x}=0  {p,p}=O0 {x,p}=5, (6.9a) 


as can be easily shown by a direct evaluation of the rhs of Eq. 
(6.8a). From this it follows that the quantum-mechanical operators 
will satisfy 


[%,%1=0 [6,.p1=0 [%, p,]=ih6d,, (6.9b) 


Once these fundamental quantum conditions are obtained, it 1s 
straightforward to calculate the commutator of two operators that 
depend on & and p,. Equations (6.8) and (6.96) give a prescription 
for obtaining the quantum conditions in the case of operators that 
have a classical analogue. However, note that in quantum mechanics 
there exist systems with operators that do not have any classical 
analogue and we have to use other arguments to obtain their 
commutation relations. Note also that Eqs. (6.8) and (6.9b) show 
that classical mechanics may be thought of as a limiting case of 
quantum mechanics when h— 0. 


The Uncertainty Relation 


We have seen that if two operators commute, then the correspond- 
ing observables can be simultaneously measured. The uncertainty in 
measurement arises only when two operators do not commute. Let 
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us consider a general commutator between two hermitian operators 
A and B such that 


(Aree (6.10) 
where C is another hermitian operator. The average value (the 
expectation value) of the operators A and B in a particular quan- 
tum state |y%) will be denoted by (A) and (B). By analogy with 


Statistical arguments one can also define the variance, or mean 
square deviation, as 


(AA)? =(A?)—(A)?=((A -(A))”) 
(AB)? = (B?)— (By = ((B —(B))’) 
Furthermore, let us define the shifted operators 
A=A-(A) 
—(B) 
which have zero average value in the state |y). Since (A) and (B) 


are numbers, their commutator is zero and hence Eq. (6.10) retains 
the same value for the shifted operators 


[A, B]=iC (6.12a) 


Furthermore, it is clear from Eq. (6.11) that (AA)? =(A*), (AB)*= 
(B’). Thus the product becomes 


(AA)?(AB)? = (A?)(B?) (6.12b) 


At this point we make use of a mathematical theorem, the 
Schwartz inequality, which states that for any two complex functions 


S If? dx S\gl? dx =f f* gdx|? 


when we apply this inequality to the expectation value of the 
operators A? and B? we obtain 


(A?)(B?)=|(AB)|? (6.12c) 


We can use Eq. (6.126) in the lhs of the above result and expand 
the rhs, so that 


(6.11) 


AB+ BA , AB-BA\p 
Z 2 
-|(A2 +BA oy" 


+ — 
2 IS 


(AA)(AB)2=|\(AB)/? = \ 


(6.12d) 
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where we use the commutator of Eq. (6.12a). The first term on the 
rhs is a hermitian operator, and hence its expectation value is real: 
thus the square of the expectation value is positive definite. There- 
fore, we can write 


(AA)*(AB)?>4(AB+ BA)! +4 KC)P > 4 KOOP? 
or 
(AA)(AB)>3 KC) (6.13a) 
We immediately see that if A= and B= p,, so that C=hi, then 


h 
Ax Ap. >5 (6.13b) 


which is nothing other than Heisenberg’s uncertainty relation. Thus, 
the quantum condition of Eq. (6.7b) implies directly the uncertainty 
relation of Eq. (6.13b). Simple examples of uncertainty relations 
were already given in Sections 1.4 and 1.5. 


6.3. COORDINATE REPRESENTATION OF OPERATORS 


Just as a quantum-mechanical state can be expanded in any com- 
plete set of basis states, quantum-mechanical operators can be 
similarly written in any representation. In particular, in the coordi- 
nate representation an arbitrary state |W) can be expanded as in Eq. 
(3.26a) 


Wy | dx ioe |uy= fax, Ox) (6.14) 


The expansion coefficients w(x, 1) of a quantum-mechanical state are 
the probability amplitudes for finding the system at the position x 
and are functions of the coordinates and of time. w(x, t) is the 
wavefunction corresponding to the state jy). An operator A can 
also be expanded in terms of a complete set of coordinate basis 
states. Here the expansion coefficients are nothing other than the 
coordinate representation of the operator A. Since these expan- 
sion coefficients have to act on the wavefunction, which is a function 
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of the coordinates and time, the operators in the coordinate rep- 
resentation are differential operators that act on coordinates and 
time. Because classical mechanics is formulated using functions of 
the coordinates, the closest analogy is found in the coordinate 
representation of quantum mechanics. 

The exact form of an operator in the coordinate representation 
can be obtained from the quantum conditions. For example, in the 
coordinate representation the position operator { is simply rep- 
resented by x with the meaning that all functions to the right of x 
are multiplied by x. 


f->x% and) — x (6.15) 


where xX is a hermitian operator. 
The momentum operator p, must be chosen so that the quantum 
condition Eq. (6.7b) is satisfied. This determines p, to be 


4) 
eee (6.16a) 


where the partial derivative as usual acts on functions to the right of 
it. We can then explicitly evaluate the commutator in this represen- 
tation 


A A a 25 < 
Le Pl a ine | 
aa 
=-in(x2-* x) (6.16b) 
Ox ox 


Equation (6.16b) represents an operator, and to evaluate it we let it 
act on an arbitrary function of the coordinates f(x). That is, 


[%, If) = ~in|x* fle) = xfx)| 
= thf(x) (6.16c) 


In other words, the effect of the commutator acting on a function 
f(x) is to multiply it by a constant ih. Thus, we conclude that 


[%, p,]=ih (6.164) 
+ The quantum condition does not uniquely fix the form of the momentum operator. 


However, the remaining arbitrariness can be absorbed into the unobservable 
phase of the basis states. We will choose the phase so that Eq. (6.16a) is satisfied. 
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The operator p, is hermitian. This condition is satisfied by the 
form of Eq. (6.16a) 


(6.17a) 


where now the derivative acts to the left. We then consider the 
expression 


FER, (B,)"1= F0)| x th <] 
" ih (xf) 2 (x)= x| 


= in| (xf) x| 


= ihf(x) (6.17b) 
and thus we conclude that 
[2, (B.)'J= ih =[% 6.1 (6.18a) 
Clearly 
a= 0; (6.18b) 


which shows that the momentum operator is self-adjoint and thus 
hermitian. 


In three dimensions the momentum operator is given by 
p=—ihV (6.19a) 


a correspondence valid in any coordinate system. Similarly, the 
square of the momentum operator is given by 


p? = (p)? = -1°V? (6.19b) 


where V° is the familiar Laplace operator. 

We can now construct the energy operator for a particle of mass 
m moving in a time-independent potential with potential energy 
given by U(r) - U(x, y, z). We know that the energy operator will 
correspond to the classical Hamiltonian as long as we do not need to 
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take into account the internal degrees of freedom. For such a system 
the classical Hamiltonian is given by 


H= aa U(x, y, z) (6.20a) 


Thus, in the coordinate representation, the quantum-mechanical 
energy operator is given by 


> p° C he 
H =~-—+U>-— V+ U(x, y, z) (6.20b) 
2m 2m 


This is the energy operator that appears in Schrédinger equation. 

We summarize our results for quantum-mechanical operators in 
the coordinate representation in Table 6.1. Note that we can obtain 
the coordinate representation of quantum-mechanical operators for 
all observables that are functions of the canonical coordinates and 
momenta by repeated application of the operators defined in the 
table. However, care is needed to define the product of two or more 
operators since the order of noncommuting operators is important 
in quantum mechanics. 


Table 6.1. Coordinate Representation of Some Quantum -Mechanical 


Operators* 
Observable Operator Coordinate representation 

E H —(h?/2m)V2+ U(x, y, z) 

x x x 

y j y 

Z Z z 

Px Dy —ih(d/dx) 

Dy Dy —ih(d/dy) 

Pz p- —ih(d/dz) 


“ The energy operator refers to a particle of mass m in a region of 
time-independent potential with potential energy U(x, y, z). 


We will now construct the coordinate representation for the 
angular momentum operators from the basic operators we have 
already studied. Classically the angular momentum of a particle is 


given by 
L=rxp (6.21a) 
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and its projections along the three axes are 


Lo ype 2p, 
by = 2Ps~ XPs (6.21b) 
Ee = xp ae 


L? = ee 


The quantum-mechanical operators, therefore, are given by 


re) oy 
; fe) 6) 
Ui -in(2=-x+) 
) Oz 
(6:21¢c) 
it = -in(x*- =) 
z l y vox 


and 
Py ey ie 
We note here that construction of these operators involves no 
ambiguity since each component consists of products of commuting 
operators. Now, from the representation of Eq. (6.21c) we can 


evaluate the commutators between various components of the angu- 
lar momentum operators. We simply give the results here 


fee. 
[Ey 
[E.. 


y)= int. 


= (6.22) 
and 
Spe On Say Oe el ear TY 


We will discuss these relations and their consequences in great 
detail in Chapter 7. But we note here that no two components of the 
angular Momentum can be simultaneously determined since they do 
not commute. Furthermore, Eq. (6.22) represents relations between 
quantum-mechanical operators and is valid in any and all rep- 
resentations even though we have labeled the operators by x, y, and 
Pi 
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6.4. TIME DEPENDENCE OF EXPECTATION VALUES: 
EHRENFEST’S THEOREM 


We now examine the time variation of the expectation value of an 
operator A in a quantum-mechanical state |y). By definition, the 
expectation value is given by 


(A) = (| A |W) (6.23a) 


Therefore, the time variation is given by 


Cie. he : aA 2.0 
ee (= wi)iA w+ (o ax lw) +c A)~ lw) (6.23b) 


If we use the equation of motion as given by Eq. (4.12) 
JOO) ae 
in |b)= Hb) 
~in* (|= A 
es, waa 
then Eq. (6.23b) becomes 
i 2 ae aA Iwas: 
dt De h (b| HA w+ (| lo) ww AH |) 


ley ee, 4 
== (| AA HA w+(u| = |v) 


; ae JA 
== (A; Ay+() (6.24a) 


Classically the time dependence of an observable A is given by 


dA 0A 
ae 1 ey 6.24b 
dt \ } ot ( 


where {} is the classical Poisson bracket. If we now recall Eq. 
(6.8b), which states that the commutator of two operators is ih 
times the quantum Poisson bracket it is clear that Eq. (6.24a) ts a 
statement of the correspondence principle. That is, the expectation 
values of operators in quantum mechanics obey laws similar to 
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classical physics. This relation is known as Ehrenfest’s theorem and 
has many useful applications. 

It is important to remark at this point that the time dependence of 
states and operators in quantum mechanics can be chosen according 
to our convenience. The description we have followed so far is one 
where the operators are fixed in time and the states carry all the 
time dependence. This is known as the Schrédinger picture. In this 
case physical observables—that is, the expectation values of 
operators—acquire a time dependence because of the evolution of 
the state vectors. 

On the other hand, we know that the time dependence of a state 
is given by 


\(t)) = U(t) |W(0)) (6.25) 


as was shown in Chapter 4 [see, for instance, Eq. (4.1)]. Here U isa 
unitary operator. Thus, one can make a unitary transformation 
through the operator U-\(t) on the quantum states in the 
Schrodinger picture such that the new quantum states become fixed 
in time. In this process, however, the operators pick up all the time 
dependence since the expectation value of operators are observables 
and are independent of the description one uses. This description of 
quantum mechanics is called the Heisenberg picture. It follows from 
Eq. (6.25) that since the states do not depend on time, one can write 
Eq. (6.24a) in this case strictly as an operator equation 


A ee 
—=—[A, H]+— d 
dt in aa at 2° 


Although Eq. (6.26) is closer in spirit to the classical result of Eq. 
(6.24b), we will continue to use the Schrédinger picture. 


Examples 
As an application of Ehrenfest’s theorem let us consider a particle 


moving in one dimension in a region where the position-dependent 
potential energy is U(x). Thus 


+ U(x) (6.27a) 
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Noting that the operator < does not depend on time explicitly, the 
time rate of change of (X) is given by 


i ee 
pe) HD (6.27b) 


The commutator is easily evaluated to be 


[2 Fr=|* Ps +000 | 
m 


os) 
ps p 

a| |= in® (6.28a) 
2m m 

Thus 
(i Ps) 
pat a h— 

~ ih m 

{P.) (6.28b) 


a result we obtained by explicit calculation in the case of a wave 
packet [Eq. (1.73)]. Similarly, the time rate of change of (p,) is 
given by 


= (6.)= =(p p.. A) (6.29a) 


It is easy to evaluate the commutator in the coordinate representa- 
tion 


P oo... Home 
[p.., Ay=|-in =, 3 2 U(x) 
ee as (6.29b) 
Ox 


Substituting Eq. (6.29a) we obtain 
d aU 
“(pd == Hi) () 


dt 
= (20) (6.29c) 
Ox 
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The rhs of Eq. (6.29c) can be thought of as the classical force and 
we again note the classical correspondence. 

It is interesting to point out here that if an operator does not have 
any explicit time dependence, then its expectation in an energy 
eigenstate is time independent since the quantum state in this case is 
stationary. That is, if dA/at =0, then for an energy eigenstate 


d_.« i apa tae 
a rs {[A, H])=0 (6.30) 


Let us use this result in the case of the one-dimensional motion 
where the potential energy depends on position according to a 
simple power law. That is, 


gee (6.31a) 


Here a is a constant and n is an integer. Furthermore, let us 
evaluate the time rate of change of (xp,) in an energy eigenstate. 
Clearly in this case 


NN ae 
Fy (8B) == (XP, H])=0 (6.31b) 


On the other hand, if we calculate the commutator in Eq. (6.315) 


Py 


=~ihnak" +in 2 
Hl 


= ih(—nU+2T) (6.32a) 


Here U is the potential energy operator and T is the kinetic energy 
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operator. Substituting this last result into Eq. (6.31b) we have 
ih(—nU+2T) =0 


ce (6.32b) 


(f)=5 (0) 


This is the quantum-mechanical analog of the virial theorem. 

As a final example of the Ehrenfest theorem let us consider an 
electron at rest in a region of space where a constant magnetic field 
exists along the Z-axis. The Hamiltonian is 


H = m,c"*1— Be, (6.33a) 


We obtain the time rate of change of the expectation value of o, 
through 


os. <n 
1 A Fr) A 
pare (6, GM uBo, ) 
ih 


il nw A 
= 7 (loa. BG, |) 
ih 


_ 2ipB 
ih 


(2 uG).. wane “@esb) 


If at t=( the system is in an eigenstate of @., say in the |+z) state, 
then 


lW(t))=e ane - (6.34a) 


Clearly then 


fapa2aay=00) 0 YC 


(6.34b) 


This result is in agreement with what we already know, since 
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in this case 
[eo 


An eigenstate of &, is also an eigenstate of the Hamiltonian. As we 
have noted before, expectation values in a stationary state are 
independent of time. 

Let us now consider the case where the system, initially, is in an 
eigenstate of &,, namely, in the |+x) state. Then 


w=.) a 
Consequently, in this case 
= (6,)=20(6,)= 20)4 (et, giat) i. -( a 
= (2w)3(—ie 7" + ie?!) 
=—2w sin 2wt aein 


To show that this result agrees with the classical analogy we first 
evaluate (6,). Just as in Eq. (6.35b) we find 


(o,,.) = cos 2wt (6.35c) 


which is consistent with our expectations. If the system at t=(0 was 
in the |+x) state, then the probability amplitude that at time 1 the 
system would be in the |+x) state is given by (w(t) | +x) 


1 
ae, e™)(_) =3(e +e) =cos wt (6.36a) 


Thus the probability that the spin would be along +X-axis is 
P(+x) =cos? wt 
and (6.36b) 
P(—x) =1-— P(4+x)=1~-cos? wt =sin? wt 


The expectation value of o, is the weighted average for the possible 
eigenvalues of the G, operator. That is, 


SCP). Ces) 


aa) P(+x)+ P(—x) 


= cos? wt —sin? wt =cos 2wt 
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which agrees with the direct calculation given in Eq. (6.35c). Given 
this result we then differentiate it with respect to time 
d 


pupal 7 
sO as (cos 2wt) = —2 sin wt 


which is in agreement with the conclusion obtained from the Ehren- 
fest theorem, as given in Eq. (6.35b). 


6.5. THE SCHRODINGER EQUATION 


The quantum-mechanical equation of motion given in Chapter 4 
[Eq. (4.12)] is 


ity) = Fw) (6.37a) 


If we take the inner product with the bra (x|, then the equation 
becomes 


in~ («| y)=( Aly) 


=f d*x'(x| H |x’)x’ | b) (6.37b) 


We have already stated in Section 6.3 that the matrix element 
(x| H |x’) is the coordinate representation of the Hamiltonian 
operator. That is, 


io) 
AA 


(x| H ’)=8%x-x)| - a 


om wea 6) «| (6.38) 


where U(x) is the potential energy of a particle of mass m. While we 
cannot prove Eq. (6.38a) from first principles, we will adopt it as 
the correct expression for the matrix element of the Hamiltonian 
operator. Introducing it into Eq. (6.37b) we then obtain 


ih <x | p= | ax'%—x) Hee | w) 


= H(x| v) (6.38b) 
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where 
PS hh? 
H=-~-—V*+ U(x) 
2m 


Note that (x|w&)=w(x,t) is nothing other than the probability 
amplitude for finding the particle at x at time ¢«. Thus, Eq. (6.385) 
actually represents an equation for the time evolution of the 
wavefunction 


h? 
ih a (x, t)= |-A w+ Us) jut, t) (6.39) 


This is the celebrated Schrodinger equation which when subjected to 
appropriate boundary conditions allows us to determine the wave- 
function of a quantum system. 

We are, of course, interested in the stationary states of the 
system. These are eigenstates of the Hamiltonian. Hence 


H |b.) = En |n) (6.40a) 
where E,, is the energy of the nth level. Correspondingly, 
(x| |.) = En | tn) = Enh, 0 (6.41b) 


If we substitute this result into Eq. (6.375) 


oe oie 
in x| W,) = «xl H lw.) 


we obtain 
ap w 
ih a us, (x, t) = Ew, (x, t) (6.42) 
© 


Equation (6.42) is a differential equation of first-order in time, and 
hence the solution is easily obtained to be 


wb, (x, t) =, (x)e (6.43a) 


The above expression gives the wavefunction for a stationary state 
and @,,(x) is the space part of the wavefunction. Note that @,,(x) 
depends only on the spatial coordinates. The time dependence of 
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the wavefunction for a stationary state of energy E, is given by 
e WHE, 
which is in agreement with our observation in Eq. (3.12). 
If we substitute the form of the wavefunction given in Eq. (6.43a) 
into Eq. (6.38b) we obtain the equation determining the space part 
d,,(x) of the wavefunction 


OW, 


Hus, (x, t)=ih 
ot 


(x, t) 


OFT 


| -2 v7+ Ue) ] 6,00 = £,6,(0) (6.43b) 
2m 


This equation is known as the time-independent Schrodinger equa- 
tion, and it is an eigenvalue equation since the differential operator 
H acting on ¢,(x) simply multiplies it by a constant. To determine 
@,, (x) completely in addition to knowing the form of U(x), we must 
impose appropriate boundary conditions. For problems where the 
particle is sufficiently localized, the natural boundary condition ts 


d,, (x) —> 0 (6.44) 


With such a boundary condition, Eq. (6.43b) admits solutions @,,(x) 
with only discrete eigenvalues E,,. 

Furthermore, we note that since w,,(x, t) represents the probability 
amplitude for finding the particle at x at time 4, the probability of 
finding the particle in a spatial volume d°x at x is given by 

Pig ies): ax 
SK) ee eh (6.45a) 
That is, the probability of finding the particle at x in the volume d*x 
is independent of time if the particle is in a stationary state. 
Furthermore, since the total probability must integrate to unity 
| Ble) dee=( Pat 
=J ld, &)? d°x=1 (6.45b) 


This is the usual normalization condition. 
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The Schrédinger equation provides us with a powerful mathemat- 
ical tool for finding the stationary states of quantum systems. We 
will apply it extensively to several problems in the following sections 
and chapters. It should be clear, however, that since Eqs. (6.39) and 
(6.43b) are expressed in the coordinate representation they can 
describe only those physical observables of the system that have an 
analogue in classical physics. 


Energy Quantization 


One of the most characteristic features of quantum mechanics is that 
the energy of certain physical systems can take only discrete values: 
we Say that the energy is quantized. For instance, we found this to 
be true for a particle confined in a square well potential as discussed 
in Section 1.8. This is a general property of the stationary solutions 
of the Schrédinger equation [Eq. (6.39)] when supplemented by the 
boundary condition introduced by Eq. (6.44), namely, when the 
particle is localized in space. The stationary solutions obey the 
time-independent Schrédinger equation [Eq. (6.43b)], and it is 
interesting that such a continuous differential equation can lead to 
discrete solutions. In many respects this is analogous to the discrete 
solutions for the vibrations of a string or of an air column in classical 
physics. 

For simplicity, we will consider motion only in one dimension 
and, therefore, seek the solutions of the equation 


2 2 
| - 5+ Ue) |6,0)= 64,00 (6.46) 
m dx 

where the time-independent potential U(x) is attractive and is of 
the form shown in Fig. 6.1. The total energy E,, of the particle in the 
nth stationary state is indicated by the dashed line. We now 
examine the topology of Eq. (6.46) and note three regions of space: 
I(x < x,), W(x, <x <x,), and III(x > x,). In each of these regions our 
equation has the following form 


d*d 2m 


i Gi Be Re 


[U(x)—E]6(x) > (+)6(x) 


THE COORDINATE REPRESENTATION 241 


me y 


FIGURE 6.1. An attractive potential plotted as a function of x. For a range of values 
of the total energy E,, we recognize three distinct regions of space: (I) where E, < U; 
(II) where E,, > U; and (IL) where again E, < U. 


ac 2B 
M y<x<xy  S9=SE[UG)-Elb)> 6) 6.47) 
PA 
2D 
M  m<x 29-2 UG)-E}6@) > (HW) 


On the rhs of Eqs. (6.47a) the symbols (+) and (—) indicate that the 
second derivative d°/dx? [that is. the curvature of the function 
@(x)] must have the same or opposite sign as (x). 

When d’d/dx* =(+)¢(x) the solutions #(x) are concave away 
from the X-axis: they have the same behavior as the exponentials 
e*“ or e ““, where a is a real number (or function depending on x). 
When d’¢/dx* = (—)@(x) the solutions are concave towards the axis: 
they have the same behavior as pieces of sin Bx or cos Bx, where B 
is a real number (or function depending on x). If the particle is 
bound in the potential U(x) the function (x) must vanish as 
x —>+x, as stated in Eq. (6.44), and therefore the solution must 
have the asymptotic form 


(x) > e™ for x <x, as x >—c (6.47b) 


d(x) > e ™ for x >x> as x > +0 


In Figs. 6.2(a),(b) we have sketched the possible forms that 6(x) can 
take in these two regions. The heavy curves represent the only 
allowed forms that describe a bound state. In region I(x, <x <x;) 
the function @(x) is concave towards the axis and can be oscillatory. 
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Ap) 


\/ —_ 


(b) (c) 


FIGURE 6.2. The permissible curvatures that the function (x) can take for 
different ranges of values of x. (a) corresponds to region I, (b) to region III, and (c) to 
region II. These regions are defined in the caption for Fig. 6.1. 


Some possible forms are shown in Fig. 6.2(c). All of them are 
admissible solutions. 

We can try to obtain the complete solution of Eq. (6.46) by 
combining the separate solutions in each of the three regions. 
However, (x) and dd/dx must be continuous? at x, and x5. 
Suppose we pick a particular energy E, as shown in Fig. 6.3(a). In 
region I, @(x) will have the form of one of the heavy curves of Fig. 
6.2(a) but is completely determined by our choice of E,. When we 
continue (x) into region I] we must use a particular piece from Fig. 
6.2(c), and this is again completely determined by our choice of E,. 
Finally, the continuation of (x) into region III is also completely 
determined and, in general, will not be of the form of the heavy 
curves of Fig. 6.2(b). This is shown in Fig. 6.3(a) and does not satisfy 
the boundary conditions. Next, we pick a different energy EF, as 
shown in Fig. 6.3(b). We determine (x) through the same proce- 
dure and (x) may again diverge in region III (i.e., for x >x>) as 
shown in Fig. 6.3(b). It is only for a particular value of E, say E,, 
that we can obtain a solution ,,(v) that obeys Eq. (6.46) and has a 
form satisfying the boundary conditions. Such a solution is shown in 


Fig. 6.4(a). 


+ In drawing Fig. 6.2(c) we assumed that the potential was symmetric about x = 0. 
+ This is a property of the differential equation for a nonsingular U(x). 
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(a) (b) 


FIGURE 6.3. (a) The function (x) for some arbitrary total energy E, will not 
satisfy the boundary condition. (b) Similarly, for some other value E,, the boundary 
conditions are not satisfied. Note that the potential is also shown. 


The particular value of the total energy E,, that leads to an 
admissible solution is a very special one because any small change 
from E,, will destroy the delicate balance that led to the perfect 
match of the three parts of the solution. Of course. for any particu- 
lar potential there may be more than one (or no) values of E that 
give satisfactory solutions. For instance, a different possibility is 
shown in Fig. 6.4(b). However, the admissible energies E,, form a 
discrete spectrum. When the total energy E is larger than the 
potential U(x) at large distances, the particle is not bound in the 
potential and all energies are allowed. This is the case when one 
considers the scattering of free particles from a potential. 


| 

! | 

| 
x Tg 

| 


f 
E U(x) : | 
| 


Em 


EASE (b) 


FIGURE 6.4. Only specific values of the total energy result in functions }(x) that 
satisfy the boundary conditions. (a) The eigenvalue is E,. (b) The eigenvalue 
E,, > E,. Note that the function (x) in this case has more nodes than in the previous 
case. 
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We thus see that the stationary states of bound systems have a 
discrete spectrum of energies. This feature remains true when we 
solve the time-independent Schrédinger equation in_ three- 
dimensional space and will be demonstrated explicitly as we discuss 
specific applications. 


6.6. THE PERIODIC POTENTIAL 


As an interesting application of the Schrédinger equation we will 
examine the stationary states for a particle moving in a periodic 
potential. This situation arises in crystalline materials where the 
electrons are subject to the Coulomb potential of the nuclei or ions 
that are located at fixed sites. For simplicity we will consider only a 
one-dimensional lattice, but the method that is used is readily 
extended to three dimensions. 

There are various forms of potentials that one could consider: for 
instance, square-well (as in Fig. 6.5), delta-function, Coulombic, etc. 
However, the general features of the solution are independent of 
the details of the potential. One finds that for the stationary states 
the energy of the electron can lie only in certain bands. It is this 
band structure that gives rise to the interesting electric properties of 
materials such as insulators and semiconductors. 


UG) Wells 
‘ Hills 
Vo r 
E ete 
v 
0 > baie ce y < 
- _ 


FIGURE 6.5. A periodic one-dimensional lattice of square-potential wells. The 
energy E of the stationary state is shown by the dashed line. 


The space part of the electron’s wavefunction will obey the 
time-independent Schrodinger equation | Eq. (6.43b)] in one dimen- 
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al 


sion 


he od= ' 
ee areas U(x) ]be(2) = Eves) (6.48) 
where we use the subscript E to indicate the stationary state of this 
particular energy. The potential energy U(x) is assumed periodic 
with a lattice spacing |, namely, 


U(x +1) = U(x) (6.49) 


Furthermore, since we are interested in bound-state solutions, the 
total energy E must be less than the potential energy in certain 
regions of space. 

Let us introduce a translation operation T, such that when it acts 
on a function of the coordinates, it shifts the argument of the 
function from x to x +l. In other words, 


Tif (x) = f(x +l) (6.50a) 


It is clear that 7; acting on the Hamiltonian of Eq. (6.48) leaves it 
invariant. Thus, if we introduce a quantum-mechanical operator ne 
to represent the translation operation of Eq. (6.50a), this operator 
will commute with the Hamiltonian, that is 


[H, 7,]=0 (6.50b) 


We conclude from Eq. (6.2) that the two operators H and 1 are 
compatible, that 1s, the energy eigenstates must simultaneously be 
eigenstates of the translation operator NG 

The energy eigenstates are given by |W%;) with the wavefunction 
w(x), and in view of our above conclusion it must hold that 


T, |e (x)) = |We(x + D) =A |We(x)) (6.51a) 


Because of the symmetry in the problem, the probability of finding 
the electron at x must be the same as it would at a translated point. 
Thus 


[Ws (x)[? = |e (x + DI? = | Tithe (x)? (6.51) 
which determines that 
The (x) = Ae (x) where A =e® (6.51c) 


with 6 real. Furthermore, 6 must reflect the length | by which we 
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translate the coordinates. A form of w(x) that satisfies Eqs. 
(6.5l1a)-(6.51c) is 


be (x) =e"“dbe, (x) (6.52a) 
with 
be, (x +1) = be, (x) (6.52b) 


Wavefunctions of the form of Eq. (6.52) are called Bloch functions. 
So far, the wave vector k is not restricted in any way, but is related 
to the eigenvalue A since 


Tilig@)=e"" dex +1) 
= ee" be, (x) = ee (x) (6.52c) 


We thus have shifted the problem from finding the solutions of 
Eq. (6.48) to one of finding the periodic solutions ¢-,.(x) defined by 
Eqs. (6.52a) and (6.52b). Introducing Eq. (6.52a) into Eq. (6.48) 
we obtain the differential equation obeyed by de,(x) 


PH fe 


d* in Ais Ee hk 
‘le Ee) 2m, 


Ghee h? 


Joco= 0 (6.53) 


This appears to be a more complicated equation than Eq. (6.48). but 
in practice the periodicity of }(x)= (x +1) greatly simplifies the 
solution. We show this by a specific example. 

We consider a square-well potential lattice as shown in Fig. 6.5. 
The depth of the well is V,, and the width is b. The lattice spacing is 
[=b+c. The energy E of the stationary state is indicated by the 
dashed line. We introduce the notation 


DS: 1/2 9) 1/2 
Cte)" pee] 


h he 
so that Eq. (6.53) takes the form 
d 
Sy: na +(a?—k?)b =0 in a well (6.54a) 
d* b a) 2) . . 
rE Tot ike- (B°+k*)o6 =0 in a hill (6.54b) 
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with solutions 


a = Ave": Bigs otk (6.55a) 
x) _ Cc eb + De be (6.55b) 


Equation (6.55a), which is purely oscillatory, corresponds to the nth 
well, whereas Eq. (6.555) is the solution in the nth hill. The (4x N) 
constants A,, B,, C,, and D, must be adjusted to satisfy the 
periodicity condition and the continuity of @(x) and dd/dx at the 
boundaries between wells and hills. 

The problem is thus reduced to solving four simultaneous homo- 
geneous equations for four constants A, B, C, and D. To obtain a 
consistent solution the determinant of the coefficients must vanish. 
This imposes an algebraic relation between the coefficients and thus 
relates k and E in terms of the constants V,,, 6, and |. Furthermore, 
the algebraic condition cannot be satisfied unless E is restricted to a 
range of values as shown in Fig. 6.6. The discrete energy levels for a 
square well of the same depth and width (as the periodic wells) is 
also shown. We see that the energy bands correspond to a “‘smear- 
ing out” of the discrete energy levels. This is due to the fact that an 
electron is not localized in a particular well, but can move around 
the lattice by tunneling through the potential hills. 


E 4 
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Ya 
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FIGURE 6.6. The bands of allowed energies for motion in a periodic lattice. To the 
right are shown the energy levels in a well of the same depth and width as those that 
form the lattice. 
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6.7. BARRIER PENETRATION 


In this example we use the Schrodinger equation to examine the 
scattering of a free particle from a repulsive potential of finite width. 
Again we restrict ourselves to one-dimensional motion where the 
only possibility is that the incident particle will be either transmitted 
or reflected by the potential barrier, as shown in Fig. 6.7(a). We 
have indicated the flux of incident, transmitted and reflected parti- 
cles by use of the symbols j;, jz, and je. 


EU) (x) 
Vo 
E O 
O 
(a) (b) 


FIGURE 6.7. Scattering from a one-dimensional potential barrier. (a) The form of 
the potential and a schematic representation of incident, reflected, and transmitted 
flux. The energy E of the incident particles is indicated. (b) The function @(x) in the 
three regions of space. 


Flux is defined as the number of particles crossing a unit area per 
unit time. If the density of particles is p and their velocity v, then 
the flux through a surface normal to v is 


Flux = a |v| (6.56a) 


Even though the concept of flux is related to an ensemble of 
particles we can define a probability current, 1e., the flux, for a 
single particle described by a wavefunction w(x, 1) through 


ix, )= -— [W*Vab—(Vib*)b] (6.56b) 


Let us consider a plane wave of momentum k moving in one 
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dimension in the x-direction. The wavefunction is (see Section 1.6) 


h(x, t) = oo ae ce ee 
and introducing this result in Eq. (6.56b) 
; 1 hk 
ibe ay ee = (6.56c) 


where the density for one particle on the line —-L<x<L is p=4L 
and hk =p=mv. 

We let the height of the barrier be V, and its width 2a. The 
energy of the incident particle is E< V,, and we seek the stationary 
states. For one-dimensional motion the time-independent 
Schrodinger equation in the three regions shown in the figure is 
given by 


fede 
am “5 = B6 (I, 11) (6.57a) 
hd? 
ae os +Vod=Eb (ID (6.57b) 


Using the notation introduced in the previous section 
>} 2 Dp) i 
a=( ) and B= |= SSW = F)] 


the solutions to Eqs. (6.57) are quite generally 


$1(x) = Ae*+ Be (6.58a) 
oy(x) = Ce®*+ De ** (6.58b) 
oyn(x) = Fe*+ Ge" (6.58c) 


We must now determine the six boundary coefficients A—G. First 
we must set G =0 since it represents a wave moving toward —x, and 
no such wave can be present in region III. This leaves us with five 
coefficients and four constraining equations which are obtained by 
demanding that (x) and dd/dx be continuous at x =0 and x = 2a, 
the two boundaries of the barrier. These four constraints suffice to 
determine the four constants B, C, D, and F, in terms of the 
constant A. Of course, A is expressed in terms of the incident flux 
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i, -|A\ hk/m. The graphical representation of the three functions 
od}, dy, and yy, joined smoothly at x =0 and x =2a, is shown in 
Fig. 6.7(b). 

We define the transmission coefficient T (reflection coefficient R) 
as the ratio of transmitted (reflected) flux to the incident flux. 


pat VFR p_ie_|BP 
ir IAP ir IAP 


(6.59a) 


Performing the algebra (see Problem 6.15) we obtain 
T= 4a?B? 
~ 4a?B?+(a?+ B) sinh?(2Ba) 
= 1 
14+[V2/4E(V,—E)]sinh?(2Ba) 
= (a*+ B”)? sinh?(2Ba) a 
~ 4a?B?+ (a? +B?) sinh?(2Ba) 
Note that R+ T= 1, or in terms of flux 


(6.59b) 


Way 


h=Irtht (6.60) 


which is a statement of particle, or probability, conservation. 

That particles can penetrate through a potential barrier is ob- 
served in the a-decay of heavy nuclei. For instance, the nucleus of 
thorium-232 decays by a-emission to radium-228. The energy of 
the a-particle is 4.05MeV, and the observed lifetime is t= 
1.39 10'° years. The radius of the thorium nucleus can be taken as 


Reema so Sie (23 2 ior | Se OG IE 


When the a-particle (Z - 2, A =4) is inside the nucleus it feels an 
attractive potential, whereas outside the nucleus it is repelled by the 
Coulomb force. The potential energy as a function of radial distance 
is obtained using 

eZ waa (€Z), e> he 88xX2197 


=(88 2) =e MeV 


U peaes 
(4arey)he r 137 


(47e,)r 
(r in Fermi) 


and has the form shown in Fig. 6.8. The energy of the a-particle is 
well below the peak of the potential barrier and classically it could 
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never penetrate through it. However, quantum-mechanically we 
must use the transmission coefficient of Eq. (6.59b) to evaluate the 
probability that the a-particle will penetrate through the barrier. In 
an exact calculation we would include the fact that the potential 
extends into three dimensions and that the barrier is not square. We 
can approximate the real case by working in one dimension and 
replacing the barrier by a rectangular one of width 2a = 33 F and 
height V)>= 14 MeV, as shown by the dotted curve? in Fig. 6.8. 


FIGURE 6.8. The Coulomb barrier in heavy nuclei. a-particles of energy E, can 
tunnel through the barrier which we approximate by a square potential barrier of 
width 2a and height V, (dashed line). 


We then obtain 


1 1 2 
B ~h [2m,(Vo- BE) Se PA eA ig 89) 
=1.39 (F‘) G6la) 


and 28a = 45.8, which is much larger than 1. Thus, in Eq. (6.59b) 
we can approximate sinh?(2Ba) as 


sinh*(2Ba) = Ge)" =4e" (6.61b) 
and therefore 
2 4Bay-1 
T=(1+ eS ~ 3.29e 764 (6.61c) 
(a 


+ This choice corresponds to a barrier of the same area as the Coulomb potential 
and yields the correct result. 
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Finally, using 2Ba = 45.8 we find 
T3575 <0 2 (6.62a) 


Every time the a-particle reaches the barrier it has the very small 
probability of 5.7510 *° to penetrate through it. However, the 
a-particles in the nucleus impinge on the barrier quite often. We 
can estimate the frequency v with which these collisions occur by a 


qualitative argument 
i Ax Ax 


22. eS 
At Na OE 


Using Ax ~ 10 F and E~4MeV we find 


Vv 


E 12 
== (5) =1.4x 10?! Hz (6.62b) 


Therefore, the probability of a-emission per second is 
Per 8.05 10" seca: 

and since the lifetime is the inverse of the decay probability 
7=~1.2X10'* sec=3.9 x 10*° years 


The numerical value we obtained cannot be very precise because 
of the simplifying assumptions we introduced. However, the approxi- 
mate form of Eq. (6.61c), which indicates that the decay probability 
depends exponentially on the energy of the a-particle 

P(a aceeee) o e7 Galml2m(V,—-E)}? 
remains valid even in an exact calculation. Therefore, small changes 
in the energy of the a@-particle cause very large variations in the 
lifetime. The lifetime for a-cmission varies from 10 “sec to 10'* sec 
as the energy of the emitted a@-particles changes only from 9 to 
5 MeV. The calculation of @-particle decay was one of the early 
successes of quantum mechanics. 

In conclusion, we point out that the boundary conditions for this 
problem were quite different from those used in the discussion of 
the periodic potential and from the conditions applicable to bound 
states. As a result, even though in both cases we used the time- 
independent Schrodinger equation, the solutions had a very differ- 
ent character. 
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6.8. SUMMARY 


We have devoted this chapter to the study of various concepts, 
developed earlier, in the particular representation in which coordi- 
nate states are the basis states. For many problems this is not only 
convenient it is also the closest analogy to the classical description of 
physical systems. We showed that only when two operators com- 
mute can the corresponding observables be compatible. In most 
cases, however, the operators do not commute. We gave then the 
basic commutator of the position and momentum operators and 
from this derived quantitatively the uncertainty relation. 

The Schrodinger equation was introduced in the coordinate rep- 
resentation, and it was shown how the boundary conditions lead to a 
discrete spectrum for the energy values. The time development of 
the expectation values was also discussed. Finally, the formalism 
developed in this chapter was applied to simple physical systems 
that could be reasonably treated as one-dimensional, such as the 
band structure of a crystal and the a-decay of a heavy nucleus. 


Problems 


PROBLEM 1 


Calculate the following Poisson brackets 


Weete la tip lets ANC Alea 


where 
ip = yp, — ZPy 
i = Zp, — XPz 
je == XPS Ying 
PROBLEM 2 


If a is a complex dynamical variable (complex function of q. p). a* 
is its complex conjugate, and if the Poisson bracket 


(qgaey =i 


calculate {a, aa*}, {a*, aa*}, {a, a*a}, {a*,a*a}. 


PROBLEM 3 


Justify why the Schrédinger wavefunction u(x) and its derivative 
du(x)/dx have to be continuous at the boundary in the case of the 
finite square-well potential, even though the potential has a discon- 
tinuity. 
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PROBLEM 4 
A particle moving in one dimension has a ground-state wave- 
function (not normalized) given by 
ine) =e (@ is a real constant) 


belonging to the eigenvalue 


Determine the potential U(x) in which the particle moves. (Do not 
try to normalize the wavefunction.) 


PROBLEM 5 


Consider a harmonic oscillator in one dimension, namely, a particle 
of mass m moving in a region where the potential energy is 


US tk 


Use the uncertainty principle in its minimal form 
h 
Ap, Ax =z 
Px > 


to find: 


(a) The energy of the lowest state of the oscillator. 

(b) Express your results in terms of the natural frequency of 
the s.h.o. w =(k/m)"? and interpret the result obtained in 
part (a). 
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PROBLEM 6 


Calculate the average kinetic and potential energy of a particle 
bound in a delta function potential in one dimension 


U(x)=—y5(x), y>O 
(You may calculate (T) from (EF) and (V).) 


PROBLEM 7 


Calculate (T) for Problem 6 above directly as 
§ dx W*(x)(—h?/2m d?/dx”)(x) 


and compare with the previous result. 


PROBLEM 8 


Show that in one dimension bound states cannot be degenerate. 


PROBLEM 9 


For a particle moving in an infinite square well of width 2a, its 
wavefunction at time t=0 is 
1 
th -o(%) = F175 [Uolx) + ui) ] 


where u,(x) and u,(x) are the normalized ground-state and first- 
excited-state wavefunctions, respectively. What is its average kinetic 


PROBLEMS fay] 


energy and potential energy as a function of time? Calculate Ax in 
this state. 


PROBLEM 10 


A particle moves in a potential in one dimension of the form [see 
the figure | 


le Ke > ae 
x)= 
5 (x), ea y>0 


For sufficiently large y calculate the time required for the particle to 
tunnel from the ground state of the well extending from x =~a to 
x =0 to the ground state of the well extending from x =0 to x =a. 


V(x) 


\ 


Sketch of the potential. 


PROBLEM 11 


The first excited state of a particle moving in a potential in one 
dimension is given by a wavefunction 


w(x) = (sinh ax)yo(x) 


and belongs to the eigenvalue E,. Here w&(x) is the ground-state 
wavefunction belonging to the eigenvalue E,. What is the potential 
U(x)?. (a is a constant.) 
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PROBLEM 12 


A particle moving in a potential U(x) in one dimension has the 
wavefunction at t=O given by 


2 1/4 
) e —(a2/2)(x—a)?2—ikx 


(64 
wee, 0)=(% 
ay 
where a, a, and k are real constants. 
(a) What are the expectation values of the position and 
momentum in this state at t=0? 
(b) If the particle moves in a potential V(x) = mgx, what is the 
average value of its energy at t=0? 
(c) What is its average energy at an arbitrary time t? 


PROBLEM 13 


A particle moving in one dimension has a first-excited-state eigen- 
function associated with the energy E, given by 


Wy = xfo(x) 


where y,(x) is the ground-state eigenfunction associated with the 
energy eigenvalue E,. Given that the potential vanishes at x =0 


(a) determine the ratio E,/E>. 
(b) What is the potential U(x) in which the particle moves? 


PROBLEM 14 


A beam of electrons of kinetic energy E=SeV is incident on a 
square-potential barrier of height 25 V and width a =0.52 A. What 
fraction of the beam is transmitted? 
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PROBLEM i15 


Obtain the transmission coefficient for a particle of mass m and 
kinetic energy E (moving in one dimension) incident on a square- 
potential barrier of width 2a and height U,,, where E< U,. That is, 
derive Eq. (6.59b) of the text. 


PROBLEM 16 


The wavefunction of a nonrelativistic particle moving in one dimen- 
sion with well-defined momentum is (as usual) 


—i(wt—kx) 


ee! 
w(x, t)= Qmi2 e 
Observe now the same particle from a frame of reference moving 
with velocity v9«c with respect to the original frame. The two 
frames are connected by the Galilean transformation x’ =x — vot. In 
the moving frame the wavefunction can be written as 


1 


a (Qn)? 


Express w(x’, t)= u(x, t)f(h, m, vo, x, x’). In other words, find how 
the wavefunction is transformed when viewed in a moving frame. 
(The transformation coefficient should not contain explicitly the 
time t.) 


—i(w't—k’x’) 


W(x’, t) 


Note: You can check your result by finding WwW’ when v9 =2v 
(where v is the velocity of the particle). 


Chapter 7 


SYMMETRIES AND CONSTANTS 
OF THE MOTION 


The question of symmetry has intrigued man from the earliest times. 
On the one hand, symmetry is inherently manifest in every facet of 
nature from crystalline rocks to plant life and living organisms, even 
if it is not always exact. On the other hand, man has exploited and 
introduced symmetry in many of his activities: it is apparent in art, 
in music, in buildings and machines—to mention but a few exam- 
ples. One might expect that as we examine simpler structures the 
symmetry properties would be more prevalent, and indeed this is 
the case. At the other end of the scale the evolution of complex 
systems with large numbers of constitutents, while still obeying the 
basic principles of symmetry, is primarily governed by statistical 
laws. The use of symmetries in quantum mechanics is more pro- 
nounced than in classical physics where most simple systems can be 
solved exactly. In quantum mechanics systems are described by state 
vectors belonging to a Hilbert space. In that space the symmetry 
operations are represented by operators with well-defined proper- 
ties, and it can be easily shown that for every symmetry operation 
there exists a corresponding physical observable that is a constant of 
the motion. Therefore, identifying the symmetries of a system pro- 
vides helpful information about the state vectors and hence about 
the system. In the past few decades experimental and theoretical 
advances have led to the identification of many (unsuspected) new 
symmetries of nature. But we have also learned under what condi- 
tions some symmetries, which were believed to be universally true, 
cease to be exact—we say then that they are “broken.” 

The organization of this chapter is as follows: We begin with a 
brief review of the concept of compatible observables and constants 
of the motion, which we introduced previously. We then introduce 
the concept of symmetry, the idea of invariance under specific 
transformations, and show how this leads to conservation laws. 
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Next, we explicitly construct unitary symmetry operators that act on 
quantum states. The symmetry operators and their properties are 
completely determined by the generators of the symmetry transfor- 
mation, and we discuss this. 

Having established the general properties of symmetries, we 
address the extremely important case of the symmetry under rota- 
tions in three-dimensional space. The generators of rotations are the 
angular momentum operators, and we study their properties and 
their eigenvalues, which are conserved. Almost all real systems in 
three-dimensional space possess spherical symmetry, and thus their 
eigenstates can be labeled by the eigenvalues of angular momentum. 
Section 7.4 1s devoted to a study of different representations of the 
angular momentum operators and their eigenstates, including the 
coordinate representation. The composition of angular momenta is 
explained in the final section in terms of a simple example. 

Because of the importance of angular momentum in all applica- 
tions of quantum mechanics we have included two appendices that 
cover more difficult material. In Appendix 6 we discuss the Clebsch- 
Gordan coefficients that arise in the general case of the composition 
of arbitrary angular momenta. In Appendix 7 we show how one can 
evaluate or relate the matrix elements of vector operators between 
eigenstates of angular momentum. These results are a direct conse- 
quence of the underlying symmetry under rotations. However, even 
in the appendices the presentation is kept at a practical level rather 
than seeking mathematical rigor. One should also keep in mind that 
these techniques are not restricted to angular momentum but are 
generally applicable to the investigation of any symmetry. 


7.1. COMPATIBLE OBSERVABLES AND CONSTANTS 
OF THE MOTION: A REVIEW 


In Section 6.1 we defined two observables to be compatible if there 
existed a complete set of simultaneous eigenstates of the two 
operators representing the observables. In that case, it is possible to 
know with precision the eigenvalues of both operators. We also 
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showed that two operators, P and O, represent compatible observa- 
bles if, and only if, they commute, because, if the state |y) is a 
simultaneous eigenstate of both operators with eigenvalues p,, and 
q,, then 


Plb)=p, |b)  Olb)=q, |W) (7.14) 


and Poe . 
OP |b) = p.Q |) = Pad |) 
PQ |b) = q.P |b) = apn |W) 
If this is true for a complete set of states, it implies that 
PQ— QP =[P, Q]=0 (7.1) 
Another important result concerns the time dependence of the 
expectation value of an operator. If the operator O does not depend 


explicitly on time, the time derivative of the expectation value in 
any state |) is given by 


(7.1b) 


< (wl Ob) == (| OF AO |W) 7.24) 
t ih 


where H is the Hamiltonian, or the energy operator, of the system. 
Clearly, if O commutes with H, then the expectation value of Q in 
any arbitrary state of the system does not change with time. The 
operator Q in this case represents an observable that is a constant of 
the motion. Thus, we see that 


if [O, H]=0, then OQ is a constant of the motion (7.2b) 


Comparing Eqs. (7.1c) and (7.2b) it is evident that constants of 
the motion are compatible with the energy operator. Thus, the 
cigenstates of the energy operator, i.e., the stationary states, carry, 
in addition to their energy eigenvalue, labels that are the eigen- 
values of the constants of the motion. This is of particular impor- 
tance when states corresponding to different eigenvalues of a con- 
stant of the motion are degenerate in energy. As an example, 
consider a proton at rest and the two states of its spin projection 
onto the Z-axis. In the absence of an external field the two states 
are degenerate and stationary. We can distinguish them by giving 
not only the energy eigenvalue, which in this case is just the rest 
mass, but also the spin projection +1/2 or —1/2 of the state. For this 
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to be possible the spin operator G, must commute with the Hamilto- 
nian. For a proton at rest this is true in the absence of a magnetic 
field. It remains true in the presence of an external field if the field is 
along the Z-axis. 

In order to establish the complete spectrum of stationary states of 
a system we must find all the constants of the motion and label the 
states by the eigenvalues of these operators. Frequently, the eigen- 
values of the constants of the motion are referred to as “good 
quantum numbers.” This is analogous to classical physics where a 
knowledge of the constants of the motion greatly facilitates the 
solution of the problem. 

As an example, we know from classical mechanics that when a 
system has spherical symmetry the angular momentum is a constant 
of the motion. This ts also true in quantum mechanics and, there- 
fore, the stationary states must be labeled by the values of the 
energy E,, and by the values of the angular momentum | 


Wav (7.3a) 


The projection of the angular momentum along an arbitrary axis is 
also a constant of the motion, and this is specified by the index m. 
Thus, the complete description of a stationary state of a spherically 
symmetric system involves the three indices n, 1, and m, which 
specify the corresponding eigenvalues. In this case we represent a 
state by 


[Wrntim? (7.3b) 


If, in addition, the system has internal degrees of freedom, such as 
spin, further indices are required to label all the possible stationary 
states, for example, as |Win). The basic problem of finding the 
complete set of stationary states has thus been shifted to finding the 
constants of the motion of the system and their eigenstates. 

As a further illustration, let us consider a particle moving in a 
position dependent potential U(x). In that case, as we know from 
Eq. (6.7b), the position coordinate and thus also the potential does not 
commute with the momentum operator, and therefore 


[H, 6140 Ge) 


The momentum is not a constant of the motion and cannot be used 
to label stationary states. On the other hand, in the absence of the 
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potential, that is, for a free particle, the momentum operator 
commutes with H, and therefore the familiar plane-wave states of 
well-defined momentum are stationary. 

Finally, we recall that if two observables are compatible and the 
operators representing them are expressed by matrices, then there 
exists a representation where both operators are simultaneously 
diagonal. This follows from Eqs. (7.1a)-(7.1c), but is also self- 
evident since two diagonal matrices always commute. 


7.2. SYMMETRY AND CONSERVATION LAWS IN 
QUANTUM MECHANICS 


When we look at a geometric drawing or at an object we can discern 
certain symmetries. For instance, if we rotate a glass of water by any 
angle we see the same image. If we turn the drawing of a square by 
90°, 180°, or 270° we perceive the same figure. Operations that 
leave the appearance of the object unchanged are symmetry opera- 
tions for that particular object. Different objects have different 
symmetries. We extend this notion to a physical system by defining 
as symmetries those operations that leave the equations of motion 
and hence the time evolution of the system unchanged. For instance, 
if a system is subject only to internal forces, then translating it in 
space does not affect its time evolution, and, therefore, the opera- 
tion of translation is a symmetry of this system. Similarly, if a system 
is subject to central forces, then a rotation of the system about the 
source of the force is a symmetry operation. 

Symmetries are not restricted to geometric operations only, but 
are rather of more general nature. For instance, the exchange of 
identical particles discussed in Section 3.6 is clearly a symmetry 
operation since it leaves the physical system and its evolution 
unchanged. Similarly the internal degrees of freedom of elementary 
particles exhibit a high degree of symmetry even though they cannot 
be interpreted by classical geometric concepts. 

So far we have considered symmetries as operations acting on the 
physical system. That is, the physical system undergoes the change. 
This is known as the active point of view. We can also describe a 
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symmetry by considering an equivalent transformation of the coor- 
dinates in the inverse sense. This passive approach is often more 
convenient for calculational purposes and is widely used. We illus- 
trate this by an example. Consider an electron moving in a Coulomb 
potential 


2 = 


2 Pr 
Amer 4me,(x? + y?+27)'? 


U(x, y, z)= (7.4a) 


If we invert the position? of the electron with respect to the origin, 
the electron still sees the same potential: inversion is a symmetry 
operation. We can view this operation also in the inverse sense, that 
is, We can perform a transformation that inverts the coordinates. 
This is known as the parity transformation, which we designate by P. 
Under such a transformation 


x—>-x yo -y z—->-z (7.4b) 


which leaves the Coulomb potential of Eq. (7.4a) unchanged or 
invariant. This conclusion is equivalent to our previous observation 
that the active inversion of the electron’s position did not alter the 
potential seen by the electron. 

Once the effect of a symmetry transformation on a set of variables 
is specified we can express the result of the symmetry operation on a 
function of these variables. For instance, consider the parity opera- 
tion P. Its effect on an arbitrary function of the coordinates is 


PEO; yi 2) fey; 2) (7.5a) 


If the function f expressed in the transformed coordinates 
f(—x, —y, -z), is equal to the original function, i.e., if 


tix, yn 2) — 7 Ux, Y; z) (7.5b) 


then f(x, y, z) is invariant under the symmetry operation P. We can 
also say that the function f(x, y, z) is symmetric under parity. This 1s 
the case for the Coulomb potential. 

Symmetry operations are expressed in quantum mechanics as 
operators acting on the states of the system in Hilbert space. 


+ Of course, the electron is not localized at any position in space; only the 
probability of finding it at that position is known. 


266 QUANTUM MECHANICS 


Consider a symmetry operation T and a system described by the 
state |W), and let the effect of T on this state be such so as to change 
the system to the state |’). We then define the operator T corres- 
ponding to this particular symmetry operation through 


T |b) =|’) 
as valid for all states |W) of the system. The operation T will be a 
symmetry for this particular system if it leaves its time evolution 
unchanged, that is, if |y) and |i’) evolve in time in a similar manner. 


The evolution of a quantum state is given by the time develop- 
ment operator [Eqs. (4.1) and (4.13b)] 


lW(t2)) = U(t.— ty) |W(t,)) (7.6a) 
and , 
|b'(t2)) = U(ta— ty) |"(t,)) (7.6b) 
where |i’) is the state resulting from the symmetry operation 
l(t.) = T l(t) (7.7a) 
If the two states are to evolve identically it must also hold that 
|W'(t2)) = T |(t,)) (7.7b) 


Using Eq. (7.6a) to express |w&(t2)) and introducing the expression 
for |'(t,)) from Eq. (7.7a) into Eq. (7.6b) we obtain the identity 


l(t) = TU (t)- ty) |W(t,)) = U(ty— aye |us(t,)) 
Since the state |w&(t,)) is arbitrary, our result implies that 
TU(t—-t,)= ie tT (7.8) 


provided that T is a symmetry operation for the system. 

As the time interval (t,—t,) becomes infinitesimal, the time 
development operator can be expressed by its differential form [Eq. 
(4.9b)] 


O(At)=1-> A At, At—>0 


where H is the Hamiltonian for the system. Consequently, Eq. (7.8) 
implies that 
T= ts A= UT= t- aaT 
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or that T must commute with the Hamiltonian of the system. 


TA-Hi=0 
Thus, if 
| eer ehety) (7.9) 


then the transformation induced by the operator T eee symmetry 
operation of the system with Hamiltonian H. Equation (7.9) defines 
symmetry transformations for quantum systems and is one of the 
most profound and beautiful relations of quantum mechanics. 


Invariance of the Hamiltonian 


An immediate physical interpretation of Eq. (7.9) is obtained by 
examining the effect of the transformation T on the Hamiltonian. 
Assuming that the inverse transformation exists and is represented 


A 


by the operator T', then Eq. (7.9) is equivalent to 
i 7Ht =a (7.10) 


In other words, the transformed Hamiltonian operator H' is equal 
to its value before the transformation was applied: If i represents a 
symmetry operation of the system, it must leave the Hamiltonian 
invariant. 

We can illustrate this point by the example of the electron moving 
in the Coulomb potential of Eq. (7.4a). In the coordinate represen- 
tation the Hamiltonian can be written [see Eq. (6.20b)] as 


5 


: a a a e*/Amre, 
2m (x7+ y*+ z7)1? 


+— +5 
Oca oy 07 


(7.11a) 


Inverting the position of the electron with respect to the origin is 
equivalent to the inversion of the coordinates as indicated by the 
transformation given in Eq. (7.4b). We represent this transforma- 
tion by the operator P. and it is clear that it leaves the Hamiltonian 
of Eq. (7.11a) invariant. We write 


H'= PHP-'=H (7.11b) 


and conclude that the parity transformation is a symmetry for an 
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electron moving in a Coulomb potential. Therefore, the energy 
eigenstates must also be eigenstates of the parity operator; they 
must be states of definite parity. The invariance of the Hamiltonian 
provides us with a reliable and easy method for finding the symmet- 
ries of quantum systems. 


Conservation Laws 


Comparison of Eq. (7.9), which defines the symmetry transforma- 
tions of the system, with Eq. (7.26), which defines the constants of 
the motion, shows that they are identical statements. Thus, for every 
symmetry of the system there must exist a constant of the motion. 
The existence of constants of the motion is often expressed as a 
conservation law. When we say that momentum is conserved in all 
interactions we imply that the total momentum of the system is a 
constant of the motion. The connection between conserved quantities 
and corresponding symmetry operations is a fundamental concept of 
both quantum and classical mechanics... 

In the study of natural phenomena certain conservation laws 
appear to have universal validity. They therefore acquire extreme 
importance and must reflect fundamental symmetries of nature. In 
Table 7.1 we list some of the most important symmetries together 
with the corresponding conserved observables. 


Table 7.1. Some of the Most Striking Symmetries of Nature 


Symmetry transformation Conservation law 
Pern utation of identical Bose-Einstein or Fermi—Dirac 
pai ticles Statistics 
Translation in space Momentum 
Rotations in space Angular momentum 
Translation in time Energy 
Reflection about a plane or Parity 
point in space 
Lorentz transformation Energy-momentum relations 
Gauge transformations of Electric charge 


electromagnetic potentials 


+ This is known as Noether’s theorem, which is valid for continuous symmetries. 
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All of the above symmetries, with the exception of the parity 
transformation, are presently believed to be exact symmetries of 
nature and are observed in all physical phenomena. 


Example 


We can illustrate some of these ideas by using the example of the 
ammonia molecule discussed in Sections 4.4 and 4.5. For this simple 
two-state system it is convenient to use a matrix representation for 
the Hamiltonian. Thus, the operation representing the symmetry 
transformation should be expressed by a 2X2 matrix, whereas the 
eigenstates will be represented by two-component column vectors. 
The physical configuration for the states |1) and |2) is shown in Fig. 
7.1. If we perform a reflection about the plane of the three hyd- 
rogens, state |1) becomes state |2), and vice versa. We designate the 
reflection operator? by Pr so that 


p =|2 
alia (7.12a) 
Pr |2)= |1) 
We represent the states |1) and |2) by the column vectors 
1 0 
1y=(5) 2)= (7) (7.12b) 


\I> a> 


FIGURE 7.1. The two states of the ammonia molecule. 


+ This is not the same as the parity operator introduced in Eqs. (7.45) and (7.115), 
which represents a complete inversion about the origin. 
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in which case the operator P, has the matrix representation 


P= ie ) (7.12c) 


which follows from the defining equation [Eq. (7.12a)]. 
In the |1),|2) representation the energy matrix is given by Eq. 


(4.49a) . 5, 
‘7 ne 13a 


We can check whether P, is a symmetry operation for the ammonia 
molecule by forming the products 


2 Nee = = Be 
B= alls calemGer oe 
1 0) \=Al Be Be 2A 


. as ao. (751) 
mM Ce 
This shows that ae ae 
Pe ee (Fi13a) 


Therefore, Pe commutes with the Hamiltonian. showing that reflec- 
tion about the plane of the hydrogens is a symmetry of the ammonia 
molecule. 

Since P commutes with the Hamiltonian its elgenstates must be 
simultaneous eigenstates of the energy operator. The stationary 
states of the ammonia molecule, states |I) and |II), expressed in the 
Eqs. (4.53b) 


ra() 


\II) =siall) By \) 


1) Sr lID+ PM 
(7.14a) 


If we operate on these states with Pg using the matrix representa- 
tion of Eq. (7.12c) we obtain 


(7.146) 
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which shows that the stationary states are eigenstates of P,: they 
have eigenvalues +1 and —1, respectively. 

The reflection operation has the special property that when 
applied twice on a state it must reproduce the original state’ from 
which it follows that 


(Pz)? = PP =1 (7.15a) 


Therefore. if a state |) is an eigenstate of P,, with the eigenvalue «a. 
then 


Pra |)=a |b) and PPp |= Palo |)) = a (Pe |b) = a? |e) 
But we also know that 
PrPp |W) =|) 
Therefore, we conclude that 
@*=1 or a=+1 (7.155) 


which indicates that the only possible eigenvalues of the reflection 
symmetry operator Pr are +1 and —1. This fact is borne out by Eas. 
(7.14b). 

Since Pg commutes with H as shown in Eq. (7.13c), there must 
exist a representation in which both H and Pa are simultaneously 
diagonal. Of course. H is diagonal in the representation where the 
basis states are the stationary states |I) and jII). This representation 
is obtained from the |1), |2) representation by the unitary transfor- 
mation S, which we have used before. It is given by Eq. (4.55b) 


fea) [1)  |2) 
ee ee ad sina 1 16) 
AZ dr 1 Jae —1 


Under this transformation the Hamiltonian of Eq. (7.13a) becomes 

diagonal and has the form given by Eq. (4.55a) 

(Se A 0 
0) 


H' = SHS"'= 
fay HA 


aN a) 


+ The same is true for the symmetry under the exchange of two identical particles 
discussed in Section 3.6. 
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The operator Pp transforms according to the same prescription 


Pp. = SP.s =a, le al, ) al’ i" 
ee Oe Sa ea ele read 
(7.17b) 


As expected, in the representation of the stationary states |I) and |II) 
of the system, the symmetry operator Pe is indeed diagonal and has 
the eigenvalues +1 and —1 as we have already found in Eqs. 
(7.14b). 

These manipulations illustrate the power of transformation 
theory. For instance, it would be difficult to establish directly the 
form of P% in the |I), |II) representation. On the other hand, it was 
straightforward to establish Pr in the |1), |2) representation from the 
physical structure of the ammonia molecule. As a further exercise 
the reader should verify that in the presence of an electric field. the 
reflection operation Pe ceases to be a symmetry of the system. In 
that case the energy matrix is given in the |1),|2) representation by 
Eq. (4.58a) 


a Eot+ we =/A\ 


H , 
1 a Eo— pé (7.18a) 


Using the representation given by Eq. (7.12c) for Pg one finds 
immediately that 


P,A,— HPF 0 (7.18b) 
Such a situation arises frequently in nature. An isolated physical 
system may have a high degree of symmetry; however, when it 


interacts with another system, or if a perturbation is applied. the 
symmetry or part of it may no longer be valid. 


7.3. SYMMETRY TRANSFORMATIONS AND THEIR 
GENERATORS 


We have seen that quantum systems admit certain symmetry opera- 
tions that do not alter their evolution. The results of performing 
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such a symmetry operation on the system are equivalent to those 
obtained by an appropriate transformation of the coordinates. Such 
transformations can be represented by a corresponding operator 
acting on the Hilbert space. As an example we considered the 
operation of reflection with respect to a plane and applied it to a 
simple two-state system. In that case the relevant operator Pp could 
be obtained from direct physical arguments. We would now like to 
develop a systematic approach for constructing the operators for 
different symmetries. Furthermore, we should be able to give their 
explicit form in certain specific representations. 

Our first observation is that since a symmetry transformation 
leaves the evolution of the system unchanged, it must not affect the 
normalization of a state. Therefore, symmetry transformations must 
be unitary. Designating a symmetry transformation by the operator 
T, it must hold that 


T'T =TT'=1 (7.19) 


Next we show that the eigenvalues of a unitary matrix have modulus 
1. Note that any matrix can be written in the form 


(7.20a) 


where the matrices (T+ 1')/2 and (T - T')/2i are evidently hermi- 
tian. Furthermore, they commute since T commutes with T’. Thus, 
they can have simultaneous eigenfunctions. If we choose these 
eigenfunctions as basis states, the matrices (Te ae /2 and 
(T— T")/2i are simultaneously diagonal and so is the matrix T. We de- 
signate the eigenvalues of T by a, the eigenvalues of ie are then 
given by a*. In view of Eq. (7.19) the eigenvalues TT are 1. 
Thus 


aat=1 or a,=e"s (7.20b) 


with 6, real. 

If T is a symmetry of a particular quantum system it must 
commute with the Hamiltonian. Therefore, the stationary states are 
also eigenstates of T, and T is diagonal in the representation where 
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the stationary states are chosen as the basis states. It follows that 


T |.) = a, |W.) = |e) 
where |yf,) is a stationary state and (7.20c) 
T is asymmetry of the system 


The second observation is that repeated application of a transfor- 
mation must be equivalent to a single transformation from the initial 
configuration to the final one. For instance. if T\(a) represents a 
translation of the system along the X-axis by a distance a, then 


T,.(b)T, (a) = T,(a +b) (73245) 


Unitary operators that satisfy a relation such as that given by Eq. 
(7.21) are of the general form 


ie (Jee) 


where O is a hermitian operator; that is, O= o* and A is a real 
parameter. By the very construction of Eq. (7.22) we have assumed 
that the transformation U,(A) will be unitary since 


Uo(a) Ut (A) = e!Me I =4 = UA) UG (A) 


The hermitian operator Q in this case is called the generator of the 
symmetry transformation. 

In what follows we construct the unitary transformations for 
translations and rotations in space. We show that the generators of 
these transformations are the momentum and angular momentum 
operators, respectively. It is now clear that if Ua is a symmetry 
transformation of the system, that 1s, if 


(earnl= 0 (7.23a) 
then the generator O must commute with the Hamiltonian 
(onrnl—0 (7.23b) 


This follows because Eq. (7.22) can be expressed as an expansion in 
powers of Q 


(iA)? 
Cold) =14 00+ (O)+- (7-23) 


ThussBy. (7.230). canhbesatitieuaifsandonlyifEg. (723)\nisevabiad: 
We therefore reach the important conclusion that for any symmetry 
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of a quantum system the physical observable represented by the 
generator of the symmetry is a conserved quantity. It is this result that 
provides the connection between symmetries and conservation laws, 
examples of which were given in Table 7.1. 


Translations 


We consider a specific symmetry transformation, the translation of 
the coordinates. Let f(x, y, z) be an arbitrary function of the coordi- 
nates. If we translate the system described by this function along the 
X-axis by a distance e, the function f(x, y,z) will change to 
f(x+e, y, z). We can Taylor-expand f(x+«, y,z) about the point 
(Se, MS By) 


af 
fixe +e. ye ys ) gl 


tee 


X.V.Z 


If « — 0, only the term linear in € is important and 


a re) 
f(x+e, y, z)=[T,(e) lf (x, y, z)= (1 +e“) fx y, Z) 
(7.24a) 


Thus, for ¢ > 0 the translation operator T,(e) is given by 
a te) 
Tle)= 1 tee. e—0 (7.24b) 
: 


In the coordinate representation 0/dx =(i/h)p,, where p, is the 
momentum operator. Thus, we can write the operator for infinitesi- 
mal translations in the form 


T(e)= fe e—>0 (7.24c) 


A finite translation by the distance a along the X-axis can be 
generated by the repeated application of infinitesimal translations 


eee 
pea = eli/inb,a 
hn 


ia) =lh(eyn =| 144 .¢| ~ [+H 


(ea) 


where a =ne with n ~~ and e—0. That the above expression does 
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indeed induce a finite translation of the coordinates can be verified 
by a direct expansion of the exponential 


i od a ae ae i 

- — pe) +3-(>b,) t:°-  (7.25b 
T.(a) = ita e += (2) 31 \y, Px ( ) 
OT 


Tey = 14. , a 
ajy= oe — 
ax 2!ax? 3! ax? 


(i250) 


Clearly. when T.(a) as given by Eq. (7.25c) acts on a function of 
the coordinates f(x, y, z), it will yield the same function translated to 
the point (x +a), as follows from the Taylor theorem. Thus 


[T.(a)]f (x, y, z)=f[(x+a), y, z] (7.25d) 


The above result can be generalized to a translation along an 
arbitrary direction a where 


a= au, + ayu, + a_u, 


In this case the desired translation can be achieved by a successive 
application of translations along each of the three axes, where we 
recall that the momentum operators along different directions com- 
mute. Thus 


T(a) = Wao (a,)T,(a,) = e /b,a, e MBA, 6 (i/Ap_a_ 
or 


; T(a) = e@/P* | (7.26) 


Fven though we used the coordinate representation to relate d/ax, 
d/ay, and d/dz. to the Momentum operators p,. py, and p.. Eq. (7.26) 
is a relation between operators and, therefore, remains valid in any 
representation. 

As an example consider a free particle of mass m. In the coordi- 
nate representation the Hamiltonian is given by 


ee (7.27a) 


H commutes with T(a) because the operator p commutes with p>. 
Thus, translation of the coordinates is a symmetry operation for the 
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free particle, and consequently the free-particle stationary states 
must be eigenstates of Tay They must also be eigenstates of p. 
which is the generator of T(a). We can check this in the coordinate 
representation where the stationary state wavefunctions for the free 
particle are given by plane waves 


= yin e AEt—p-x) (7.27b) 
Operating on this wavefunction with T(a) as given by Eq. (7.26) we 
obtaint 


T(a)bs,(x, t) = (e“?*) h(x, 2) (7.27c) 


In the above expression the vector p appearing in the exponent is no 
longer an operator, but is the eigenvalue of the momentum corres- 
ponding to the plane-wave wavefunction y,(x, t). We have con- 
firmed that the free-particle wavefunctions are eigenstates of T(a) 
with the eigenvalue 


e (i/A)p-a 


This eigenvalue has modulus 1 in accordance with our general 
conclusion about the eigenvalues of unitary matrices [Eq. (7.20b)|. 


Rotations 


As the next symmetry transformation, we consider rotations about a 
fixed axis. Let f(x, y. z) be a function of the coordinates and let us 
perform an infinitesimal rotation by the angle w around the Z-axis 
on the system described by the function f. Then 

R,(w)f (x, y, Z) = f(x — ay, y + ox, z) (7.28) 


We Taylor-expand the function on the rhs of the above equation, 
and since w — 0 we keep only the terms linear in w 


of 


0 : 
f(x—wy, y+ x, z)= f(x, y, 2)-oy + ox + terms in w* 


(7.28b) 


+ Think in terms of the expansion indicated by Eq. (7.25c). 
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or 


Rlwrfeax2=[I+0(x-y5)|flan2 2-0 


We recognize that the differential operator 


is the coordinate representation of the operator for the projection of 
the angular momentum onto the Z-axis as established by Eqs. 
(6.21c). Therefore, we write 


R.(w) f(x, y.2)= (142 of) Fl V. 2); o> 
or 


uae It; ole, oe ae0 (7.284) 


A finite rotation by an angle a about the Z-axis is obtained by 
repeated application of the operator for infinitesimal rotations lead- 


ing to 


As before, this result is an operator relation and, therefore, 
independent of any particular representation. By the same proce- 
dure we find the symmetry transformation for rotations about the 
X- and Y-axes as 


R,(B)= e/PLB (7.29b) 
Ry (y) = e@ by (7.29c) 


We must now exercise some care because the generators of rota- 
tions i, i and jie do not commute with one another and, 
therctore, netther will the rotation matrices R.. R,, or Re Thas fire 
order in which successive rotations about different axes are per- 
formed is very important. 

We sce that the angular momentum operators are the generators 
of rotations. If the system is spherically symmetric. then rotations 
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about any axis leave the system invariant, and hence the three 
operators 


i Cand L, (7.30a) 
commute with the Hamiltonian. In addition, the operator 
| Snes tier) (7.30b) 


commutes with the Hamiltonian as well as with each of the 
operators [og om and Le Therefore, the magnitude of the total 
angular momentum and its projection along the three axes are 
constants of the motion for spherically symmetric systems. However, 
as we have seen before, the three operators bes ie and Le. do not 
commute among themselves, and, hence, only the magnitude of the 
angular momentum and its projection along any One axis can be 
measured simultaneously. That is, only the three operators 


H, L? (and one of L,, L,, L,) 


can be made simultaneously diagonal. It is customary, but of course 
not necessary, to choose a representation in which i. is diagonal. 
Then the stationary states of a spherically symmetric system are 
labeled by the eigenvalues of H, L?, and L.. An electron moving in 
the Coulomb potential of Eq. (7.4a) is an example of a system with 
spherical symmetry, since the Hamiltonian [see Eq. (7.1la)] re- 
mains invariant under rotations. 

In the coordinate representation the angular momentum operator 
L can be expressed as a differential operator 


eS veel Oe (7.31a) 


where @ is the angle of rotation about the Z-axis, the azimuth 
angle. The amplitudes 


Vn(h) = = er m real (7.31b) 


are clearly eigenfunctions of L. with eigenvalue hm. Therefore, they 
also will be eigenfunctions of the rotation operator about the 
Z-axis, as given by Eq. (7.29a). Consider a finite rotation by the 
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angle a about the Z-axis 


R.(a) th, (b) = eh, (b) 
fe 
Qa)" 


= ex alee) 


ere Seat) (72320) 
We see that w,,(d) is a representation of the eigenfunctions of 
R.(@) with eigenvalue e“’'", as expected for unitary operators. This 
result is completely analogous to that obtained in Eq. (7.27c) for 
translations. 

On physical grounds we expect that a rotation by an angle a = 27 


will return the system to its original configuration. Then, from Eq. 
(7.32a) we have 


en a ei2mr 1 (7.32b) 
which implies that 
m=0(0,+1,+2,... (7.32c) 


This result establishes the possible eigenvalues of the projection of 
the orbital angular momentum operator onto the Z-axis.1 However. 
if we consider angular momentum in general, including spin, the 
eigenvalues of L, are hm with 


m=0, +4, +1, +3, 42,... (7.33) 


We will show in the next section how this conclusion follows from 
the general properties of the angular momentum operator. 


7.4. ANGULAR MOMENTUM OPERATORS AND THEIR 
EIGENVALUES 


The angular momentum operators were defined in the coordinate 
representation by Eqs. (6.21c¢). This definition was obtained by 


t As already pointed out the amplitude for a quantum state need not be invariant 
under transformations that correspond classically to the identity, This is because the 
amplitude itself is not an observable. Thus, the assumption of Eq. (7.32c) is too 
restrictive unless we are dealing with an observable that has an exact classical 
analogue. 
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analogy with the classical expression 
L=rxp (7.34a) 


and we introduced the three operators L,, lig and L.. Furthermore, 
the sum of the squares of these operators defines the total angular 
momentum squared operator as given by Eq. (7.30b). The most 
crucial step is to recognize that the orbital angular momentum 
operators obey the commutation relations given by Eqs. (6.22) 


oe ee 
(L,, £,]= ink, (7.34b) 
[Lb Sa. 


These relations were established by direct calculation in the 
coordinate representation. However, since they are operator rela- 
tions they must be generally valid independent of any particular 
representation. We will, therefore, use Eqs. (7.346) as the defining 
relations for a triplet of operators 


Weed oe (7.35a) 
which we call the angular momentum operators. We use the symbol J 
to indicate that we are not restricted to orbital angular momentum, 
which is derived from Eq. (7.34a). Furthermore, we write the 
commutation relations in compact form? 


: i, j, k cyclic | (72350) 


where i, j, and k stand for x, y, and z. We then introduce the 
operator J* through 


= Paes (7.36a) 


+ The triplet of angular momentum operators can be expressed more compactly by 
introducing the equivalent of vector notation 


j= J,u,+Ju,+J_u, 


in which case the commutation relations of Eq. (7.35b) can be written as the single 
equation 
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which commutes with the operators J, so that 
[J?, J,]=0 (7.36b) 


as can be easily proved by using Eq. (7.35b). 

We are now in a position to obtain the eigenvalues of the angular 
momentum operators. We will do this without recourse to any one 
particular representation, using only the defining commutation rela- 
tions of Eq. (7.35b). This is possible because the operators in 
question are generators of a symmetry transformation, and sym- 
metry transformations form a group. In our case, Eq. (7.35b) is 
identical to the algebra of the continuous SU(2) group. The deriva- 
tion is rather mathematical, but the results are of such wide applica- 
bility in quantum mechanics that one should become completely 
familiar with them. 

We consider a representation in which J° and J. are diagonal. 
Such a representation exists in view*of Eq. (7.36b). Next we 
introduce the two nonhermitian operators 


J,=I5,.+i, 
lle a (7-374) 
J mS, —iS, 
so that ; . . 
Pe, ART TS a (7.37b) 


This follows from the fact that ie i, Ne are hermitian. It can be 
easily shown that the operators J, and J— obey the commutation 
relations 


(J.J em, (Jake ted (7.38a) 
and 
[J., J_]=2nJ, (7.38b) 


In particular, they obey the algebra 


jpeterih3, 5.54.32 = Pas, 


pe ee ee ae (7.39) 
Era tS — Jd Naga J ea 


The operators J, and J_ are raising and lowering operators, 
respectively, analogous to the @, and @ matrices defined by Eqs. 
(4.74a). To prove this we consider a state |w,,,), which is a simul- 
taneous eigenstate of J? and ds with the cigenvalues h’B and hy, 
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respectively. Namely, 

F lhe = WB le.) (7.40a) 

J, |p) = hu lhe...) (7.406) 
From Eq. (7.38a) it follows that 

fi ee 3 hJ, or ia os vad. + fh) 
and therefore 
IIs Wud = IG. +0) Wau) 

If we now use Eq. (7.405) to express ve IW.) We obtain 


FF. \e,,)) = hw + IWS. |he,,.)) (7.41) 


This is the first important result. It shows that the state (J, la. u)) 
is an eigenstate of J. with the eigenvalue hipe+ 1). Therefene, J, 
operating on an eigenstate of J? and Joa ls... produces the eigen- 
state |W,,,+1) with the eigenvalue of J, equal to h(u + 1). Corres- 
pondingly, one can show that the operator J operating on |W...) 
produces the eigenstate |W,,, ,) with the eigenvalue of ip equal to 


(yw —1). 
We express this result by writing 
J |Wou) = Cou lpu+1) (7.42a) 
Fle) =a Was) (7.42b) 


where the coefficients cy, and d,,, are constants to be determined. 

If J, and J_ are raising and lowering operators, then kor], 
are diagonal operators as is also evident from Eqs. (7.39). Let us 
now calculate the expectation value of ead 


Ui ible lea da aa) 
or 


(Weul yP- j2- hd, le.) aa lcaul? 
or (7.43a) 


(hB a hp? 4 hw) (he.ul Wow) = Icaul” 
or 
leg, =AAB— p(w + 1)] 


where we have assumed that the states are properly normalized. We 
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can choose the constants to be real so that 
Cau = pepe (es 1))"” (7.43b) 
Similarly, the expectation value of J.J_ gives 


We eas Wau) a ldg.al? (Wau | Wa—1 


(bel J?7-J2+h5, \be.)=\de,l (7.44a) 


Or 


or 
ldeul =R16 — w(e—1)] 
And if we choose the constants to be real, then 


dg,= 4%, =h[B—p(p—1)]*? (7.44b) 


Note that since B corresponds to the eigenvalue of a positive 
operator J?,82=0. Furthermore, note from Eqs. (7.43a) and 
(7.44a) that both 


cay iecand (da. =0 (7.45) 


This implies that although the eigenvalue uw of a state can be raised 
and lowered, it cannot be done so indefinitely. In fact. from Eqs. 
(7.43a), (7.44a), and (7.45), we see that there must exist a state 
with a maximum wp value p,,,4, Such that 


B— Umax(Umax + 1) = 0 (7.46a) 


Similarly, there must exist a state with a minimum eigenvalue yn 
such that 


Bite ian = 0 (7.46b) 


It is quite simple to see that the above relations must be true, for if 
such states did not exist, we could apply the raising or the lowering 
operator to raise or lower the value of uw so that the positivity 
condition of Eq. (7.45) would be violated. 
Equations (7.46a) and (7.46b) have two solutions. One which 
gives 
(Data Barer | (7.47) 


has to be rejected since it SAYS fanny > ma. The second solution has 
the form 


SYMMETRIES AND CONSTANTS OF THE MOTION 285 


and 
B=jG+1) with j=0 (7.48) 


The final step is to show that j cannot take arbitrary values. To 
this effect we know from Eq. (7.42a) that we can obtain the state 
Iveu,,,) from the state |W,,,.) by repeated application of the J. 
operator (or vice versa by repeated application of ey. Every time i, 
Operates it increases the eigenvalue uw by one unit: therefore, the 
difference between Umax aNd fzmin Must be a positive integer or zero 


max — Umin = ] —(—j) = 2] = positive integer or zero 


Thus j can be a positive half-integer, or integer, or zero! We 
summarize these important results and display them below: 


The eigenvalues of J* are 


h?j(j+1) with j = 0, 4, 1, 3, 
iG ] 3, 1,5 (7.49) 


For given j the eigenvalues of J, are 
hm Win ——y, —G— lye — 1). 7 


The coefficients cg, and dg,, are obtained from Eqs. (7.46) 
Com = ALJ + LY — mdm + 1)? = ALG — ej + om + 1)? 
dj m= AjG+1)—m(m—-1)]'?=*A[GG+m)G-—m+1)]'? 

leading to the important relations 


J |Win) = ALG — m)G +m + 1)]"? |b it) 
F_ |Win) = ALi + m)(j—m + 1)]!? |W, m1) 


We have found that the eigenstates of the angular momentum 
operators are characterized by two eigenvalues, that of J? and ia 
For any given value of the integer j there exists in the Hilbert space 
a subspace with (2/+1) eigenstates that correspond to different 
eigenvalues of J.: these are labeled by the index m. It 1s therefore 
reasonable to use the analogy where the eigenvalue of Por ripe |): 
is a measure of the magnitude of the angular momentum of the 
state. Then the eigenvalues of Ji hm, are interpreted as the projec- 
tions of that angular momentum onto the Z-axis. Consequently, the 
projections of the angular momentum of a system, or. say. of its 


(7.50) 
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magnetic moment, On any One axis are quantized. The total number 
of such states depends on the value of j, that is, on the total angular 
momentum (or spin) of the system. We have already discussed the 
experimental observation of these effects on several occasions. For 
instance, for electrons or protons, j = 3, and thus there are only two 
projections onto any axis. They are labeled by m = +3. 


7.5. REPRESENTATIONS OF THE ANGULAR 
MOMENTUM OPERATORS AND THEIR 
EIGENSTATES 


The results that we obtained in the previous section and the ones 
given in Eqs. (7.49) and (7.50) are completely general and indepen- 
dent of any particular representation. We will now discuss two 
particular representations for the angular momentum operators in 
order to facilitate their use in specific problems. 


Matrix Representation 


Let us choose a representation in which J* and J, are diagonal 
matrices. Then the eigenstates are labeled by the corresponding 
eigenvalue indices ; and m, and we indicate them by the bra |j. m). 


coe 


If we “ignore” J,, the matrix for J? would be of the form 
pm 0) 1/2) |) 13/2) 
mili om o 0 


(ee 0 a/4 0) (0) 
Tee iy | 0 0) 2 0) 


ae |G 0 Qe 


This matrix ts infinite since 7 can be as large as we wish, as long as it 
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remains a half-integer or an integer. When we take J, into account 
we note that to each value of j correspond (2j + 1) states labeled by 
their m-values. Thus, the complete form of the hermitian J* matrix 
iS 


\0,0) |1/2,+1/2) |1/2,—1/2) |1,4+1) 1,0) |1,-1) 


0,0) |O 3 0 0 
1/2, +1/2) 3/4 ‘jae 
0 0 1 0 
1. (1/2, -1/2) at 3/43 
a es rrr fone en cee eec etree eee feo es eee eee eee eee eee bas 
h? 11, +1) me 0 0} 
11,0) |o | 0 i 0 2 0: 0 
host LG 0 OO 
eee Mee esctnackacencas j-nceeeeeeucas ae so= ea penn 
0 3 0 0 ' etc. 
(7.5la) 


The dashed lines are used to separate the degenerate parts of the ye 
matrix, that is, the states that correspond to the same value of j. 

In this representation the hermitian J. matrix is also diagonal, and 
in view of Eqs. (7.49) it has the form 


ROS UDY M2 Tee) ee, TR I IY OS aaa 


l0, 0) 
1/2, +1/2) 
ae 21/2 

ae = |1/ 1/ ) -----t oy EEA eR oe en een ee aa SE eS once et ee a ea ke ee rocco 
1 (1, +1) ' +] 0 0 
(roo | 0 0 0 0 
i) 0 a 

: ; H ' ete. 

(7.51b) 


The eigenstates are represented by infinite column vectors with a | 
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at the appropriate entry and zeros for all other entries. For instance 


1 0 0 
0 0 0 
0 1 0 
10,0)="f oO \1/2,—-1/2)f 6 UO) | <6 etc 
0 0 1 
0 0 0 
(75a) 


To construct the matrices for 7 and 7, we make use of the 
definition of Eq. (7.37a) 


A ieee. A ye PB 
== (5,45 = 
oe ee (7.52a) 


Since J, and J_ do not change the value of j, the matrix elements of 
these operators cannot connect states with different ; value. In other 
words, the matrices J, and J_ are block-diagonal between the 
dashed lines of the matrices shown in Eqs. (7.51a) and (7.51). It is 
therefore customary to write out the submatrices for any given value 
of j separately. The matrix elements are obtained directly from Eqs. 
(750) 

(i,m +1 JL, ma) = ALF mj +m + DY? 


i 
(i Wien nergy ne ty Oe”) 


and all other matrix elements are zero because of the orthogonality 
of the eigenstates. 
Using the above results we find for the case j = 1/2 


eee PD eal Peay.) 


J, Mei oa. 
h |1/2, —1/2) 0 0 
\1/2,+1/2) 1/2, -1/2) 
i. Wee) See 
h 1/2, -1/2) tl 0 
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From these non-hermitian matrices we obtain J, and sb using Es. 
(7.52a). Thus, the J,, J,, J.. and J~ submatrices for the case j — 1/2 
have the following forms 


2 a AO) Il A ) = 
etl) aot 3) 
2 o 2 NE 


a ale P 1 0 
inh S) Few, 9) os 
2\0 1 ie peas 


Note that the Pauli matrices of Eqs. (4.68c) differ from the angular 
momentum submatrices for the case j= 1/2 only by a numerical 
constant, it holds thatt 


1 a 
o 


J peal De 


N | oa 


By the same procedure we find the submatrices for j = 1. They are 


0 0 =) 
pail 1 ; 1 je : " ‘ 
15) vy 5 Paul 
0 1 0 San spammed 
i cOnned 10 6 
=H 0 0 0 P=Mm470 1 0} (7.54) 
O.0. =1 00 1 


This process can be repeated for any arbitrary value of j, yielding 
submatrices of dimensionality (2/+ 1). Some remarks are appro- 
priate at this point. First, we note that the dimensionality of the 
matrix representation depends on the value of j, namely, it 1s (27 + 1). 
Secondly, the representations that we have given in Eqs. (7.53) and 
(7.54) are not unique since one can perform a similarity transforma- 
tion to a new set of basis states. However, they are the only ones 
where ie and J° are simultaneously diagonal. One should keep in 
mind that the matrix elements of Eqs. (7.49) and (7.50) define the 


+ Here we used the shorthand notation given in the footnote to p. 281. 
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properties of the operators, the matrices being only a convenient 
tabulation of these matrix elements. 


Coordinate Representation 


We now turn our attention to the coordinate representation where 
the amplitudes will be given by functions of the coordinates. The 
angular momentum operators are then represented by differential 
operators acting on the coordinates. Clearly, we can only talk here 
about the orbital angular momentum since spin refers to an internal 
degree of freedom not connected with the coordinates. We have 
made use of this representation in Chapter 6 [see Eqs. (6.21¢)]. In 
the coordinate representation the basis states are the continuous set 
of eigenstates of the position operator xX. Since the angular momen- 
tum operators generate rotations, they will not change the length of 
the vector x but only its direction. It therefore suffices to consider 
only the basis states that describe all points on a unit sphere 
centered at the origin of the coordinates. For this purpose. we label 
the basis states by the two angles @ and 4, i.e., |6, 6). These basis 
states form a continuous orthonormal set. and therefore a particular 
eigenstate |l,m) of the angular momentum operators can be de- 
scribed by the amplitude 


(6, | 1, m) (TS3) 


This represents the wavefunction for the eigenstate |l, m) in exact 
analogy to Eqs. (3.25) and (3.26). Note that we are denoting the 
eigenvalues of orbital angular momentum by /. The absolute square 
of the amplitude of Eq. (7.55) gives the probability of finding a 
particle, which is in the state |/, nt) at the position (@. &) on the unit 
sphere. 

The amplitude (0, | lo nt) - u,,,(0.) is a continuous function of 
(6,¢), and the operators L,, L,, L,, and L? will be expressed as 
differential operators acting on this function. We already know the 
form of these operators in the coordinate representation, as given by 
Eqs. (6.21¢). In terms of the (@, 6) coordinates, the orbital angular 
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momentum operators take the form (see Appendix 8) 


L. = -ih—— 
- I 5b (7.56a) 
C.=L,4ib = +her| = scot 0] (7.56b 
en bs a0 ad pan) 
i7=-1| = (sino) + : =a (7.56c) 
sin 6 00 a0 naa 0 ad? eg 


We now seek functions of (6, @) that are simultaneous eigenfunc- 
tions of L. and L? subject to the boundary condition W(@, @ + 27) — 
bil, d). Note from Eq. (7.56a) that the @ dependence of the 
eigenfunction of L, would be of the form 


Wi m9, d) es er 
so that . 
Lib (8, &) = hm, (9, &) 


Furthermore, the boundary condition 


Wi m(9, & +277) = PimlO, b) 


imposes the condition that the m-quantum numbers must be inte- 
gers. Correspondingly, the eigenvalues of L?, #Wi(l+1) [see Eqs. 
(7.49)] can only involve integer | values. The complete eigenfunc- 
tions of orbital angular momentum are known as the spherical 
harmonics and are designated by 


Yim 9, d) 
where 


and 
m=-l,-l+1,..., (Span (i= 1), II 


The Y,,,5 are expressed in terms of the associated Legendre 
polynomials as 


214+1(l-—m)! 
4qn7 (l+m)! 


1/2 
Yi m9, 6) = e| P?(cos @)e'"” 


where ¢ = (—1)™ if m >0 and e = 1 otherwise [see also Appendix 9]. 
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The first few normalized spherical harmonics are 


 — is i 
Ya ==) sin’ Oe 

Ne 
» (=) sin 8 cos Be" 

OTT 


The normalization is such that 
| Yi. edipedlees 6) do =O0,. 


where the integration is over the surface of the unit sphere 
[cos 0(-1— +1) and 6(0—27)]. By direct application of Eqs. 
(7.56a)-(7.56c) on the above spherical harmonics one finds that 
they obey the fundamental properties of Eqs. (7.49) and (7.50). For 
arbitrary {and me the proof follows from the mathematical proper- 
ties of the Legendre equation. [The Legendre equation is equivalent 
to the form of Eq. (7.56c).] 

The spherical harmonics are also eigenstates of the parity 
operator (inversion of the coordinates: 6— 7—@,¢@ ~~ +7) with 
eigenvalue (—1)' 


be Ge _ 6, ob aE ar) = (= 1) Youeoslien d) (7.58a) 


and it can be shown that 
S Gear a as Gee (7.58b) 


Note that the Y,,,’s can be expressed in terms of the cartesian 
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coordinates using the substitutions 
\ . % ; : y 
cos @=— sin 6 cos @ =— sin@sin@d=-  (7.59a) 
r t r 


As an example we give the useful expressions 


Ree Bey eay 
.-G). we 
4a r oe 8a r 


7.6. COMPOSITION OF ANGULAR MOMENTA 


We are familiar with the addition of two or more vectors to a 
resultant vector. Similarly, in classical mechanics, when a spinning 
top is subject to an external torque, we vectorially add the two 
angular momentum vectors to obtain the direction along which the 
axis of spin will be pointing. An analogous situation exists in 
quantum mechanics. For instance, a hydrogen atom consists of an 
electron and a proton bound to each another. Both particles can be 
in a given eigenstate of angular momentum, but we can also think of 
the two particles as forming a single system that as a whole is in a 
particular angular momentum eigenstate. 

The problem of composition of angular momenta can then be 
stated as follows: given two components of a system, each in an 
eigenstate |j, mt) of angular momentum, what are the possible eigen- 
states |J.M) of the combined system? The answer follows from a 
direct application of the general properties of the angular momen- 
tum operators [Eqs. (7.35b), (7.49), and (7.50)]. If we designate by 
J and J the angular momentum operators acting on each of the 
two components, we define the total angular momentum operator J 
for the system ast 


J=JP45J> (7.60a) 


. tin this section we freely use the notation J for the triplet of operators J,, J,, and 
J, as discussed in the footnote to p. 281. We do so because we want to take 
advantage of the compactness of notation. 
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The operator J has the commutation relauioens of angular momen- 
tum. By using Eq. (7.356) for J‘ and J and the fact that J‘" 
commutes with J™ it can be shown that 


JxJ=ih) (7.60b) 


Furthermore J''' acts only on the state ijyot,’ of the first component 
and leaves the state |j.m.’ of the second compenent unchanged. The 
operator J" acts on jsm> but leaves |7,nt,) unchanged. From these 
definitions one can obtain the eigenstates J. Mf) as indicated tn more 
detail in Appendix 6. Here, instead, we will discuss a simple 
example where two constituents with spin 1/2 are combined. 

Consider the hydrogen atom in its ground state. It consists of an 
electron and a proton which both are spin-1/2 particles. In the 
ground state there is no orbital angular momentum. The spin 
projection of the proton onto the Z-axis can take only the two 
values m, = +1/2 and similarly for the Aectron m, = +1/2. Thus, the 
atom can be found in one of the following four states 


m, = +1/2)|m, = +1/2) (7.61a) 
m, = +1/2)|m, = —1/2) (7.616) 
\m, = —1/2)|m, = +1/2) (7.61c) 
m, = —1/2)|m, = —1/2) (7.61d) 


We state without proof’ that the projection of the total angular 
momentum (that is, the eigenvalues of J.) for these four states 
correspond to the M-values 


M=+1. M=0. M=0. and M=-1 


The question is now whether the four product states of Eqs. 
(7.61a)-(7.61d) are also eigenstates of (J)*, and if so what the 
corresponding eigenvalues are. The states given by Fas. (7.6 1la) and 
(7.61d) must belong to J>1 since according to Eq. (7.49) |M|<J. 
In fact, they belong to J= 1. The states given by Eqs. (7.61b) and 
(7.61c) with M=0 are not eigenstates of (J). but their linear 
combinations are. The four product states are then combined inte 


+To show this, simply act with J, = J‘ +J© on the states given by Eqs. (7.61). 
keeping in mind how J‘" and J©? act. 
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eigenvalues of (J)? and J, as follows 


J = 1;M=+1)=|m, =+1/2; m, = +1/2) 


[Same tie "0 = 
= {|m, = +1/2; m, =—1/2)+|m, =—1/2; m, =+1/2)} (7.62a) 
[J=1; M=-1)=|m, =—1/2; m, =—1/2) 
and 
FJ=0; M=0)= 


1 
V2 
While we do not give the proof here, the reader can use Eq. (A6.4) 
of Appendix 6 to show that the states of Eq. (7.62a) are eigenstates 
of (J)? with eigenvalue h?J(J+1), where J = 1, whereas for the state 
of Eq. (7.62b) J=0. 

We have found that two angular momenta with j,=1/2 and 
j2= 1/2 combine into total angular momentum with either J=0 or 
J=1. We can represent this result by the sketches of Fig. 7.2 where 
]\. Jo, and J are shown symbolically as collinear vectors. We refer to 
the configuration in (a) of the figure as the stretched case and to the 
one in (b) as the jackknife. This picture can be extended to values of 
ji. J2 different from 1/2. The maximum value of J is obtained always 
in the stretched case and equals J,,,, = J+ Jo. The minimum value of 
J corresponds to the jackknife and equals J,,;,=|j,—j2|. The total 
angular momentum can now take all the values 


= Meee Wan Op (Joa . 2) eg: (Tag Ve Dass (7.63a) 


{{m, = +1/2; m. =—1/2)—|m, = —1/2; m. =+1/2)}  (7.62b) 


jg 172 
Jel 
(yelve i eu 0 


(a) (b) 


FIGURE 7.2. Vector model representation of the combination of two angular 
momenta with j,= 1/2, j.=1/2. (a) The J=1 case (stretched). (b) The J=0 case 
(jackknife). 
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J=5/2 
j=3/2 J=3/2 


ft u=te 


(a) (b) (c) 


FIGURE 7.3. Vector model representation of the combination of two angular 
momenta with j, = 3/2, j.=1. (a) The J=5/2 case (stretched). (b) The J =3/2 case. 
(c) The J= 1/2 case (jackknife). 


This is shown in Fig. 7.3 for j,;=3/2 and j,=1. Another important 
conclusion we draw from Egs. (7.62) is that for all states 


M=m,+m, (7.63b) 


This result generalizes to arbitrary values of j,, /, and is always valid 
when we compose two angular momenta. Furthermore, three or 
more angular momenta can be added by combining two at a time by 
the methods of this section. 


Example 


Here we show that the number of states for the total angular 
momentum equals the number of product states formed from j, — 
3/2 and j= 1. We have already seen this result for the case j, = 1/2 
and j,~= 1/2 where there are four possible states as given by Eqs. 
(7.61) and (7.62). For j,=3/2 there are 2],+1=4 possible states, 
hereas for j.=1 there are 2j.+1=3 possible states. The total 
number of product states is therefore 3x 4 = 12. From Fig. 7.3 the 
combined angular momentum can take the values J = 5/2, 3/2, and 
1/2 and the corresponding number of states 1s 2J+ 1 for each case 


OF) SSH t= 12 


The result is generally valid, as can be easily shown by summing the 
series for arbitrary values of j, and jo. 
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As an application of angular momentum composition we will 
consider an electron moving in a fixed potential? and assume that it 
is In a State with orbital angular momentum characterized by | - |. 
In addition, the electron has spin s=1/2. We can compose (add) 
these two angular momenta, that is, the orbital angular momentum 
and the spin. We then see that the electron can be in a state where 
its total angular momentum is given by 


J=1/2 or J=3/2 


These two states differ in energy by a small amount and give rise to 
a close doublet in atomic spectra. This is particularly pronounced in 
sodium. 

The assignments of the total angular momentum can be verified 
by applying a magnetic field to the atom. In the presence of the 
field, states with different angular momentum projections onto the 
field direction acquire different energy. There are four such states 
for the J=3/2 level and two states for J= 1/2; this is sketched in 
Fig. 7.4 and is fully confirmed by experiment. 


E 

———  M=+3/2 
J=3/2 a wie 

= ag 
E er — =||/2 
c ——— -3/2 
20 ee Met 1/2 
Nei . “I7e 


B=0 B=Bo 


FIGURE 7.4. Splitting of angular momentum multiplets when an atom is placed in a 
magnetic field. The energy of states with J = 1/2 and J = 3/2 is shown in the absence 
and in the presence of a magnetic field. 


+ This is the case for the excited state of the hydrogen or sodium atom if we ignore the 
interaction of the electron with the magnetic moment of the nucleus, i.e., if we ignore the 
nuclear spin. 


Problems 


PROBLEM 1 


Calculate the expectation value of (d/dt)(X) for a relativistic particle 
moving freely in the x-direction. The Hamiltonian for this particle is 
H = (c?p2+ m2c*)"”, with mo the rest mass of the particle. The 
wavefunction for this particle is 


1 
W(x, t) = yi e 


—i/R(Et -p,x) 


where E =(c*p2+moc*)'”. However, it is best to work with the 
Hamiltonian directly. You will need to make an expansion because 
of the ( )'/*, and then ‘‘undo” the expansion. The desired result is 


Be. “(2s) 
Feta = 


(a) How does this compare with the classical result for a slow 
particle? 
(b) For a relativistic particle? 


PROBLEM 2 


The rotation matrices can be obtained from the general expression 
Rin 9) = et/Ad-nve 


where n is a unit vector along the axis of rotation, @ is the finite 
rotation angle, and J is the angular momentum operator. 


(a) Find the rotation matrices for spin 1/2 for a rotation about 
the Z-axis and for a rotation about the Y-axis. For spin-1/2 
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PROBLEMS ASD 


particles the angular momentum operator J has components 


tQ | 3 


~ Ah S 
I= 58 J a0, J,= 0, 


along the three axes. 
(b) Find the rotation matrix about the X-axis. 


PROBLEM 3 


Repeat the calculations of Problem 2 but for spin 1. 


PROBLEM 4 


Clasically the quadrupole moment tensor is given by 
{ 
Q; ie | (3x;X; pa 5,r°)p(r) d*r, i, hb k = oi y, z 
e 


where p(r) is the charge density of the system, such that J p(r) d?r=e. 
Quantum-mechanically 
Pt gee eee 6 
QO, =- | reat o,t lant 8 
e 
The quadrupole moment Q, for a stationary state |n, j) is defined as 
the expectation value of Q,, evaluated in the state m =j. 


(a) Evaluate 
Og i Ont, s,m — 7) 
in terms of j and r*=(n, j| r* |n, j). 
(b) Can the proton (j= 1/2) have a quadrupole moment? the 
deuteron (j = 1)? 
(c) Evaluate (n, j, m| Ole In, j, m). 
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(d) The quantum-mechanical expression for the electric dipole 
moment is 


po={n,j,m=j|—J,|\n,,m=)) 


als 


Can an eigenstate of a Hamiltonian with a central potential 
have an electric dipole moment? 


PROBLEM 3 


Use the raising and lowering operators for eigenstates of angular 
momentum [Eqs. (7.50)] to derive the Clebsch—Gordan matrix for 
the case j= 1/2, j,= arbitrary. [See Appendix 6] 


PROBLEM 6 


(a) Show that for angular momentum states with j=1 the 
operator 


Ey aha 


is (for a suitable choice of a) a proj:ction operator onto the 
state |j= 1, m= 1). Find the expression for a. 

ib) Construct the projection operators onto the other two 
states |j = 1,m =0) and |j = 1, mi=—1). 

(c) Generalize your results to construct the operator that pro- 
jects an arbitrary state of angular momentum j onto the 
state |j, m). 

Note: The definition of a projection operator P, which projects 

onto the state |a@) (or projects out of the state {@) its content |@)) is 


P. |6)=(a |b) |a) 


Explain the physical interpretation of this definition. 
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PROBLEM 7 


A particle with angular momentum eigenvalue j — 5/2 is described 
within a six-dimensional space. Choose a basis that diagonalizes J. 
and J*. 


(a) Show that in this basis, the operator (J2—J?) is block- 
diagonal when the states are properly ordered. It separates 
into two 3X3 matrices. Explain why this happens. 

(b) Find the eigenvalues of (J2—J2). 


PROBLEM 8 


Let the Hamiltonian describing only the spin of two spin-1/2 
particles be 


H=H,+H' 
where 


where A and B are constants. 


(a) Determine the eigenvalues and eigenstates of Ho. 
(b) Calculate the lowest-order effect of H’ on the energy 
eigenvalues. 


PROBLEM 9 


Prove the Jacobi identity for Poisson brackets and show that the 
corresponding identity for noncommuting operators is 


[A,[B, C}]4+{B.1C, All +[C [A, Bll=0 
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PROBLEM 10 


In a state denoted by |l, m) calculate (L.), Cas i) and Ge 


PROBLEM 11 


Show that 


~iBL, i/2)L, 9 -iBL, pi (m/2)L, 


e == (S € 


PROBLEM 12 


Three 2X2 matrices satisfy the relations 
[Q,. Q,] = -iQ. 
[O,, (Ole ~iQ, 
Ke On | = -iQ, 


Determine such a set of matrices. (Note that these are not the same 
as the commutation relations satisfied by Pauli matrices.) 


PROBLEM 13 


Two particles each with angular momentum j, =j>=1 form a state 
with total angular momentum J-- 2 and the z-component of total 
angular momentum M — 1. Construct such a state from linear com- 
binations of states |j,, m4; jo, m>). 
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PROBLEM 14 


Let A be a vector operator, namely, a triplet of operators 
{A;, Aj, A, } such that 


es Ae iegeAy. h= 1 
You are given the relation (see Problem 16 below) 
[J?, (57, All= 2(J2A+ AJ?)— 455 - A) 


Expand the commutators on the Ihs and then form the matrix 
elements of both sides between eigenstates of angular momentum 
(j, m| and |j, nt’) corresponding to the same eigenvalue j. Show that 


iG +1) qj, m| A eres) = C7, m| J\i, m')(j, m'|5- Alj, m') 


Note: Recall that (AJ) is a scalar operator and thus has only 
diagonal elements in the j, m representation. 


PROBLEM 15 


Consider a system consisting of an electron and a proton. The basis 
states can be labeled as |p+, e+), |p+,e—), |p—,e+), and |p-—, e-). 
The operators 


Gc and Go, 


operate on the electron and proton spin, respectively. Define a spin 
exchange operator P.pinexch that has the property of interchanging 
the spin projections of the electron and the proton 


Pyin exch [P+ €-) = |p-, e+), etc. 
Prove the following identity obeyed by this operator 


G.°*O,—- 2E nine et 
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PROBLEM 16 


Let A be a vector operator that satisfies the commutation relation 
(ae = iAyere i, j, k cyclic 
where J is the angular momentum operator. 
Prove the relations 
(7°, A]— i[(AxJ)- (3x AD] 
and 


Chapter 8 


BOUND STATES: PART I 


When the forces between two or more particles (objects) are attrac- 
tive, it is possible for them to become bound to each other and form 
a single system. For example, classically we know of the planetary 
system. Microscopically we know that an atom consists of a number 
of electrons bound to a nucleus. Nuclei are bound systems of 
neutrons and protons; two or more atoms bind into molecules, and 
so on. In these microscopic systems, however, the momentum 
multiplied by the distance (size) is of the order of h, Planck’s 
constant. Therefore, the uncertainty relation is nonnegligible in 
these cases, and hence such systems must be analyzed using the 
rules of quantum mechanics. In fact, quantum mechanics arose out 
of attempts to correctly describe such bound systems. 

Bulk matter, such as a stone, a crystal, or a liquid drop, can also 
be considered as a bound system. However. such systems consist of 
a very large number of particles and will be discussed later. In this 
and the chapter following, we will consider only simple bound 
systems which consist of two particles and, by analogy, similar 
systems with a small number of constituents. The nature of a bound 
system depends on the force between the particles (in quantum 
mechanics we prefer to talk about the corresponding potential). 
Exact analytic solutions can be obtained only for a few special forms 
of the potential. In this chapter we will discuss the Coulomb 
potential —a/r. The harmonic oscillator potential 4kr> will be discus- 
sed in Chapter 9. Both these potentials allow for exact solutions. 
The behavior of many other systems can be understood by analogy 
with these potentials, and in these cases detailed solutions must be 
obtained by approximate and/or numerical methods. 

To describe a bound system in quantum mechanics we look for its 
stationary states. A bound state is a localized state and hence must 
satisfy the boundary condition that the wavefunction vanishes as the 
distance from the origin tends to infinity. As we have seen before, 
this leads to a discrete spectrum of energy eigenvalues. Besides the 
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energy, we are also interested in the expectation values (average 
values) of operators corresponding to physical observables. We 
would also like to know the matrix elements of the operators that 
cause transitions between different stationary states. All this is easily 
calculated in the coordinate representation since, in this case. the 
wavefunction contains all the information about the system. Thus, 
the problem is reduced to finding the solutions of the time- 
independent Schrédinger equation for a given potential. Note that 
both the Coulomb potential as well as the harmonic oscillator 
potential have spherical symmetry. That is, rotations leave the 
Hamiltonian invariant, and consequently the stationary states are 
simultaneously eigenstates of the angular momentum operators. 

We begin by introducing the relevant kinematics for a two- 
particle system and show that for translation-invariant potentials, 
the two-body motion effectively reduces to a one-particle equation. 
For spherically symmetric potentials, the angular part of the 
Schrodinger equation separates conveniently, and we discuss the 
form of the radial equation in general. We solve the radial equation 
for a Coulomb potential, and then the solution is applied to the case 
of the hydrogen atom. We discuss the consequence of the electron 
also possessing a spin angular momentum. The fine structure and 
the hyperfine structure in the energy levels of the hydrogen atom 
are also explained. We introduce the variational method as an 
approximate method for evaluating bounds on the ground-state 
energy of a system. This is then applied to the case of the linear 
potential, and the bound state of a quark-antiquark system (quar- 
konium) ts discussed. A brief presentation of the Laguerre polyno- 
mials and their properties can be found in Appendix 10. 


8.1. SEPARATION OF THE CENTER-OF-MASS MOTION 


Let us consider the motion of two particles, 1 and 2, which are 
subject to a force that depends on their positions r,; and r2, as shown 
in Fig. 81a). The potential is U(r,.r,) and, therefore, the Hamilto- 
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nian in the coordinate representation is given by 


h? — h? 


1 
2m, 2m> 


V3+ U(r, Fr) (8.1) 


Let the potential depend only on the separation between the two 
particles. That is, 


U(r,, 6) = U(r, —4,)) (8.2) 


We call such a potential central. It remains invariant under the 
translation and rotation of the coordinate system. 


O 
(a) (b) 


FIGURE 8.1. (a) Coordinates of two particles with respect to a fixed origin O. (b) 
The center-of-mass coordinate system with origin at O’. 


We now introduce the relative and center-of-mass (cm) coordi- 
nates as shown in Fig. 8.1(b). 


ieee > 
_ M48, + Mor (8.3a) 
Ris aaa aa 
m,+tmM>s 


The expressions for the relative momentum and the center-of-mass 

momentum operators are given as 

Mop; M1po 
m,+ M5 


p= 


Pum = bit be 
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The expression for these operators in the coordinate representation 
ie 


‘ ; ‘ 0 a a 
p=-inv=~it(n, +n, +n, 4) 
Ox 


5 rs) é rs) 
P., =-ihV ==in(n —+n,—— + n ) 
CM tht Vom IN{ Ay Bx. Y aye iz 


where n, (ny). etc., are the unit vectors to which the relative, (CM), 
motion are referred to. Remembering that 


8 Ox, a ax. 9 


ax ax dx, dx ax.” 


Clcs 


we find that 


eee lees ———s . 
ip ee (Sh 
My m5 m,+m) rv 
where 
m,mM> 
be 


mL, hn 


is known as the reduced mass of the system. The Hamiltonian in the 
new coordinates is given by 


n he h? 
H= We, — VP 2 U(r) (8.5) 
2 Cn ms) = ap 


Looking at Eq. (8.5) we note that the center-of-mass variables do 
not couple to the relative coordinate variables. Hence, the wave 
function for the system, that is, the solution of the Schrédinger 
equation, must be separable in the two variables r and Rea. 
Furthermore, the Hamiltonian does not depend on Rey. Conse- 
quently, the center-of-mass momentum must remain constant. Thus, 
we can write the wavefunction for the system as a superposition of 
plane-wave states in the center-of-mass coordinates 


he — = 
loa Fr vin |ue, Roxy) Eur. Royy) 
t 


Ua) 2 


(8.6) 
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And we can write 


u(r, Rem) = », d& (rei Rem (8.7) 
k 


so that Eq. (8.6) reduces to 


> (hk)? 
2(m,+m>) 


h? : 
[-= V*+ uw) |6, (r) = E |e (r) (8.8) 
We note here that hk is the momentum associated with the 
center-of-mass motion, and since this motion is free the energy 
associated with the center-of-mass motion is 


(hk)? 


2(m, + mm) 


(8.9) 


Ecu = 


Therefore, the energy associated with the relative motion of the two 
particles is 


(hk)? 
he poe. = fp 8. 
rel CM Ae (8.10) 
Clearly we can rewrite Eq. (8.8) as 
h? 
ae U(r) | 6.0) = Eas od, (r) (8.11) 


This is, of course, the Schrodinger equation for the motion of a 
single particle, and this decomposition has been possible only be- 
cause the potential for the two-particle system is central. Further- 
more, since the motion of the center-of-mass is free, we only have 
to study the equation for the relative motion of the two particles. 
Therefore, the problem of studying a two-particle system interacting 
through a central potential reduces effectively to a single-particle 
problem with a mass pw given by the reduced mass of the system. 


8.2. SPHERICALLY SYMMETRIC POTENTIALS 


For a central potential we are no longer concerned with the center- 
of-mass motion as explained in Section 8.1. Therefore, from now 
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on, in studying Eq. (8.11) for the relative motion, we drop all 
subscripts. Both the Coulomb potential and the harmonic oscillator 
potential are spherically symmetric. That means the Hamiltonian in 
this case is invariant under rotations. Hence, the eigenstates of the 
Hamiltonian are simultaneous eigenstates of the angular momentum 
operators L* and L. (see Section 7.4 and the following). In this case 
it is advantageous to work in spherical coordinates since the 
wavefunction separates in the radial and angular variables. In this 
section we show how the separation is achieved. 

First, note that the momentum operator in spherical coordinates 
is given by 

p= -inV=-it(n, +n, + +n, ——~) (Sala) 
or r 06 rsin 6 dd 

Furthermore, realizing that the Laplacian in spherical coordinates 
has the form [see Appendix 8] 


Pim (es Wee fey Sete ae es 1 a? 
VRS i |) Pee er 
ror or/ r-sin@ 06 00/ r° sin’ 0 dd- 


p=-fAnv- 
a) a Lad F) 1 a° 
wf be Dead eed) trad 
rar\’ ar) rsineae\ 956 r? sin? 0 ad? 
bof od) 2 
Ba) | 
rar’ ar! hr ae 


This follows from the fact that the last two terms in the parentheses 
correspond to —L?/hr? as given in Eq. (7.56c). (For an alternate 
way of deriving this relation see Problem 8.7.) 

We see that, for a spherically symmetric potential, the Hamilto- 
nian operator takes the form 


7 ReO\: li 
> ee r an yee + U(r) (8.13a) 
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Therefore, the time-independent Schrédinger equation is 


Ln Lae (a) peal Use = Bats e 


or 


iF a ( : ae ee 2H Kip —u . 
es | = = 
r2 or or hr at He n (r)] w,, (1, ’ d) (8.13b) 
Since the wave function w,(r, 6,@) has to be an eigenstate of the 
angular momentum operators, we can write 


igen Es 8, d) = Raley Yan (0, o) (8.14a) 


where Y,,,(6@, @) are the coordinate representation of the eigenstates 


a 


of L? and L, [see Eqs. (7.57)] so that 
L7Y_,(0, &) = h71(1+ 1) Yin (0, &) (8.14b) 
Thus, Eq. (8.13b) becomes 


1 “(P<) 2H g lta 
Benda |e laag| or alas = ' 
{5 ae r Ane | SUS i ie R,=0 (8.15) 


Note here that we have dropped the Y,,,,(@, @) in writing Eq. (8.15) 
since the operator in the parentheses does not depend on the 
angular coordinates (6, @). 

The reader will note here that the separation procedure is similar 
to that used for the center-of-mass motion of Eqs. (8.7) and (8.8). In 
fact, whenever an operator (in this case the Hamiltonian) contains 
additive terms that act on different subspaces, the eigenfunction can 
be taken as a product of the eigenfunctions of the different sub- 
spaces. 

The operator in Eq. (8.15) depends only on the radial coordinate 
r, and hence Eq. (8.15) is known as the radial equation for a general 
spherically symmetric potential. We see that a system with spherical 
symmetry must have wavefunctions that are labeled by the eigen- 
values | and m of the angular momentum operators. In addition, 
they depend on a quantum number n which emerges from the 
solution of the radial equation. Furthermore, the radial solutions 
R,,(r) must be labeled by n and [| since | appears explicitly in Eq. 
(8.15) in the term A71(1+1)/2pr’. 
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Let us now study the radial equation, Eq. (8.15), in some detail. 
Since the spherical harmonics Y,,,(0.¢@) are properly normalized, 
the normalization of the total wavefunction implies that 


| Watts 0, )|? a= 1 
| Riu (r)|* | Yim (0, &)|? 1? drdQ= 1 (8.16) 


| [Rainer dr=1 
0 

Since we are seeking a bound-state solution the system must be 
localized and the probability of finding its two constituents at infinite 
relative separation must vanish. Thus the radial solution R,,,(r) must 
obey the boundary condition 


rR,,(r) 20 as r7>© (8.17a) 


This is also necessary in order to satisfy Eq. (8.16). Less obvious ts 
the requirement for r— 0 


rR, (r) 20 as r-0 (8.17b) 


This is necessary because otherwise the integrated probability over a 
sphere of vanishingly small radius would remain finite. We have 
assumed here that rU(r) is nonsingular. We can then redefine the 
radial solution as 


— Ul?) 


cael Ga (8.18a) 


r 


in which case the boundary conditions of Eqs. (8.17a) and (8.17b) 
become 


u,,, (1) sme) 


(8.18b) 


Unt (rT) ——> 0 


In terms of the new functions u,, Eq. (8.15) simplifies and is given 
by 
dis Zit 


te a = 
adr ie | En oy 


h?l(1+ 1) 
Aur? 


|e =) (8.19) 
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Note that this is exactly the same as the one-dimensional 
Schrédinger equation except for the boundary condition at the 
origin and the additional repulsive potential A7l(! + 1)/2ur°. This 
potential term is known as the centrifugal barrier and its origin can 
be understood physically as follows. 

Consider a classical particle moving in a circular orbit of radius r 
as shown in Fig. 8.2(a). The centrifugal force is directed radially and 
is of magnitude F= mv7/r=p*/mr=L?/mr*, where L=rp is the 
angular momentum in the circular orbit. Since F=—dU/dr the 
corresponding potential is U = L?/2mr- and is repulsive, as shown in 
Fig. 8.2(b). But this is exactly the term in Eq. (8.19) when the 
eigenvalue of the operator L? is introduced in place of the classical 
value of L’. 


U(r) 


Le / oar 


oo 


FIGURE 8.2. A particle moving in a circular orbit with angular momentum L is 
subject to a repulsive potential of magnitude L?/2mr?. 


The nature of the solutions of Eq. (8.19), of course, depends on 
the value of the total energy. Let U,. stand for the asymptotic value 
of the potential. Then, if E,,< U., the solutions represent bound 
states, and the spectrum of eigenvalues is discrete. If, on the other 
hand, E> U, the solutions represent free particles with a continu- 
ous spectrum of energy eigenvalues scattering from the potential. 
For bound states in the case of the Coulomb potential the general 
behavior of u,,(r) is shown in Fig. 8.3. For values of r such that 
E,,<[U(r)+h71(1+1)/2ur?] the function u,,(r) will be concave 
away from the r-axis. When E,, >[U(r)+h7l(1+1)/2ur’], on the 
other hand, u,,(r) will be oscillatory and may contain nodes (-.e.. 
cross the r-axis one or more times). In Fig. 8.3 we have chosen the 
Coulomb potential as an example. Part (a) of the figure refers to the 
case where |=( and hence where the centrifugal barrier is absent: 
part (b) refers to the case where !#0 and shows the effect of the 
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E Kine FR 


(b) 


FIGURE 8.3. The effect of the angular momentum barrvier. (a) The effective 
potential for states with |!=0; the lowest and next to lowest energy states and their 
corresponding radial functions are shown. (b) The effective potential for a state with 
140; the lowest energy state and its radial function is also shown. 


centrifugal barrier. The resulting effective potential looks like a well, 
and the centrifugal term pushes the particles further away from the 
origin. 

The energy spectrum consists of discrete states of progressively 
higher energy which become spaced closer to one another as E — 0. 
For long-range potentials (such as the Coulomb potential) the number 
of discrete states is infinite. For short-range potentials (such as the 
square well) the number of bound states ts finite and may even be 
zero. 


8.3. SOLUTION OF THE RADIAL EQUATION FOR THE 
COULOMB POTENTIAL 


We consider now the hydrogen atom, which consists of a proton 
(m, 938 MeV/c") and an clectron (m, > 0.511 MeV/c"). This is a 
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two-particle system and the force between the two particles is given 
by the attractive Coulomb potential 


2 
e 


vn —— 


8.20a 
Amer ( ) 
The potential is central and thus, is rotationally invariant. Hence, all 
the formalism we have developed so far can be directly applied. 
First, note that the reduced mass for this system is given by 
mm, 


t= =m, (8.20b) 
m +m, 


The radial equation for this system [Eq. (8.19)] can be written as 


2 2 h2 abe 
e let € 5 || fain 0 (8.20¢) 


- 
dr ot dae, r 2iir 


To simplify the notation we will rescale distances and energies in 
terms of units that are natural to the problem at hand so that all 
variables become dimensionless. For example, realizing that the 
Bohr radius is given by 


2 
ay = dre —~5 = 0.52917 7118) x 10-8 cm (8.214) 
I 


and that the Rydberg is defined to bet 


oie ee 60583(15) eV (8.21b) 
Qh? (47€,)* 


Ry 


we introduce the dimensionless variables 


Oey. 
(8.21¢) 

En 

Eni Ry 


It is clear that in terms of these variables the radial equation [Eq. 


+ The accepted symbol for the Rydberg is R; we use Ry to avoid any possibility of 
confusion with radial distances or functions. 
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(8.20c)] becomes 


We are looking for the bound-state solutions of this equation 
which implies that 


Engi = —A?<O, d real (8.23) 


In the limit of p— ©, the radial equation takes the formt 


ad d2 
as eu) Unt(p) = oa a?) Un (P) = 0 


The solutions have the form 
U1(P) ape 
ae 


The boundary condition at r— = allows only the negative exponen- 
tial 


Unt(P) —> Cae (8.24a) 


Similarly, when p — 0 the radial equation becomes 


(4) wal) = 


Thus, the solutions have the form 


t+1 =! 
U1 (P) Peat p or p 


However, the boundary condition that the function u,,(p) must 
vanish at the origin further restricts its behavior at r— 0, to 


Un (P) —>p'"! (8.24b) 


7 The solution of the simpler case of Eq. (8.22) when | = 0 is easily obtained by the 
same method as outlined here for the general case. We leave this as an exercise for 
the reader. 
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Thus, the general solution of Eq. (8.22) can be chosen as 


Un(p)=p'''e * Yap’ (8.24c) 


s=0 


If we substitute Eq. (8.24c) into Eq. (8.22), it takes the form 


Y (8 #14 1(s#Da,o""! '—2a Vice ap 


See) s=0 


+2¥ ape'!-'l+1) ¥ ap! '=0 
s=0 s=0 
or 
d s(s+2l+1)aps*' +2 Y [1-A(s +14 D]ao*'=0 
SiO s-0 
Or 


y {(s + 1)(s + 21+ 2)a,,,+2[1—A(s+1+1)]a,}p**' = 0 
s=0 
(8.25) 


For this expression to be true the coefficient of each term must 
vanish, which leads to the recursion relation 


(st 1)(s +21 +2)a,,,+2[1-A(s +14 l)Ja, -—0 
or 
Gage CLAS te) | 
a, (s+1)(s +21+2) 


(8.26) 


It is obvious that unless the power series in Eq. (8.24c) terminates, 
as we go to higher-order terms for a fixed value of 1, this ratio 
behaves like 

As +14 2X 

pesca ' 

a, s—large stl 


But this is the behavior of an exponential series, and unless it 
terminates the power series in Eq. (8.24c) has the asymptotic form 


s 2X 
ae 
0 en 
s= 
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If this were true, the radial solution 


ieee. °C aalmeeesie 
s=0 Creare 
and hence the boundary condition Eq. (8.24a). would be violated. 
Thus, the series has to terminate, and this is possible only if for 


some value of s =S,,,, we have 


Moe 1) = T= 0 


or 
1 


Ss tl+1 


max 


= 


Since both s,,,,, and | take only integer values we can rewrite this as 


1 
A= 
nh 
or 
ee: .. (8.27a) 
ne 
Furthermore, we note that since 
A ral 


and 
ea eal oa | 


it follows that 
l=n—-Smax—l=n-1 (8.27b) 


To get an idea of the quantum numbers involved, we note that for 


n=1: 1=0,5,,,=0 
n=2: [=0,s,4= | 


l a a Sinan 0 
wi (8.27¢) 


(nls 


[=2ismae= 0 
and so on. 

If we assume that ag = a,_9= 1, then the higher coefficients in the 
power series in Eq. (8.24c) can be obtained through the recursion 
relation given by Eq. (8.26). Therefore, the radial wavefunctions can 
simply be constructed from the definitions of Eqs. (8.24c) and 
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(8.27a). Thus, for example, 


U1 o(e) = pe ° 
U2 o(p) = e(1—4p)e ?” (8.28) 
U>i(p) = pe 


U3.0(p) = p(1—39 + Hp)e ”? 
and so on. 

Note that these solutions are correct only up to a normalization 
constant. They satisfy the boundary conditions both at spatial in- 
finity as well as at the origin. The number of nodes in the radial 
function increases as we go to higher and higher values of n, the 
number being given by n —I|-—1. Since l,,., =n — 1, it is clear that the 
solution with the maximum value of the angular momentum for a 
given n is nodeless. 

An interesting feature of the solutions is that the energy of the 
stationary states depends only on the index n and not on I. That is, 
for n> 1 we have states with different values of the angular momen- 
tum corresponding to the same n value, and hence these states are 
degenerate in energy. This is peculiar since rotational invariance 
only leads to a degeneracy in the m-quantum numbers, i.e., in the 
projections of the angular momentum along a particular axis. The 
degeneracy in the /-quantum number is a special feature of the 
hydrogen atom and is known as an accidental degeneracy.+ 


8.4. FURTHER DISCUSSION OF THE SOLUTIONS OF 
THE HYDROGEN ATOM 


From Eq. (8.27) we know that the energy levels of the hydrogen 
atom are given by 


_-By__m (#2) 
En = n2 2h? \Acreo/ ne? er? 


+ In the hydrogen atom, because of the special form of the Hamiltonian, the system 
has a much larger rotational symmetry than we expect. Mathematically one says that 
the symmetry group associated with the hydrogen atom is O(4) rather than the usual 
O(3). The degeneracy in the [-quantum number is a consequence of this larger 


symmetry. 
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FIGURE 8.4. The spectrum of the stationary states of the hydrogen atom in the 
idealized case where spin is ignored. Some electric dipole transitions (Al =+1) are 
shown. 


The energy spectrum is shown in Fig. 8.4. We note that states with 
different /-values but the same value of the principal quantum 
number n are degenerate. The result of Eq. (8.29a@) is in numerical 
agreement with the Bohr theory* and ts confirmed by experiment. 

The spectral lines emitted by the hydrogen atom arise from 
transitions between stationary states for which Al=+1[see the 
discussion in Appendix 7, and in particular Eq. (A7.9)]|. The fre- 
quency of a line emitted in the transition from a state with the 
principal quantum number mn, to one with quantum number n, is 


1 In the Bohr theory the n = 1 state is assigned an angular momentum h, whereas in 
reality it is a state with |=0. 
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given by 


eae ae 
Vv hy = ra > ‘ 


ne no 
Transitions in the case n,=1 give rise to the Lyman series, whereas 
when n,=2 the emitted lines are said to form the Balmer series, 
and so on. 

The lines of the hydrogen atom have been measured to good 
accuracy, and using Eq. (8.29b) one obtains the value for the 
Rydberg (Ry) experimentally ast 


1 
2 RYae— 109, 677.58 cm (8.30a) 


whereas the theoretical value obtained from Eq. (8.21b) is 


1 1m e? 
—R = — € 
he ~ sel 


) =109) 727 41cm | (8.30b) 
ATE, 


The difference between these two values is of the order of 0.05%, 
which is precisely the error between the mass of the electron and the 
reduced mass for the hydrogen atom, L.e., 


_ mm, ( me) = ( —) 
=—* 2 = m,{ 1-—*) =m, 1-—— 8.30 
is m. +m, i mM, ie 938 \ e} 


Note that the lowest energy of the hydrogen atom is —Ry. Conse- 
quently, a Rydberg of energy is necessary to free the electron from 
the atom. This is known as the binding energy of hydrogen and has 
a value of 13.6eV. 

In spherical coordinates the wavefunctions for the stationary 
states are given by the product of the radial wavefunction R,,(r) and 
the spherical harmonics Y,,,(9,@), which are eigenfunctions of the 


+ The Rydberg is expressed here in wavenumbers, v, a unit commonly used in 
optical spectroscopy. The wavenumber is the inverse of the wavelength of the 
radiation of a given energy. Thus 


il 
h v E nN 


v=— A=-= v= 


The value of the Rydberg in eV was given in Eq. (8.21)). 
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angular momentum operator. The completely normalized eigenfunc- 
tions of the hydrogen atom can then be expressed as 


Vrtmlls a,g)=-e( 22) {(2) ete 


’ 2r\(21+ 1 (l= ay 2 
xe mrs “\f felis | Pieosoye’”™” (8831) 


"'T\nay/l 4a (1+\|m))! 


Here L3"\,'(2r/na,) are the associated Laguerre polynomials (discus- 
sed in Appendix 10), P/"(cos @) are the associated Legendre polyno- 
mials, and ¢ is a signature factor which is +1 for m <0 and is equal 
to (-1)" for m>0. We list the first few wavefunctions below. 


1 
eh mols 0, d) = (ara)? e 


Vie, 


a i ' Bee —r/2a, 
Wn=2,1-0,.m=0l", 9, &) = 4(2ma3)'? (2 — S (8.32) 


' —sin 6 e’® 
m=++1 r - i 
2 fan {m=0 \or, 6, b)= 3\2,, © ne v2 cos 6 
m=—1 8(11a5) ao ae 
sin 6e 


For historical reasons it is common practice to use the letters S. P. 
D, Foe. tordesignatesstates with t=0nl,2)3, . 


f= 0 S (sharp) 
l-} P (principal) 
l=2 D (diffuse) 
[=3 F (fine) 


This nomenclature is related to the appearance of the series of 
spectral lines ending at the corresponding state. 

The reader should check that the expressions in Eqs. (8.32) follow 
from the general definition of Eq. (8.31) and agree with the form 
obtained carlier in Eq. (8.28). Note also that the wavefunction is 
finite (different from zero) at the origin only for | =0 states. 

The probability for finding the electron at r, 0, in the differential 
volume element d*r=r? drdQ is 


[Prints 8b)? 1° drdQ= (Ry (r)|? 1? dr) ¥im(@, 6)? dQ) (8.33a) 
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The probability for finding the electron at a distance r in the interval 
dr is 


Preb.,(r) dF=)R(r)\* ¢* dr (8.33b) 


This radial probability density is shown in Fig. 8.5 for different 
values of n and I. The distance r is plotted in units of r/ay. Note the 
presence of (n—!—1) nodes and the effect of the centrifugal barrier 
in pushing the mean position of the electron further away from the 
origin. 

The probability for finding the electron at 6, @ in the element 
dQ) is 


Prob, (8, 6) dQ =|¥i,(8, 6)|? dO 


: ge (1—|m|)! 


cal f cos Ol alcosrydos (8.33c) 


We see that the angular probability density is independent of the 
azimuthal angle @ and is of increasing complexity as | increases. The 
functions |P;" cos 6|* are shown in Fig. 8.6 for a few values of | and 
m. When I is large, the electron is found for |m|=1 near @= 7/2. 
This corresponds classically to orbits in the x-y plane, namely, 
orbits for which the angular momentum vector ts along the Z-axis. 
The opposite is true for m=0. 

The wavefunctions for the stationary states of the hydrogen atom 
with different values for the quantum numbers n, [, and m are 
orthogonal (see Eq. (8.31)) This can be verified simply in the 
following way. When n =n’ and 1=l', but m#m’, the orthogonality 
follows from the properties of the functions e’"®. When n =n’ and 
m—=im’' but [#1', then the properties of the Legendre polynomials 
make them orthogonal. Finally, when [=I' and m=m’ but n#n’ 
the orthogonality follows from the properties of the Laguerre 
polynomials. 

Central potentials are invariant under the parity operation or 
under reflection of any coordinate. Therefore, it must be possible to 
label the stationary states of the hydrogen atom by the eigenvalues 
of the parity operator. We know that under the parity operation 


Yen (0, b) > Yin (7 ~ 0, +6) =(-1)!' Yin (6, &) 
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FIGURE 8.5. The radial probability distribution function |rR,,|? for several values of 
the quantum numbers na, l. [From E. U. Condon and G. H. Shortley, The Theory of 
Atomic Spectra, Cambridge University Press, Cambridge (1953) by permission]. 
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FIGURE 8.6. The probability distribution in the polar angle @ is given by 
|P™ cos 6|?. The angle @ is measured from the Z-axis and the distributions have axial 


symmetry around the Z-axis. 


That is, the wavefunctions of the hydrogen atom are definite parity 
states, the parity quantum number being completely determined by 
the orbital angular momentum I. 

Once the wavefunctions are known, it is possible to calculate the 
matrix elements of operators between stationary states. Given an 
operator O with a coordinate representation, the matrix element is 


defined to be 
Ce a m'| O |n, L, m) = i) he At) OY ptm) (8.34) 


Of particular interest are the average (expectation) values of the 
radial position operator f and its powers.t These can be obtained in 
closed form. In Appendix 11 we indicate how they can be conve- 
niently calculated. For the present we simply list some of the 
relations most often encountered. We follow the notation 


(n, i: m| ie \n, iE m)= a a 


+ In this section we use a caret to indicate the position operator 7. This is not 
necessary in the coordinate representation where ?—r, and in the future we will 


simply write r. 
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and then 
pal 
Ona= nani +5 [1-7 ]} 
3 H+1)-1/3 eae 
+ —_ 
y= ntad{i+> [1 |} 
Oa 
ieee oe (8.35b) 
er 
ff, aan? l+1j2 


(5), a (8.35c) 


Plat aan? Ut 1/2\(1+1) 


Equation (8.35a) are useful in determining the average distance of 
the electron from the center, and the reader should compare them 
with the density functions of Fig. 8.5. It is easy to see from Eqs. 
(8.35a) and (8.355) that 


i0= 3au 


(:) =~ (8.36) 
Piao an 


Ce oe 


they are of the same order of magnitude. Therefore, one can think 
of the Bohr radius a, as giving the approximate size of the hydrogen 
atom. Note also that Eq. (8.35c) is undefined for | = (0 states. This is 
not surprising since for S-wave states the wavefunction is finite at 
the origin and hence 


That is, although 


1 
| Re IRor)| fa dr—> co 6Oas r—O 


As a further application of the above formulas let us verify the 
virial theorem (which we discussed tn Section 6.5) in the case of the 
hydrogen atom. Let 
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Thus 
Pa ee = e 1 
T=E-U(n=E+ = (8.37a) 
ATE, r 
We know that 
A Ry Coe 
E ib eee tae 5 8.37b 
(En n2 4TE,_ 2Zaon~ ( ) 
Using the result of Eq. (8.35b) we have 
a came i | 
(UO) =- = (-) =~— = (8.37c) 
Amey \Fl nn Amey Ayn” 
It is now straightforward to see that 
(Dnt = (Ent —(O) na 
Be yee OW ew 
Amey 2aon” 42r€) don” 
| aa 
= =—3U 38 
Amey 2agn? 3¢ Pe (8 3 ) 


This is, of course, what we expected from our discussion of the virial 
theorem applied to the case of a Coulomb potential [see Eqs. 
(6.32)]. 


8.5. EFFECT OF SPIN 


Although the results of the calculations for the hydrogen atom in 
the previous sections agree quite well with the experimental obser- 
vations, there are minor differences. Part of this discrepancy can be 
recovered by using the true reduced mass of the system rather than 
the mass of the electron since the proton is not infinitely heavy. 
There are, however, still other effects that we have to consider. 
First, note that we have treated the electron as a spinless particle 
in our entire calculation. In practice we know that the electron has 
spin 1/2 [the eigenvalue of S? is #7(1/2)(1/2 + 1)] and associated with 
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it a magnetic moment of magnitude? 


eh 
Ibe! 5 = ee (8.39a) 


where ug = 9.274 10 ** A-m? is the Bohr magneton (see Section 
3.3). The direction of py. is opposite to that of the spin because the 
electron has negative charge and the quantum-mechanical operator 
expressing the magnetic moment has the form [recall Eqs. (5.42)] 


2. a 
Ih. ies ~ual> $) =—[po (8.39b) 


Where we have used the Pauli matrices of Fq. (4.68¢) to express the 
spin operator. 

In the hydrogen atom, the electron is not at rest. Consequently, in 
its rest frame, the proton (the nucleus) is moving. Sinee a moving 
charge produces a magnetic field#, the electron “sees” a magnetic 
field due to the motion of the proton, and the field is given by 

1 |é| 


1 * 
Bere rae zipper) — (8.40a) 
o nige™ r 


The veetor relations are shown in Fig. 8.7 where B is directed out of 


FIGURE 8.7. An electron moving with velocity v in the electric field € of a proton is 
subject, in its own rest frame, to a magnetic field B directed out of the paper. 


+ The exact value is p, = 1.00 15a, : see the discussion following Eq. (3.23b) and in 
Section 8.6. 

t See J. D. Jackson. Classical Electrodynamics, Wiley, N.Y., 1962. First Edition 
p. 380. Note that we use MKS units. 
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the paper. Furthermore, since 


L=rxp 
and 


4) |] 


we obtain the operator expression 


1 
mc? r 


dV 
‘dr 


B= (8.40b) 


The magnetic moment of the electron interacts with this magnetic 
field, which leads to an interaction energy of the form 
dV 
dr 


2bB t 


Fines a (S-L) (8.41a) 


Up 


If we use the form of the electric potential for this case, namely, 
V(r) =e/4aregr and the definition of the Bohr magneton, then the 
interaction energy has the form 
2 
: € — oa 
a (LS) 8.41b 
: Ane, m2c 28 ( 
This simple-minded calculation of the interaction energy is not 
correct because the electron is not moving in an inertial frame. The 
correct expression for the interaction was calculated by Thomas? 
and differs from the one given in Eq. (8.41b) by a factor of 4. Thus 


= 


P er 
Uin = 
a 4m€, 2m2c : re 


(L$) (8.42) 


Let us note in passing that it was through experimental observations 
of these effects that it was understood that the electron has spin 1/2 
and magnetic moment pw,. The doublet structure of the Zeeman 
effect showed that the electron had spin 1/2, and the spin precession 
experiments further established that the magnetic moment of the 
electron equalled wp, (instead of 5u,). Theoretically, both the 
magnetic moment and the spin-orbit interaction follow as conse- 
quences of the relativistic Dirac equation for spin 1/2 pointlike parti- 


+See J. D. Jackson, op. cit. p. 364. 
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cles. This additional interaction energy represents a spin-orbit in- 
teraction energy and must be added to the Hamiltonian of the 
hydrogen atom. Thus 
H= H,+ U+ Wee. 
h? e e° 1 


; - oem Ss) (642 
2m, Ameor Awe, TE S)) a) 


To get a feeling for the order of magnitude of this additional energy, 
we note that (L-§)~ f-. and assuming that the distances involved 
are of the size of the Bohr radius, we have roughly 


Q e 1 2 


oe 
i Aare, 2m20e7a3 
| Aco ne 


; ae Bere 
2 47r&9 Ag M2C AG 


2 
=Ry( 


e oT 
——]| =a’R 8.43b 
= ae ( ) 


where 


(eo 1 


a- —— = fine-structure const = 745 
Ateohc 


Thus we see that the spin-orbit interaction energy is about 10° times 
smaller than the energy of the stationary states. and hence we can 
use the time-independent perturbation theory developed in Chapter 
4 to calculate its effects. 

Although both L and § are angular momentum operators, they 
operate on different Hilbert spaces. ar operates only on the orbital 
angular momentum of the electron, while Ss Operates on the spin 
angular momentum, which truly is an intrinsic degree of freedom. 
Furthermore, note that neither is nor S, commute with the Hamil- 
tonian any more, and hence their cigenvalues cannot be constants of 
motion. We discussed in Section 7.6 how two angular momentum 
operators can be added to form a total angular momentum [see Eq. 
(7.60a) and following text, and Appendix 6] 


J=L+S (8.44a) 
so that a ; : 
L-S=3(—-L’-S?’) (8.44b) 
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Furthermore, one can easily show that all the components J com- 
mute with the Hamiltonian, and hence one can choose as a basis for 
the unperturbed Hamiltonian the states |I, 5; j, m;|) such that 


S? |, s; j, m;)=h7s(s+1) |L, s; j, m;) 
L? (1, s;j,m,)=A71(1 +1) |L 8; j, m,) 


ne (8.45a) 
¥ |l,s;j, mj) =h?j(j+ 1) |b s3 i,m) 
; J, mj) = hm, \l, s; j, m;) 
where j] takes values 
\I—s|<j<|l+s| 
Therefore, for our problem j only takes two values 
J=t45 (8.45b) 


In this basis, the expectation value of the operator L - § becomes 
CIS eT L-S|l,s;j, m;) 
=(I', s'; j', mj] 30°—L?— $8?) |L, s; i, m;) 


> 


ee 

a 2 iG at is Kl =e iN ee s(s air 1)]6;;. Oma by on (8.46) 

We are now ready to calculate the perturbative shift in the energy 

levels due to this additional interaction. Denoting the complete 

stationary states of the hydrogen atom by |n, I, sj, m,) we have the 
first-order change in energy as 


(n, I, zi de m,| ee |n, is 3 if m;) 


e? 1 
weer 2m2c aa ee pei = (- S) |n, Pai, m;) 
0 
e* 1 Te Wie... 
=F gents) Flt Y-10+ 9-9 


e*h? —s {_ l } ifj=re; 
~ Aqey4m2 Ge (1+ 1) if j=1-3 
Using the value of (1/r°),, from Eq. (8.35c) we have 
eh 1 
A4qe,4m2c? agn* 


( Ce= 


1 { } iff=—t-> 
ee \(i+ 1) (-@+1) if j=1-3 
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The constants in the above result can be rearranged to read 


eh? te. eee ( me? ) 
Ame 4m2c? abn? = 4meo4m2c? \4ae gh? 
iletonie eal sale ran 1 
= 5 yeas 2 (| =~ 70 ee 
22 (47€,)“h* n~ \4aeqchc/ n n 
so that the final result is ; 
A 1 { l } if ;=1+5 
int) = —30°E, ————— ed (8.47) 
(Ging) = 20 "nAl(L+ 3) + 1) (+ 1) ifj=l-4 


where E,, are the energy levels of hydrogen given in Eq. (8.29a). 
This gives the change in the energy levels because of the spin-orbit 
interaction and is called a fine-structure splitting since the shift is 
proportional to the square of the fine-structure constant.+ 


8.6. FINE AND HYPERFINE STRUCTURE OF ATOMIC 
SPECTRA 


The spin-orbit interaction leads to a fine structure in the energy 
levels of the hydrogen atom. However, there is another effect that 
should also be taken into account. Namely, we have treated the 
electron in the hydrogen atom as a nonrelativistic particle. In reality. 
however, the electron is quite relativistic, as the following simple 
calculation shows. 

Consider the electron to be in the ground state of hydrogen. From 
the virial theorem we know [see Eq. (8.38)] 


(T)o= —XU)o (8.48a) 
On the other hand, the ground-state energy is given by 
(Tot (O)9= Ey=—13.6 eV 


{In principle (1/r*),,, is divergent for |= states, as we remarked in the previous 
section. However, Eq. (8.47) remains finite for |= 0 states and gives the correct shift 
in energy even though the matrix element of (L-S) is zero(!) in that case. These 
peculiarities are a consequence of using perturbation theory and are absent when 
treating the hydrogen atom by the Dirac equation. 
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or 
CP = =e = 13. 6 eV 


and assuming that T= p?/2m, =4m,67, we have 


v ) 2X13.6eV 27.2eV 
ee ao 
((e) 6 m,c 0.5 MeV 


or 
v 
(2) =7x10 7=O(a) (8.48b) 
Clo 
where a = 1/137 is the fine-structure constant. 
Therefore, we have to correct for the relativistic nature of the 
electron’s motion, and we do this in the following way. The kinetic 
energy, relativistically defined, is 


T=E-—m.c*=(p'c?tmec)"—m.c" 


p? 1/2 
=mc{1+—5) —m,c? 
HSC 


iI J 1 p? 2 a 
7 mac 1 +5 eee a ‘i 01°] Seige 
2: 4 


eee HOt) (8.49a) 


2m. 8&mic? 


Here we have neglected higher-order terms in momentum because 
they would lead to corrections only of higher-order in a. Under this 
approximation (we ignore the spin-orbit interaction for this calcula- 


tion) : . i 


ieee p e p a Ae 
H= ae. ea eee 
where 
oe p° e- 
° 2m, 4qeor 
and 54 
H'= aye? (8.49b) 


Note that H’ is rotationally invariant. Thus, it is diagonal in the 
|nIm) basis. That is, 


(n'l'm'| H’ |nlm) =0 unless —n .f=l,m=m' 
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Consequently, even though the energy levels are degenerate one can 
still apply nondegenerate perturbation theory since the potentially 
troublesome off-diagonal matrix elements vanish. 

Thus, the first-order change in the energy levels is calculated from 


E =(nlm| H' |\nlm) 


1 
= — 53,2 (nlm! p* |nlm) (8.50) 


The expectation value in Eq. (8.50) can be calculated by noting that 


- i 7 e7 
” 2m. 4éor 
or 
AD rs e? 
p°=2m,\ Hot 
4qeor 
or 
° e2 ‘ e? 
p*= 4m2( H+ )(4o+-—) (8.51a) 
4meor 4teor 


We also recognize that 


e- 1 1 m,e* 
fiat A hin Sa ee 
(nlm| Ho |nim) = E,, A4qeg2n*a, 2 (42€)*h?n? 
_ eatiie® (8.516) 
2 - 


Clearly the first-order change in energy becomes 


> 


l ines hueolae 
> 4m2(nlm (A + _\( i ) 
Singe? (nlm| | Hy aa Soe \nilint) 


he [et +(e) | 
Jmecm tl” Agree); N\A NEA 


Furthermore, if we use the expectation values given in Eq. (8.356) 
we obtain 


(i) 
EE, = 


vl 


2 2 2 
ae [E24 26, —— ( : ) a | 
2m,.c Amey aon? \4qeo/ apn? l+4 
E,, ( Cal 7 a) 


Dic 


ATE, aot” ATE, aon 1+3 
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___E, e 2 See aie) 


2m,c? n Ate, 4iregh? 1+4 
e. Ey a ee 1) 
2ime> \. One onl 1+3 
3 iL 
es 
ON An? nil+4 o2) 


Therefore, the total change in the energy levels, if we include 
relativistic corrections as well as the spin-orbit interaction, is given 
by the sum of Eqs. (8.47) and (8.52) 


6B 1 l ifj=1+4 
2 nl(i+4)(1+1) -(4+1) ifj=1—3 


eate,(-3,43 1) 
"™ 4n? nit+4 


aN _ 


3 ie! 
=a7E (- pat) F= 144 8.53 
=a ; i here j=I45 ( ) 


If we apply this formula to the n = 2 levels of eee we obtain 


AE(2P3/.) = a E(—a4 4 Ee 5) apr a. 


e 
2 Aili Sa? 
AE(2P,/2)=a°E,(-4 443 = 76 F2 (8.54) 
2 
AE(2S,,>) = a2E,(—3 1+! =", 


The results of Eqs. (8.53) and (8.54) are intriguing in the sense 
that although both the spin-orbit interaction and the relativistic 
corrections individually remove the |[-degeneracy in the hydrogen 
levels, when they are combined the total shift depends only on the 
quantum number j. That is, the levels with the same principal 
quantum number and the same | value are degenerate in energy 
even though they may possess different [-quantum numbers. This is 
evident in Eq. (8.54) for the two j=1/2 states. In spite of our 
perturbative calculation, this result is generally true for the 1/r 
potential and follows directly from the Dirac equation. It shows that 
spin and relativistic effects are intimately connected. 
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In hydrogen and other atoms such as sodium which have only one 
electron outside a closed shell, states with |!#0 are split into 
doublets. As a consequence, the spectral lines that are emitted 
during transitions between stationary states also appear as doublets. 
This effect is more pronounced in atoms with large nuclear charge 
and is clearly evident in the vellow lines of sodium. Figure 8.8(a) 
shows the energy levels of sodium (Z = 11), and we immediately 
notice that states with the same principal quantum number n but 
different angular momentum are not degenerate anymore. This is 
because the effective potential seen by the electron outside the 
closed shells is not of the Coulomb type. This effect is discussed in 


35000 


40000 j 


> _sson | 


FIGURE 8.8. (a) The energy levels of sodium. The most prominent transitions are 
indicated. [From M. Born, Atomic Physics, Hafner, New York, sixth edition 1957 by 
permission]. (b) The sodium yellow D-lines when viewed through a simple transmis- 
sion grating imaged onto a TV monitor. These lines are labeled D, and D, in the 
energy level diagram of part (a). 
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more detail in Section 10.2. The spectral lines of interest are due to 
the transitions 


ln =3,1=1, j =3/2) > |n =3, 1 =0, j = 1/2) 
In =3,1=1,f=1/2)— |n =3, 1 =0, j = 1/2) 


Note that Al=—1, which is in agreement with the selection rule 
Al=+1, but Aj =—1 in the first case, whereas Aj = 0 in the second 
case. It is customary to designate states and transitions by the 
spectroscopic notation introduced in Section 8.5 with the addition of 
a subscript indicating the j-value. Thus, the two lines are described 
by the transitions 


3P4)> = 3S 1/2 
3Pij2 > 3842 


The wavelengths of the yellow lines are 


4, =5889.963 A 


Ns = 5895.930 A 
so that 


AE =hAy=20n 2"! 


= 2.13% 10; tev 

If we calculate the energy splitting using Eq. (8.53) it agrees with 
the experimental value. Figure 8.8(b) gives an enlarged view of the 
yellow lines obtained with a transmission grating. 

When the energy levels of hydrogen are examined with even 
higher resolution, it was found by Lamb and Retherford in 1947 
that even the 2P,,. and 2S,,, states of hydrogen split. This is known 
as the Lamb shift and arises from the self-interaction of the elec- 
tron. Figure 8.9 shows the effect of fine structure and the Lamb shift 
on the n =2 states of hydrogen. This effect can be calculated to a 
high degree of accuracy using the theory of Quantum Elec- 
trodynamics (QED). The value of the Lamb shift is 


AE = (1057.1340.13) MHz (~4.37x10°°eV) observed 
= (1057.77+0.10) MHz calculated 


QED also predicts the deviation of the magnetic moment from Lp. 
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FIGURE 8.9. The fine structure of the n =2 states of the hydrogen atom. 


the value given by the Dirac equation. The numbers are 


He — 10016592219) observed 
kp 


= 1.00165921(10) calculated 
In our calculations so far we have treated the proton as if it were 
a spinless point particle. However, the proton has spin 1/2 and 
associated with it a magnetic moment wp. The magnitude of up is of 
the order of the nuclear magneton (see Section 5.6) 
eh 


2p 


Pp=2.91px, =2.91 


which is about 2000 times smaller than wp,. Consequently, the 
interaction energy between the nuclear moment and the electron’s 
orbital motion is much smaller than the fine-structure energy. It 
gives rise to a hyperfine structure of the stationary states. The 
interaction energy Is proportional to (I-J) where I is the angular 
momentum operator for the nucleus. One proceeds as in the case of 
the L-S coupling and the resulting total angular momentum 
Operator is designated by F i+J. The hyperfine splitting of the 
n— 2 states of the hydrogen atom ts of the same order of magnitude 
but smaller than the Lamb shift. 

The fact that up# un indicates that the proton cannot be consi- 
dered as a point particle. In fact. as has been deduced from many 
experiments, the proton has a finite size, and this results in a 
deviation of the potential from the exact Coulomb form for r— 0. 
This gives rise to a small shift (but no splitting) of the energy levels 
of the same order as the hyperfine structure. We speak of an isotope 
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shift of the energy levels. However, for light atoms, the shifts 
between the spectra of different isotopes are dominated by the 
effective reduced masses rather than by the finite size of the nucleus 
[see Problem 8.5]. 


8.7. VARIATIONAL METHOD: APPLICATION TO THE 
LINEAR POTENTIAL 


Sometimes the interaction potential for a system may be compli- 
cated enough so that an exact solution is not possible. The form ot 
the potential may not also yield readily to a perturbative treatment. 
Furthermore, perturbation theory may not be suitable for the kinds 
of questions we are interested in here. As an example, let us 
consider the Hamiltonian with a linear potential: 


=H,+U (8.55) 


It is clear that if the strength of the interaction k is large, then 
there will exist bound states of the system. This potential does not 
lend itself in general to an exact solution. If, on the other hand, we 
try to treat the potential as a perturbation on the free Hamiltonian 
Hp, it is clear we will run into difficulty. This is because the 
eigenstates of the free Hamiltonian are the plane-wave states, and 
we have seen in Chapter 1 that for such states 


(7) > & 


Furthermore, it is clear that one cannot obtain a bound-state 
wavefunction from a plane-wave solution through any perturbative 
method. In such cases where the perturbation techniques are not 
quite applicable (we are really looking for nonperturbative effects) 
one looks for alternate approximate methods. One such method 1s 
the variational method, and it is quite useful for obtaining upper 
bounds on the bound-state energy levels of a system. The varia- 
tional method rests mainly on two theorems. 
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Theorem 1 


The expectation value of the Hamiltonian is stationary in the 
neighborhood of its eigenstates. 

To show this let us assume that |) is the state in which the 
expectation value of the Hamiltonian is evaluated. Furthermore, let 
us modify the state infinitesimally to 


|) — |p) + |B) (8.56a) 
The expectation value of the Hamiltonian is given by 
(H)= we (assuming the states are not normalized) 


or 


(ib | b) (A) = (| A |p) (8.56b) 
Under the infinitesimal change of the states, therefore, 
(wh | dh) 8C) + (Suh |b) (A) + (eh | Sb) = (8eh| A |b) + Cb] A dy) 


or 


(ub | ) 8(A) = (8b| H— (A) |b) +(b| H-(A) |b) (8.56) 


If the expectation value is stationary, 1.e., 5(H)= 0. then the rhs 
must vanish for any arbitrary |). In particular, if we choose 


|S) = € |) (e infinitesimal parameter) 
then Eq. (8.56c) would lead to a stationary value for (H) only if 
(H —(H)) |) = 0 


or - 
|W) is an eigenstate of H 


This shows that the expectation value of the Hamiltonian is station- 
ary in the neighbourhood of its eigenstates. 


Theorem 2 


The expectation value of the Hamiltonian in an arbitrary state is 
greater than or equal to the ground-state energy, i.e., 
(eb FL |W) 
(uw | b) 


where E, is the energy of the ground state. 
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Although this theorem is true, in general, for simplicity of proof 
we assume that the Hamiltonian has a discrete spectrum such that 


H |n)=E, |n) (8.57a) 


Hence, we can expand the state |) as 


w= E Gaim 
Conecquently, - 
WwIW~ IGP 
and - (8.57b) 
(| A tw) ¥ E, (ak 
Hence 


Wi) Yn. E, ICAP = Ln Eo|Gy ke 
(| w) Salar Wick 


where the last step follows from the fact that E, is smaller than E,, 
for all values of n in the series; that is, E, is the lowest energy of the 
system. 

With these two theorems in mind we can now discuss the varia- 
tional method. Here we choose a wavefunction that resembles the 
ground state of the system as much as is possible. That is, the 
wavefunction must possess all the symmetries of the system and 
satisfy the necessary boundary conditions but should depend on a 
few undetermined parameters. We can then calculate the expecta- 
tion value of the Hamiltonian using this trial wavefunction. The 
expectation value will be a function of the unknown parameters, and 
we can minimize the expression so as to determine the best values 
for these parameters. When we substitute these best values into the 
expression for the expectation value of the Hamiltonian we obtain 
an upper bound on the ground-state energy. We can try to improve 
our bound by adding more and more unknown parameters and 
using the minimization procedure. When there is difficulty in lower- 
ing the bound any further we can think of it as being very close to 
the true ground state. 


= Ey (Soc) 
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Furthermore, we can also estimate energy eigenvalues of the 
excited states by this method. We simply have to choose a trial 
wavefunction that is orthogonal to the ground-state wavefunction. 
The trial wavefunction must have the right symmetry properties and 
must satisfy the correct boundary conditions. If we again follow the 
minimization procedure described above we obtain an upper bound 
for the first excited state. The method becomes laborious and less 
accurate as we go to higher states. 

The variational method gives a very good estimate of the energy 
eigenvalues. But it does not determine the wavefunction accurately. 
Consequently the expectation values of observables calculated by 
this method, other than the energy, are not reliable. 

Let us apply all these ideas to the case of the linear potential 
introduced in Eq. (8.55). The potential is attractive and is of infinite 
range (like the Coulomb potential). Therefore, the system will have 
bound states with energies becoming progressively more closely 
spaced as shown in Fig. 8.10. 


r 


FIGURE 8.10. The linear potential U(r) = kr and some of the energy levels for such 
a potential. 


The radial equation for this system becomes [see Eq. (8.19)] 


d> 2 A71(1+1 
5+ Fe [Bum br | pale =0 (8.58a) 


This equation can be solved exactly for | = 0 states. We will evaluate 
the exact solution for this case so as to be able to compare it with 
the valuc obtained from the variational method. When 1-0 the 
equation reduces to 


dame 
5+ TE (Ey — kr) |uulr) = 0 (8.58b) 
ae ij 


BOUND STATES: PART I 343 


The wavefunction has to satisfy the usual boundary conditions. 
uur) 20 as r>0O and r>o (8.58c) 
Let us now make the following redefinition: 


x = (ky)"9(r— 1) = (ky) *7(r— E/k) 


a 8.59 
r=(ky) *?x+ E/k, where y = aH ( 2) 


The range of x, therefore, becomes —E(y/k?)'?<x<o, and in 
terms of this variable Eq. (8.58b) becomes 


(4,-x)ucx)=0 (8.59b) 


with the boundary conditions 


1/3 
ulx=—E(2) ]-o and u(x —«)=0 (8.59c) 

The solutions of Eq. (8.596) are known as the Airy functions and 
are denoted by Ai(x).t The Airy function which tends to zero as 
x—> is shown in Fig. 8.1 1(a). It is monotonically decaying for x>0 
and is oscillatory for x <0. The values of the bound-state energy are 
obtained from the zeros of the Airy function since it must satisfy the 
boundary condition of Eq. (8.59c). Thus 


1/3 
ms 
= -E,(%) = nt 
x 42 a 


k? 1/3 
sie a -(=} an 
¥ 


where the a,,’s give the zeros of the Airy function. The numerical 
values of the first few zeros are 
a, = —2.338 az = — 4.088 ads=—5.521 a,=—6.787 
(8.605) 


(8.60a) 


+See Handbook of Mathematical Functions, by M. Abramowitz and I. Stegun, 
Dover publication N.Y. 1965, p. 446, for a tabulation of the functions and of their 
zeros. 
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Ai(x) 


FIGURE 8.11. (a) The Airy function of the first kind with real argument. (b) The 
radial eigenfunctions rR,,,_,(r) for the linear potential. 


Equation (8.60a) gives the bound-state energies for the | =() states 
of the linear potential. The radial wavefunctions u,,)(r) are obtained 
from the Airy functions subject to the transformation of its argu- 
ment as indicated by Eqs. (8.59a). They are shown in Fig. 8.11(b) 
for the low values of n. 

Next we evaluate the energy eigenvalues by the variation method. 
Let us first calculate the 1 =( state. The ground-state wavefunction 
must be nodeless and must satisfy the boundary conditions of Eq. 
(8.58c). Thus, the simplest trial wavefunction has the form 


utr) =n" 


or 
Rip sens (A is the unknown parameter) (8.61a) 


Thus 
(bh | b= | \p|? r? drdQ= 4n| er adr 


l 7 
seen ie 


(8.61b) 
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Furthermore, 


(y| By) =28 | ytiyr? arao 


ade F200 es 
- el (-aan ge thane |r aran 


he 


= 4 (—A?r?+2Ar+ kyr*)e~™ dr 
¢ 


0 aad 3) 
a tol Ph sty 2) 


4,3 an?” 
3k 
=F (x7+5 2) (8.61c) 


Therefore, the expression that we must minimize becomes 


~. _ <b| A |W) Bal 
Un) =e mar mae (a +52) (8.62a) 
Now 
d(H) _y_¥ (5, 3k 
dy =0=55(2 2) (8.62b) 
yields 


ia = ay 


Introducing this value into Eq. (8.62a) we obtain the minimum 
energy 


Z h? 

iain a (El eee. - sky) 
2 

h? 9 
ad k a ees 3) 1/3 
dpa 4*°Y 8 ky(aky) 
2\ 1/3 h Pao | We) 
= 2.48(—) =2. 4s| (8.62c) 
vy Le 


Comparison of the result of the variation method with the exact 
ground-state energy given in Eqs. (8.60a) and (8.60b) shows that 
the discrepancy is only 6% and that E,,,,,> Ep, as it should. 

The same technique can be extended to obtain the energy of the 
excited states as discussed earlier. For the |! =0 states with n>1 we 
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must choose a trial wavefunction with the appropriate number of 
nodes, whereas for the n=2, l!=1 and n=3, | =2 states it suffices 
to choose a nodeless trial wavefunction, but including an additional 
factor of r'. The results of the variational calculation are given in 
Table 8.1 where they are also compared with the exact results when 


Table 8.1. Energy Eigenvalues for the Linear Potential in units of 
[(k)*/2p "9 


State Exact solution Variation method 
1S 2.338 2.48 

2P Cannot be obtained 3.48 

2S 4.088 4.29 

3S 5521 

3D Cannot be obtained 4.35 

4s 6.787 


these can be calculated. The energy spectrum is shown graphically in 
Fig. 8.12. 


6 fetc. 
1/3 SS Setc. 
E =| eae tet =e 
— : etc. 
nf (hk 4 - —— ?P 
2 IS 
S-states P-states D-states 
mn) i [ame 


FIGURE 8.12. The energy level! diagram for the low-lying levels of the linear 
potential. 


8.8. QUARKONIUM 


We have studied the linear potential because it has interesting 
applications to physical systems. For example, the interaction poten- 
tial between the constituents of the proton can be phenomenologi- 
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cally represented by a linear potential, and it agrees quite well with 
experimental observations which we describe below. 

It has only recently been established that matter consists of 
quarks. Quarks have a fractional electric charge of —1/3 or 2/3 of 
the proton’s charge, and the corresponding antiquarks have charges 
1/3 or —2/3. The quarks have spin 1/2 and consequently the 
nucleons (i.e., protons and neutrons) are composites of three quarks, 
whereas the mesons are composites of a quark and an antiquark. No 
free quarks have been observed, and it is believed that free quarks 
cannot exist in nature. This peculiar phenomenon can be explained 
only if quarks inside elementary particles arc bound by a force that 
increases as their separation increases. At large separations the 
potential energy becomes large enough that it exceeds the threshold 
for the production of a quark—antiquark pair so that a new meson 
can be produced without the appearance of a free quark. We say 
that the quarks are confined. There are many potential models of 
confinement and the linear potential of Eq. (8.55) is one of them. 

At present five different varieties (flavors) of quarks have been 
observed. They are 


u-quark (up) and d quark (down) 
c-quark (charm) and_ s quark (strange) 
b-quark (bottom) and ie 


A sixth quark labeled t (for top) is postulated to exist as the partner 
of the bottom quark but has not yet been observed.* In Table 8.2 
we give the charge and mass of the quarks as inferred from many 
experiments. 


Table 8.2. Charges and Masses of Quarks 


Quark Charge Mass (mc?) 
u 2/3 ~few MeV 
d —1/3 ~few MeV 
& Sys) ~0.4 GeV 
c DIS 1.15 GeV 
b 11/5) 4.35 GeV 


+ A recent experiment (1984) has claimed preliminary evidence for the observation 
of the top quark with 30<m,<S0 GeV. (Private communication). 
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We have already mentioned that a system consisting of a quark 
and an antiquark can be observed in nature in the form of short- 
lived particles. For instanee. the wad system ts the m7 -meson, while 
the Md system is the mw -meson. us the Ao -meson. ete. In particular, 
systems consisting of a quark and its own antiquark have been 
observed such as 


l a 
w° =~ (ui + dd) 


s§ is the @-meson 
c€ are the J/¥-mesons 


bb are the Y-mesons 


If the potential energy between the qq pair obeys Eq. (8.55). then at 
small distanees the qq foree is weak and the system resembles the 
hydrogen atom. In systems consisting of heavy quarks such as the 
JW and Y-mesons the quarks meve with low velocity so that it is 
possible to apply the Schrodinger equation and treat relativistic 
effects as a small correction. 

From our general arguments we would expect that such qq 
systems would have an intinite number of bound states. This is not 
true because as the potential energy ineredses an additional pair of 
quarks can be produced. and the qq system ean immediately decay 
into two mesons, for instance. 


= = Po 
c€é > ciit+ Gus D°D® 


where cii is the D° meson and éu and D°. Thus. the observable 
spectrum of qq stationary states is limited to energies below the 
threshold for production of the corresponding mesons. 

In Fig. 8.13 we show the spectrum of some of the states observed 
in the cé system WW mesons) and in the bb system (V-mesons: 
pronounced upsilon). The energy indicated on the ths seale gives the 
rest-mass Meo of the qq system in that particular state. If the mass 
of the quark (and antiquark) is m,, then 


Ae iy Rigg ee, 


where Fy, is the sum of the kinetic and potential energy of the aq 
system in the state am. /’. Assuming a linear potential the values of 
Fare as obtained in the previous section and summarized in Table 
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E 
Hive’) E(GeV) 
14| RRR 45, 
10.8 
4.2b 
10.6 , 
sol ——K 38S, mm 4S, 
OF SSE BB THRESHOLD 
10.4 4 
3.8 = 21D) a 
“iL _ _ __ __ DD THRESHOLD SKE 10.2 
a 5 
7 ZS : 
: 2°P. 
23p, OHO) ans, 
3.4 2°Py 
9.8 
SZ ir 
15s, CHS) 
sob ——— _ |°S 
9.4 
(a) U/W (ct) (b) Y (bb) 


FIGURE 8.13. The observed spectrum of quarkonium (a) for the c¢ system known 
as the J/us mesons, and (b) for the bb mesons known as the Y mesons. Note that the 
total energy of the J/i/ and Y states is due in large part to the quark mass. Above the 
threshold for production of DD (or BB) mesons the states acquire a measurable 
width. Some of the radiative transitions in the J/is system are shown. 


8.1. The states of the cé and bb mesons are observed in high-energy 
collisions of elementary particles as, for instance, in wp and pp 
collisions, but are most easily produced in e*e annihilations at high 
energies. 

In Fig. 8.13 we have also indicated the threshold energy for the 
production of DD and BB mesons. Above this energy the qq states 
are not any more exactly stationary because they can decay into a 
pair of mesons. Thus, the energy of the qq states above threshold is 
not sharp but has considerable width as indicated. We note that not 
only S-states but also P and D states have been identified. We draw 
attention to the three closely spaced P-states indicated for the c¢ 
system. The splitting between these states 1s due to the spin-orbit 
interaction in analogy to the discussion of Section 8.5. The quarks 
have spin 1/2, but in contrast to the hydrogen atom q and q have 
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the same mass, and thus magnetic moments of the same magnitude. 
Therefore, we must compose the two spins S, and S, into a 
single spin (angular momentum) vector 


§=§, +8, 
where § will have eigenvalues s=0, and 1. The total angular 
momentum will be 

J=1+5 


where the eigenvalues of J will be j=l-lelel +1 Witem 170, and 
j =0,1 when [=0. To distinguish these states we add a superscript 
(2$+1) to the spectroscopic notation; for instance, 


2 Peeieans. Nn 24h 1s — ij =? 
i’ S,amiecaos on ial — 0s = — 
1?Swemeans #=1,1=0)s=17=1, “ee 
The arrows in Fig. 8.13 indicate transitions between the states that 
proceed by the emission of a photon. Note that they obey the 
selection rule Aj =0,+1 ({=0—j=0 not permitted). 


We can now compare the data with our calculation. Since q and q 
have the same mass, the reduced mass wu of the system is given by 


MyM, , 


p= — bea 
Hegtalidites : 


Thus, the total energy of the states is 


27 1/3 
a) An. (8.63) 


q 


(Boe (era 2e ek | 


where the a, are given in Table 8.1. There are two unknowns in 
Eq. (8.63), m, and the strength of the linear potential k. The total 
energy of the observed cé and bb states is given in Table 8.3. Using 
the (cc) 1°S, and 27S, states we find 


(hk)? 


Me 


1/3 
(E20) — (E;.o) = 0.588 Gev=| (4.29 — 2.48) 


0.588 
1.81 


(E, 0) = 3.097 GeV = 2(m,.c?) + x 2.48 
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Table 8.3. Masses (Energies) of the J/‘¥(cé) and Y(bb) states (in 


GeV) 
State J/¥ ays 
12S) 3.097 9.458 
ss ee 3.514 (Center of gravity) 
278; 3.685 10.016 
BES 4.730 10.323 
3D a0 (33D,) 
GES, 4.414 10.547 
which yield 
hk)? 
m.c’= 1.146 GeV; ey) = 0.0343 GeV 
We write 
hk)? (he)? 0.0343 
SLs eos k? and therefore k*=m,c* : 
mM, m.c* (hc) 
with m.c?= 1.15 GeV and hc = 0.197 GeV-F 
k = 1.006 GeV/F (8.64) 
We have found the strength of the attractive force between 
quarks!!} 


To get a feeling for the magnitude of k we can compare it to the 
force that binds the electron to the proton in the hydrogen atom. 
The potential energy in that case is 

Go ly e- lagies.. fic 


U — -—-= —_—_— —_— = _ 
(r) 4megr 4aeghc r or 


Since r~d)~10 *cm=10°F 


i (7 
~ 10° F) = —— —~~ 10 * GeV 
U.,(r = 10° F) 137 105 e 


+ In published work k is usually expressed in dimensionless units using the proton 
mass as a scale. Thus 
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At such a distance of 10°F the qq force would result in a potential 
energy 


U,4(r = 10° F)~ 10° GeV 


As a further comparison, consider the nuclear force that binds a 
proton and neutron into a deuteron. The potential energy is of the 
order of 40-60 MeV and the separation r~ 1 F. At the same separa- 
tion the qq potential energy is ~20 times stronger. 

We can also obtain a feeling for the size (ie., the average 
separation) between the q and q quarks in these bound states. It can 
be easily shown that 


Et 
(rat —_ k 


Since E,, ~ 0.32a, GeV 
(r,)~0.32a,, F or (7), -1=0.8 F 


As n increases the size of the system grows. 7 
When we apply the linear potential model to the bb system we 
find using the energy of the !=0, n=1, 2 states that 


m,c* = 4.347 GeV 
k =0.869 GeV/F 


We note that the force between the b and b quarks is roughly equal 
to that between the c and ¢ quark. In fact, the slight decrease in the 
strength of the potential energy between heavier quarks is a funda- 
mental prediction of the current theory of quark—quark interactions 
(this theory is known as Quantum Chromo Dynamics—QCD. for 
short). Furthermore the model predicts the energy difference be- 
tween the 3S—1S and 4S—1S states with good accuracy, as the 
reader can check using the solution given in Table 8.1. 

The cé and bb states exist only for a short time, the lifetime of the 
state being typically 


t~107'8 sec 


This is a very short time interval by macroscopic standards, but it is 
10° times longer than the lifetime of other mesons in this mass range. 
From the uncertainty principle the width of a state (the uncertainty 
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in its energy) is 
oiie hie 


ap | (eae 


which for r= 10 '*sec yields l ~ 60 keV. Therefore. [/m,,. =~2* 10 * 
indicating that the relative width of these states is fairly narrow. 

Below the threshold for meson production the qq system decays 
because the q and q annihilate one another electromagnetically. The 
probability for annihilation depends on the charge of the quarks, 
their mass, and the probability that they are found at the same 
position in space at the same time. The latter probability is propor- 
tional to the square of the wavefunction at the origin, |y(r = 0)|*. For 
S-states the wavefunction at the origin is finite, and therefore 
S-states can decay through annihilation. On the contrary, the P- 
states will have a very small probability for annihilation since the 
wavefunction at the origin is zero. This is indeed observed experi- 
mentally, the P-states making a transition to the S-states by the 
emission of a photon (see Fig. 8.13). These transitions are exactly 
analogous to atomic transitions, but instead of visible light, y-rays of 
a few 100 MeV energy are emitted. 

In conclusion we have seen that bound states of heavy qq pairs 
are very similar to the hydrogen atom. The size of these systems 1s 
10° times smaller than the Bohr radius, and the energies of the 
states are correspondingly 10° times larger. For a further discussion 
of these systems the reader can consult an interesting article by K. 
Gottfried (‘Comments in Nuclear and Particle Physics’, Vol. 9, 
141, 1981). 


Y 


8.9. SUMMARY 


We have indicated the method for obtaining bound-state solutions 
for simple physical systems. For a central potential, we have shown 
that the motion of the center of mass can be separated out just as in 
classical mechanics. Furthermore, if the potential is rotationally 
invariant, the angular solutions separate and are simply the eigen- 
states of the angular momentum. We have solved the radial equa- 
tion for the Coulomb potential in the hydrogen atom. The effect of 
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the electron’s spin and the relativistic nature of the electron’s 
motion were treated perturbatively. This enabled us to discuss the 
fine structure in the energy levels of hydrogen in detail. One of the 
approximate methods for studying bound-state problems is the 
variational method. We discussed this method and applied it to the 
case of the linear potential. This potential is particularly interesting 
since it phenomenologically explains several features of quark bind- 
ing in mesons and nucleons. We concluded with an application to 
quarkonium and compared the theoretical results with the experi- 
mental observations. 


Problems 


PROBLEM 1 


(a) Plot to scale—but choose your units in a reasonable way— 
the probability of finding the electron at a distance r from 
the proton for the 1S, 2S, and 2P states of the hydrogen 
atom. (See Fig. 8.5). 

(b) Plot the probability of finding the electron at an angle @ 
with respect to the quantization axis for the five 3D states 
of the hydrogen atom (see Fig. 8.6). Also indicate the most 
probable direction of the orbital angular momentum. 


PROBLEM 2 


Consider the ground state of the hydrogen atom. As in Problem | 
above one can plot to scale the probability of finding the electron at 
a distance |r| (within the interval |dr|) from the proton: it is best to 
plot r/do. 

For the same state plot to scale the probability that the electron 
has momentum |p| in the interval |dp|; it is best to plot p(a,/h). 

Note: You must evaluate the wavefunction #(k) in momentum 
space. 


PROBLEM 3 


Plot to scale the potential V(r) for the hydrogen atom and the 
angular momentum barrier for |=5. From the plot estimate the 
lowest value of nm, the principal quantum number for this state. You 
may use for instance Eq. (8.29a). 


BD» 
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PROBLEM 4 


From reference tables in the library find the frequency of atomic 
transitions in hydrogen and deuterium. Establish the energy of the 
corresponding states and show explicitly the effect of the reduced 
mass. 


PROBLEM 5 


Because of the finite size of the nucleus, the potential seen by an 
electron can be approximated by the form shown in the figure. 


Modification of the Coulomb potential due to the finite size of the nucleus. 


(a) Calculate this effect in first-order perturbation for the 
ground state of the hydrogen atom and the perturbation 


/  — r<R 


=iQ, r>R 


(b) Explain the above choice of A’. 

(c) You can expand in powers of R/a,<« 1, but be careful. 

(d) Evaluate numerically your result for R=1F and 
R=100F. 
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(e) Give the fractional shift of the energy of the ground state. 


Note: This effect is known as the isotope shift and appears in the 


spectral lines of the heavy elements. 


PROBLEM 6 


Consider the operator 


| a ie 
M; = Da Ex (PiLx me Lp) i 


and the Hamiltonian for the hydrogen atom 


Show that 
(a) [M, H]=0 
(b) [M., L,]= ihe aM, 
(c) [M, M,]=—(ih/p)e HL, 


Here [, are the orbital angular momentum operators. 


PROBLEM 7 


Prove the following operator relation 

A it r 2 A A . a A 

p= 2 [L?+(&+ p)?— inf: p)] 
starting from the commutation relations [Eqs. (6.9b)] 


ee p.1=LY, py ]=[Z, p,|=ih 
[z, §]=[% py ]=O=---, ete. 


If you have difficulty you can express L> in cartesian coordinates. 
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PROBLEM 8 


A particle in a spherically symmetric potential is in a state (not a 
stationary state) described by the wavefunction 


w(x, y,z)=C(xy+yz+zx)e°" 


What is the probability that a measurement of L? will yield zero? 
that it will yield 6h7? If the value of | is found to be 2 what are the 
relative probabilities for m = 2, 1,0,—1, —2? 

Hint: Expand the wavefunction in eigenstates of ie To according 
to Eqs. (7.59). 


PROBLEM 9 


The exact solution for the energy levels of the hydrogen atom as 
obtained from the Dirac equation is 


(e7*/4meyhc) : 


2 3 ~ bC™ 
—(j+3)+ +a—( E ) 
n—G+2) (i+2) Ate hc 


Ev—pe wit 


Expand this result through fourth order in a=e7/47e hc and 
show that it agrees with the results obtained for the n = 2 levels as 
given by Eqs. (8.54) of the text. 


PROBLEM 10 


Consider a ~# meson bound to a copper nucleus. Using hydrogen 
wavefunctions find the probability that in the ground state the wu 
meson is inside the nucleus. Take the radius of the copper nucleus 
to be Ro=A’?X1.3F=5.2F; A=64, Z=29; m,c?=105 MeV; 
hc = 200 MeV-F, a =e7/47e hc = 1/137. 


PROBLEMS Sb) 


PROBLEM 11 


(a) From the energy-level diagram for the sodium atom given 
in Fig. 8.8 calculate the effective nuclear charge Z.g, such 
that 

452 

Le 

E,.=-" 2 = 
2hn 


(b) Give a numerical value for the fine-structure splitting of the 
yellow lines of sodium, and make an order-of-magnitude 
comparison of this effect with the result given by Eq. (8.47) 
of the text. 


PROBLEM 12 


Because of the interaction between the proton and electron spins 
the ground state of the hydrogen atom has a hyperfine structure. 
The energy matrix is of the form 


ie ae) Sl) a 


|1) 
|2)} 0 
(3) 10 
\4) | 0 
where the basis states are 
| een) 
[Zeer p—) 
|Spaealem sips) 
chia ieee Sot 


The notation (e+) means electron spin along the +Z-axis, etc. 


(a) Find the energy of the stationary states. 
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(b) Express the stationary states as appropriate linear combina- 
tions of the basis states |1), |2), |3), and |4). 

(c) What would happen to the energy of the stationary states if 
a weak magnetic field were applied along the Z-axis? Can 
you give the value of the projections of the spin along the 
Z-axis and the value of the total spin of the atom in each of 
the stationary states? 


PROBLEM 13 


A hydrogen atom is placed in a uniform electric field of strength 2, 
along the z direction. Choose as a trial wavefunction 


il 1/2 
UA, Ys 2) (—) e-"%(1+az), 
TAY 
[r=(x?+ y*+ z7)"?:; ay = Bohr radius] 


and calculate the ground-state energy using the variational method. 
Can you justify the choice of this wavefunction? (Neglect higher 
powers than €2. Note: This is the second-order Stark effect in 
hydrogen.) 


PROBLEM 14 


A particle of mass m moves in a potential in one dimension of the 
form 


Vina, for0sx<a 
= 00, everywhere else 


Inside the well it ts subjected to another potential of the form 
A(x—a/2), where A is a constant. What is the change in the 
ground-state energy due to this potential? (Keep terms only up to 
A~. Can you guess at a suitable trial wavefunction from Problem 
13?) 
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PROBLEM 15 


Calculate the ground-state energy of the hydrogen atom by the 
variational method using the following wavefunction 


How is Qin related to the Bohr radius? 


PROBLEM 16 


Calculate by the variational method the ground state energy of a 
particle of mass m in one dimension in the potential 


V(x) =0, —-asx<a 
= 0, everywhere else 
Choose the trial wavefunction as 
W(x) =(a?—x?\(a?—ax?), for -a<x<a 
=0, everywhere else 


The minimization leads to more than one root. Show that one 
root gives very good agreement with the true eigenvalue. What can 
you say about the other root? 


PROBLEM 17 


The Hamiltonian for the one-dimensional s.h.o in units A= 1, w = 1, 
and m = 1, is given by 
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Sketch of the trial wavefunction. 


Use as a trial wavefunction u(x) the piecewise continuous function 
graphed above 

| aie (= =a 

u(x) = 

Isp Sofa, G0 
and apply the variational method to find the ground-state energy of 
the s.h.o. Compare with the exact value E,=0.500. 

Note: 
d*u(x) 
dx? 


2 1 
= —— 6(x)+—[6( eal Sea 
a a 


Chapter 9 


BOUND STATES: PART II 


In Chapter 8 we examined the properties of a system of two 
particles interacting through an attractive potential. We found that 
under certain conditions the system is bound, in which case the 
stationary states have a discrete energy spectrum. We paid special 
attention to the Coulomb potential and were able to find the wave 
functions for the stationary states of the hydrogen atom. The effects 
of spin and other corrections were calculated using perturbation 
theory. In this chapter we continue the study of bound states with 
special attention to the simple harmonic oscillator (s.h.o.) potential. 

The model of the s.h.o. plays an important role in quantum 
mechanics, as it does in classical physics. We encounter the mass 
spring system early in the study of mechanics where F= 
m(d?x/dt?)=—kx has the simple solution x =A sin(wt+@). Simi- 
larly, in quantum mechanics the problem of the s.h.o. has an exact 
solution which can be easily obtained and which clearly illustrates 
the methods and principles used. Apart from its pedagogical virtues, 
the s.h.o. potential is an excellent approximation for any system 
near its equilibrium position, and thus has a large range of physical 
applications. The structure of the Hamiltonian for the s.h.o. coin- 
cides with that of most field theories including the electromagnetic 
field, and hence the quantum oscillator description can be easily 
carried over to such cases. Historically, the one-dimensional s.h.o. 
was the first problem solved by Heisenberg using the matrix 
methods of quantum mechanics. 

In our discussion of the s.h.o. we will stress operator techniques 
rather than the coordinate representation because of the generality 
of the former approach. We then proceed to a brief discussion of 
molecular band spectra where the vibrational motion of diatomic 
molecules can be correctly described as one-dimensional s.h.o. 
motion. The s.h.o. in three dimensions is next introduced and its 
usefulness in describing the nucleus in terms of a shell modcl is 
presented in the following section. 
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The last two sections are devoted to a description of a simple 
short-range potential, namely, the square well in three dimensions. 
First, we discuss the solutions for a well of finite depth and width, 
and then apply them to the problem of the deuteron. The special 
functions needed to describe the radial dependence of the 
wavefunctions can be found in Appendices 10 and 12. 


9.1. THE SIMPLE HARMONIC OSCILLATOR IN ONE 
DIMENSION 


We consider a particle of mass m moving in one dimension in a 
potential of the form 


U(x) =3kx? (9.1) 


where k is a real, positive constant. Thus, the Hamiltonian operator 
is 

Gg 1 a2, 1,42 

H =— p°+3kx (9.2) 

2m 

The form of the potential energy is sketched in Fig. 9.1(a): x can 
take positive or negative values in the range —~<x<+0, Since 
U(x) is positive, the eigenvalues of the Hamiltonian would be 
positive semidefinitet (E,, =). Furthermore, since asymptotically the 
potential energy becomes infinite, the solutions represent bound 
states and they have a discrete spectrum. 

For larvze values of x the s.h.o. potential ends to infinity and thus 
becomes unrealistic. However, it provides 2 good approximation for 
any system of two particles that are in equilibrium at some separa- 
tion x,,. At the equilibrium separation the potential energy is at a 
minimum, (dU/dx),.,,=0, as shown in Fig. 9.1(b). If we expand 
U(x) in a Taylor series around x, 

2 
d ~) (x —X9)?+: ae 
ON Tig 


U(x) = Uo) + (—) ae — Xo) oy ( 


(9.3) 


+ We say semidefinite to include the possibility that E = 0. 
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(a) 


FIGURE 9.1. (a) The form of the potential U(x) = (1/2)kx? for the simple harmonic 
oscillator in one dimension. (b) Any potential with a minimum can be approximated 
in that region by a s.h.o. potential. 


The first term is a constant and corresponds to an arbitrary shift of 
the energy scale. The second term is zero at the equilibrium point. 
Thus the leading term in the expansion given in Eq. (9.3) is the 
s.h.o. potential. Note that we can identify (d*U/dx°), =k >0( since 
the extremum is a minimum. 

We now proceed to find the stationary states. As usual they will 
obey the eigenvalue equation 


Hi |u,)= Ey |Un) (9.4a) 
with the normalization requirement 
(toe | Ure Onn (9.4) 


We could obtain the wavefunctions for the states |u,,) by solving the 
time-independent Schrédinger equation using the Hamiltonian of 
Eq. (9.2). However, it is much more instructive to use operator 
methods to obtain the energy eigenvalues. It is convenient to 
introduce dimensionless variables 


A mw 1/2 - 1 
= || t P=—WY—, p 9.5 
- . (Qmhiw)"? © Eee) 
where 
w=(kim)y" (9.5b) 


is the natural frequency of the s.h.o. In terms of the new variables 
the Hamiltonian of Eq. (9.2) is expressed compactly as 


H = ho(P?+ X72) (9.6) 
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A 


The operators X and P are related through the commutation 
relation 


is 1 1 i 
=—[£<. p]=—ih=—_— oF, 
[%, P]= 18, bl=5, b= 3 (9.7) 
which follows from the quantum condition [Eqs. (6.7b)]. 
Next we introduce the non-Hermitian operators 
—— (9.8) 
d= XwiP 


where X and P are hermitian. In view of Eq. (9.7) the operators 4 
and a" obey 


Ga* =(X + iP)(X — iP) = X?+ P?+3 
d'a=(X IPN Py ee 


Thus, the algebra of the operators 4. a’ is defined by the commuta- 
tion relation 


fara at (9.9) 


and we see that the Hamiltonian for the s.h.o. can be written as 
H =hw(4'4+3) (9.10) 


Equations (9.9) and (9.10) completely define the s.h.o. system. 

The energy levels can be obtained by solving the operator eigen- 
value equation, and to do this let us define |u,,) to be an eigenstate 
of H with the eigenvalue E, as in Eq. (9.4a). Thus, in the notation 
of Eq. (9.10), 


A |u,) = E, |Un) 
Or 


(44 +9) lu,)= = ln) = En E, |Un) (9.11a) 
with ¢,, ~~ E,/h@w, a dimensionless number. We operate from the left 
with @ to find 


(da'+2)(4 |u,.)) =e, (4 |u,)) 
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oe 
i 


In view of the commutator of Eq. (9.9), Gd4'=4d'G@+1, we can 


rewrite our result as 


(4'4 +3)(4 |u,)) = €, (4 |u,)) 
Or 
(4°4+3)(4 |u,)) = (e, — 1)(4 |u,)) (9.11) 


Comparison of Eqs. (9.11a) and (9.11b) shows that 
a |u,) 
is also an eigenstate of the Hamiltonian with the energy eigenvalue 
E =ho(e, —1)=E,, — ho (9.12a) 


Thus, G@ acting on an eigenstate |u,,) with energy eigenvalue E,, 
produces an eigenstate with eigenvalue E, hw. That is, it lowers 
the energy eigenvalue and hence is called a lowering operator. If we 
operate on Eq. (9.11a) with a‘ from the left we find 


(4°4°4+34") |u,)=[4 G a"’—1)+44"} |u,) 
= (4'4—4)(a" |u,,)) = €,, (a* |u,)) 


or 
(4°G +3)(4" |u,)) = (en + 1)(4" |u,)) (9.12b) 


Therefore, ad" is a raising operator. i.c., acting on an eigenstate |u,) 
with energy eigenvalue E,,, it produces an eigenstate with a higher 
eigenvalue E,, + hw. 

We have assumed that |u,,) is an eigenstate of the Hamiltonian 
corresponding to the eigenvalue E,,. If we operate on |u,,) repeatedly 
with the lowering operator @, E,, will decrease and eventually be- 
come negative. This is not possible because as we have said earlier, 
the eigenvalues must be positive semidefinite. Thus, there must exist 
an eigenstate |u,) corresponding to the lowest eigenvalue E,, such 
that 


G |u.)=0 (9.13a) 


We can find the eigenvalue E&,, in the following way. Let us operate 
on Eq. (9.13a) with 4* to obtain 


4*4 |uy) =0 (9.13b) 
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The lowest energy eigenvalue is obtained from the equation 


H |Uo) = Eo |Uo) 
or 
how (G'a +4) |uo) = Eo |\uo) (9.13c) 


which gives E,=hw/2 in view of Eq. (9.136). Furthermore, by 
repeated application of d@’ on the state |u,) we can construct the 
higher eigenstates |u,,) 


lu)=G"|uo) |und=4 
n times 


The energy eigenvalue for these states follows from Eq. (9.12b) and 


iS 
E,, = hw(n +3) (9.14) 


where n is a positive integer or zero. 

Equation (9.14) is a fundamental result. It shows that the energy 
levels of the s.h.o. in one dimension are equally spaced as shown in 
Fig. 9.2. Furthermore, the lowest energy state, the ground state, has 
energy E,, = 5hw. This is in contrast to the classical problem where 
the s.h.o. can be found at rest in the bottom of the potential well. 
We will return to a discussion of this point later. But Eq. (9.14) 
distinctively shows that the spectrum of the energy eigenvalues in 
the case of s.h.o. has to be strictly positive definite. 


O 


FIGURE 9.2. The spectrum of the energy levels of the one-dimensional s.h.o. Note 
that the levels are equally spaced. 
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To complete the derivation of Eq. (9.14) we must show that these 
indicated eigenvalues are the only ones possible. To do so let us 
suppose that there exists an eigenstate with eigenvalue 


E; = hw(o; +3) 


where p; 1S positive but not an integer. The repeated application of 
the lowering operator dG would then not lead to the state |u,) [as 
defined by Eqs. (9.13) and (9.13c)] and thus we would reach 
negative eigenvalues. Since these are not allowed, the only possible 
values of p; are those where p; is a positive integer. It can also be 
shown that all the eigenstates of the one-dimensional s.h.o. are 
nondegenerate and orthogonal to one another. 

The reader should note that the operator methods that enabled us 
to find the eigenvalues of the Hamiltonian of Eqs. (9.2) or (9.10) are 
identical to those used in Chapter 7 to find the eigenvalues of the 
angular momentum operators, except that the algebra obeyed by the 
operators was different in the two cases. We will now continue using 
operator techniques to find the matrix elements of the operators 4 
and a’ between the eigenstates of the Hamiltonian. 

We label the eigenstates corresponding to the eigenvalue E,, by 
the index n [as in Eq. (9.14) n is a positive integer or zero]. The 
effect of the operators d@ and da’ on these states can, then, be written 
as 


a |U,) = Cy Uy +1) 


a |U,) = d, ieee) 


(9.15a) 
where c,, and d, are constants to be determined. First, we note from 
Eq. (9.15a) that since 

a* |U,) = Cy \Un +1) 
hermitian conjugation gives 


(Uy, la ae Cea | 


and thus the norm 


(U,| aa’ lu, ) = lent Ais | Uni1) = lexlr 
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Using the commutator of Eq. (9.9) we rewrite this as 


(up| d*a +1 |U,) = (uy, | (7A + 5) +3 |Un) 
=e,+3=(n+4)+3=(n+1)=\|c,|7 


or 
Goce = (1) (9.15b) 


Here we have chosen the constant to be real. Similarly. we can look 
at the norm 


(u,,| a‘a |u,) = (d,|* Gea | Uy, —1) = Cae 
= (u,| [(4"G +3) —23] |un) 
=e, -3=(n+8)—da n= (dy)? 


or 
eye (9.15c) 


where we have again chosen the phase of the constant to be real. 
We can now express the effect of the operators @ and a’ on the 
eigenstates as 


@ juny (Gr 1)" tay) 


si \Up—1) 


ey a (9.16a) 


In view of the orthogonality of the eigenstates, we can obtain the 
matrix elements of the raising and lowering operators for the 
one-dimensional s.h.o. If we denote the normalized eigenstates |u,,) 
by the simplified notation |), then the matrix elements become 


(n+1| 4G" |n)=(n+1)'? 


(n—1|4 |n)=n'? (9.16b) 


which is in agreement with our conclusions that @’ raises the system 
to a higher level, whereas @ lowers it. Note that when @ acts on the 
ground state, i.e., m =, the result is zero as defined by Eq. (9.13a). 

It should be clear that although both d@ and ad’ are off-diagonal in 
the energy basis. the operator d'd is diagonal. and when acting on 
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the state |n) has the eigenvalue n. That is, 
G'G|\n)=n |n) (9.17) 


which follows directly from Eqs. (9.16a). The operator d‘d is 
frequently referred to as the number operator.+ We note that when 
the state |u,) is normalized as 


(0|0)=1 
the normalized eignestates |n) can be written in terms of |0) as 
1 at\n 
In) = 7 ia (a) \0) (9.18) 


9.2. REPRESENTATIONS OF THE ONE-DIMENSIONAL 
S.H.O. 


The results of Section 9.1, in particular the eigenvalue spectrum 
given by Eq. (9.14) and the matrix elements given by Eqs. (9.16), 
provide the complete solution of the problem of the s.h.o. in one 
dimension. They are, of course, valid in any representation. How- 
ever, to appreciate the structure of the s.h.o. it is instructive to 
consider specific representations of the system and calculate a few of 
its properties, as we shall do in this section. 

Let us calculate the matrix elements of the physically observable 
(hermitian) operators < and p. In view of the defining Eqs. (9.5) and 


(9.8) 
Dh nee , I 1/2 
«= (=) 2 (—-} (Gey 
ma@ 2ina@ 


fie) 
(a 


5 


(9.19a) 


p=(2m hey? P= ( 


1 This is related to the fact, mentioned in the introduction to this chapter, that the 
s.h.o. algebra can be used to represent the number of quanta or particles in a 
particular state. Thus, the state u,,(k) represents n particles in the state of momentum 
lk). In this case G* is a creation operator and @ a destruction operator. 
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and using Eqs. (9.16b) we can write 


1/2 1/2 
(n+ 1] Rl an) (} (n+ 1a |n)=(n+ nie(—*_] 


2mw 2m@ 
Oa) 
: h 1/2 , ua h i 
(n 118 In)=(—~) (n—1|4|n)= al ee 
All other matrix elements vanish. For the momentum operator 
1/2 " ey” 1/2 
(nv 1] Iny= (“2 (n r1a*iny— ain e(AR2) 
~ (9.206) 
ai 1/2 iil 1/2 
(n-1|p\|n)= -(*) (nee \|s@aln)= -int9( Ee) 


with all other matrix elements vanishing. We see that the matrix 
elements of the position and momentum operators connect only 
states for which the index n differs by one unit, An = +1. 

The eigenstates of the s.h.o. can be represented most conveniently 
by a column vector with a “1” entry in the (n+1)th slot and zeros 
everywhere else. This is indicated below, where 


0 n=0 
0 n=l 
na 
n= 0 (nj=0,0,"°:,0,1,0;°°- (9:21) 
SS 
1 <— (n+1)thslot ‘| , i 


n=0 n=1 (n+ Dth slot 


The ket |n) is indicated by a column vector and the bra (n| by a row 
vector. The column and row vectors are infinite-dimensional but this 
causes no complication. Note that as given in Eq. (9.21) the states 
are properly normalized. 


(n|n)=1 
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Sis) 


The operators H, %, and p will, of course, be represented by 
matrices. Again, these must be infinite matrices and we can easily 
construct them from Eqs. (9.14) and (9.20) as 


10 0 0 
0 3 0 0 
0 5 0 
~ hw . 
ear 
00 0 2n+1 
i evi 0 0 0 
vi. 0 “HO 0 
Os 0) Vs 0 
BN 0 0 V3 0 0 
e=(_) . 
(jade 0 60. vr 
. ve 0 
0 -ivi1 0 0 
it 408) 12 0 
0. wave 0 —iV3 
amort2| 9 0 iv3 0 
p=( 2 
0 0 0 0 0 


DS ee ta) eS 


(9.22a) 


(9.22b) 
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Equations (9.21) and (9.22) constitute the matrix representation 
(also referred to as the number representation) for the s.h.o. They do 
not convey any new information beyond that of the defining equa- 
tions. They should be thought of as a mnemonic notation for these 
equations. It is a simple exercise to construct the matrices for the 
non-hermitian operators @ and a’ and show by direct matrix multi- 
plication that they satisfy the basic commutation relation as given in 
Eq. (9.9). The effect of these operators on the eigenstates of Eq. 
(9.21) is then obvious. 

Next we want to obtain the coordinate representation of the 
s.h.o., namely, to find the wavefunctions for the stationary states. To 
do this we must express the Hamiltonian in the coordinate represen- 
tation, which is possible since the s.h.o. can be described classically 
as well. Using the expression for p in the coordinate representation 
p =—ih(d/dx) (see Table 6.1), the wavefunction @,(x) will be a 
solution of the time-independent Schrodinger equation [see Eq. 
(6.43b)] with the Hamiltonian of Eq. (9.2) 


me ia 
(-— + kx?) 6,0) = E,¢, (x) (9.23a) 

2m dx 
Furthermore, E,, >0, and @,,(x) is subject to the boundary condition 
o,(x) >0 as x—>+0 (9.23b) 


because the system is localized. The wavefunction should be nor- 
malized according to 


| b*(x)db,(x) dx =1 (9.23c) 


There are various methods for solving the eigenvalue problem 
defined by Eqs. (9.23). One convenient method is to factor the 
differential equation [Eq. (9.23a)]| in terms of the operators @ and 
a’. In the coordinate representation these operators are of the form 


mw 1/2 h v2 gq 
(mo? d 
iy (=) is (=--) ax 


a 2) h 1/2 d 
: se. | dx 


We now recall the result of Eq. (9.13a) about the existence of a 


(9.24) 
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ground state 
aia 


Thus, in the coordinate representation, this condition takes the form 


( : Jia ) (x)=0 9.25 
2m@ dx h X}bolx) = ee) 
and can be solved by an elementary integration. We have 
dodo _ = mw 
en 
or 
aaO = oe x6 (ole 
(x) h 
and, therefore, 
Ps 
o(x)=A exp(-™2<) (9.25b) 


This result satisfies the boundary condition of Eq. (9.23b) and can 
be normalized to yield 


1/4 
paix) = (m2) Fa oe (9.25c) 


awh 


Note that the ground-state wavefunction is nodeless, symmetric 
about x =0, and peaks at x =(Q. In fact, it is a simple Gaussian. 

The wavefunctions for n#0 are obtained from Eq. (9.25c) by 
repeated application of the d operator. They will remain nor- 
malized if we make use of Eq. (9.18). therefore, 


i) ana) 


(n!)'? 
where the differential operator @' is as given by Eq. (9.24). When 
this operator acts on @,(x) it generates the Hermite polynomials 
H,,(x), which are defined through 


n 


2 d eH 
Be) = lle es (9.26) 
dx 
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A short review of the properties of these polynomials is given in 
Appendix 10. In terms of these polynomials the wavefunction for 
the nth state is given by 


ee ed a -y2/2 
bl) = 7 (E) Haye (9.274) 


2"n!)1/2 
where we have used the notation 
B=(ma/h)’? and y= 6x (9.27b) 


It is shown in Appendix 10 that the functions @,,(x) are mutually 
orthogonal and normalized as expected. The first few polynomials 


are 
Figty)= | 


Hix(y) = 2y (9.27c) 
H.(y) =4y?—2, etc. 
as can be easily derived from Eq. (9.26). 


Ply) p(y) AP,(y) 


FIGURE 9.3. The wavefunction for the one-dimensional s.h.o. plotted as a function 
of the variable y =(mw/hx)"/?, is shown for n=0,n=1, and n=2. 


The wavefunctions for n=0,n=1, and n=2 are shown in Fig. 
9.3 as a function of the dimensionless parameter y. In Fig. 9.4 we 
show the probability distribution, i.e., |¢,(y)|?, for n=10. The 
dashed curve gives the probability distribution for a classical s.h.o. 
with the same parameters. The close proximity of the average value 
of the quantum-mechanical result with the classical distribution is, 
of course, a manifestation of the correspondence principle. We want 
to draw attention to the fact that the wavefunctions are also 
cigenstates of the parity operator, as can be clearly seen from Fig. 
9.3 and as is evident from Eq. (9.27c). We note that for n even or 
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FIGURE 9.4. The probability distribution |¢,,(y)|? for the n = 10 state of the s.h.o. 
The dashed curve is the distribution for a classical oscillator of the same total energy. 


zero the wavefunction is even under reflection about the origin, 
whereas it is odd when n is odd. This follows, in general, from the 
properties of the Hermite polynomials. That the wavefunctions 
exhibit definite parity is an immediate consequence of the invariance 
of the Hamiltonian of Eq. (9.2) under reflection of the coordinate. 
This is in agreement with the general relationship of symmetry and 
constants of the motion that we studied in Chapter 7. 

The s.h.o. is a relatively simple system so that one can obtain 
explicit results in closed form for many of its properties. As an 
example, let us calculate the (rms) uncertainty in position ((Ax~))'”* 
and momentum ((Ap’))'”” for an arbitrary stationary state jn). These 
uncertainties are defined in the same way as in Eq. (6.11) 


((Ax)?) = (£7)—(&)? 
((Ap)?) = (67) — (By 
From Eggs. (9.20a) (9.20b) we know that 


(n| & |n)= 0 ={n| p |n) 
Thus 
((Ax)?) = (n| (%)? |n) 


= Yi (n| & |m)(m| £ |n) 
=(n| & |n+1)(n+1| & |n)+(n| & |n—1){n-1| £ |n) 


h 
eit! 


Su, 2mea 2mw 


h 
(2 (9.28a) 
2moa 
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and similarly 


((Ap)*) = <n| (6)* |n) 


h 
= dn| 6 |m)(m| p [n)=(2n +1) = 
(9.28b) 
where we have used Eqs. (9.20). therefore 
Ax Ap = (((Ax)*))'”(((Ap)?))"* = h(n +3) (9.28c) 


We see that the uncertainty product grows with n and 
h 
Aap — 
_ 


which is in accordance with the general result of Eq. (6.13). Further- 
more, the ground state of the s.h.o. is a state of minimal uncertainty. 
This is a reflection of the Gaussian form of the ground-state 
wavefunction (see Problem 1.13). 

Let us now compare the quantum and classical solutions of the 
one-dimensional s.h.o. in order to establish their correspondence for 
large values of the quantum number n. For a classical oscillator of 
energy E and natural frequency w, the solutions corresponding to 
the initial conditions x(t=0)=0 and v(t=0)=(2E/m)'” are 


IE 1/2 
x= Asin ot=( ;) sin wt 
mo 


2 1/2 
v = Aw cos wt = (=) COs wt 
m 


If we consider a classical oscillator with energy equal to that of the 
quantum s.h.o. in its nth state, we must set E =(2n + 1)hw/2 in the 
above equations 


1/2 
x=(2n+ y7(+) sin wt 
mw 


p=(2n+1)"?(hmw)'? cos wt Ca) 


BOUND STATES: PART II SP) 


Thus, the kinetic energy T and potential energy U are given by 


lp? 2n+1 
T=-—= 2 
ee 5 hw cos’ wt 
rene (9.29b) 
W=skx- = = ho sin? wt 


The average values of T and U (obtained by _ replacing 
cos” wt, sin? wt 4) are exactly equal to the expectation values 


+ 
2n 1a 


(n| T Iny=— (nl (6)? [n)= 


(9.29c) 
2n+1 


(n| U |n) = 3k(n| (£)? |n) = he 
That exact correspondence exists tor all values of n and not only 
when n— © is again a consequence of the simple structure of the 
s.h.o. system. 

The expectation values of Eqs. (9.29c) can be calculated directly 
by using the matrix elements of Eqs. (9.20). They do, however, 
follow immediately from the virial theorem, which is given in Eq. 
(6.325) as 


a il 
(Ty =5(0) 
Since for the s.h.o. n =2 [see Eqs. (6.3la) and (9.2)], it must hold 
(T)=(U)=3E. 
As a final example let us obtain a description of the s.h.o. in the 
momentum representation. The basis states form a continuum |k) and 
therefore the amplitudes 


6, (k) =(k | n) (9.30) 


necessary to describe the stationary state |n). will be a continuous 
function of momentum. We are using the wave vector k = p/h to 
denote the basis states, in keeping with the notation used so far. 
We can find the momentum wavefunction @,,(k) for the nth state 
by performing a unitary transformation of the space wavefunction 
@,,(x). From the general rule for the relation between amplitudes in 
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different basis states 


by, (k) =(k | n)=S dx(k | x)(x | n)=J(k | x), (x) dx 
(9.31a) 


We have expressed the transformation by an integral rather than a 
sum because the intermediate states |x) form a continuum. The 
transformation coefficients—in this case, a function of k and x— 
were given in Eq. (1.59) 


1 wf 
(k In)= Goin e sas 
so that 
,(k) — Om) [e*a,(x) dx (9.31b) 


As we have already noted, the wavefunctions in the two representa- 
tions are related by a Fourier transformation (see also Appendix 1). 
In the case of the ground state, since d(x) is a Gaussian, so is 
o(k). One obtains 


£ h 1/4 
d(k) = (_\ e712 Khime dk? (9.31c) 


The similarity in the form of the coordinate and momentum rep- 
resentation wavefunctions is a consequence of the symmetry of the 
Hamiltonian in these two variables [see Eq. (9.6)]. 


9.3. MOLECULAR BAND SPECTRA 


A physical system that closely approximates a one-dimensional 
s.h.o. is that of a diatomic molecule. Diatomic molecules consist of 
two neutral atoms bound into a single system. We can categorize 
them as homonuclear, such as H,,N>, ete., and as heteronuclear, 
such as HCI, HF, etc. To get a feeling of why two neutral atoms can 
be attracted to one another let us consider the following crude 
model. At large distances the atoms maintain their identity and do 
not interact. The clectron cloud of each atom completely screens the 
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nuclear charge. On the other hand, at very short distances the 
mutual electrostatic interaction between the two nuclei tends to 
repel them. At some intermediate distances. we can imagine that 
only part of the electrons surround the respective nucleus and that 
there is a concentration of negative charge (electrons) between the 
two nuclei as shown in Fig. 9.5(a). Under these conditions the force 
acting on each nucleus is the sum of the electrostatic repulsion due 
to the other nucleus and of the electrostatic attraction due to the 
electron cloud. In terms of the sketch of Fig. 9.5(a) the resulting 
force is attractive and is given by 


In reality, the situation is more complex, nevertheless, the balance 
between the nuclear repulsion and the electronic interaction energy 
leads to a potential energy curve that has a minimum at some 
equilibrium distance r, as shown in Fig. 9.5(b). At large r the 
potential energy varies as 1/r° and gives rise to a very weak 
attraction. At small r the potential energy becomes very large due to 
the nuclear repulsion. The binding of molecules will be discussed in 
more detail in Section 10.4. 


U(r) 


+q +q 
e@ e e) 
ee ee 


(a) 


FIGURE 9.5. (a) Schematic representation of the effective binding of two positive 
charges due to the presence of an equal negative charge between them. (b) The 
effective potential binding two neutral atoms is shown as a function of the interatomic 
distance r. Note the existence of an equilibrium position at r= r,. 
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Near the equilibrium separation, r= r,, the potential energy curve 
approximates the form. of the s.h.o., and we can write 


U(r)— UG.) =ak(r— 1)? 


Thus, the two nuclei can be expected to vibrate along the line 
joining them. This motion is quantized and gives rise to discrete 
stationary states according to the spectrum of the one-dimensional 
s.h.o., and as we know, these states are equidistant, spaced by hw. 
The molecule can undergo transitions from one to another (lower) 
vibrational state with the emission of a photon of energy hw. 
However, the vibrational quantum number v can change only by 
one unit because the perturbation causing the transition is propor- 
tional to the operator X (it is due to the existence of an electric 
dipole moment along the line joining the nuclei*). From Eqs. (9.20) 
we know that the X operator has matrix elements different from 
zero only when Av = +1, and this gives rise to the above selection 
rule. . 

The energy of the emitted photons depends on the spring constant 
k and on p, the reduced mass of the two nuclei. As a rough estimate 
we can assume that U=3kx?=2eV—for x~2X10°° cm this im- 
plies k = 10'* cm™* eV—and if we let wc? = 10(m,c”) = 10'° eV, then 


~-2-3(*)"-£(4)" 
a iv 27 \wc? 


3x 19!° 1012 1/2 
ae) (io) eoorenans 
7 


Or 


ig ; 
A —=6xX10 tem =60,000 A 
Vv 


Thus, in general, the photons emitted in transitions between vibra- 
tional states lie in the infrared. 

In reality, the situation is far more complex. First of all, the 
deviations from the pure s.h.o. potential modify the position of the 
energy levels so that transitions between different v values give rise 
to separate lines. Second, the molecule as a whole can rotate about 


+ Homonuclear diatomic molecules where both atoms are in their ground state can 
not have an electric dipole moment because of symmetry. 
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an axis fixed in space. Classically, if A is the moment of inertia of 
the molecule about the axis of rotation, the kinetic energy is 


where L = Aw is the angular momentum, and w is the rotational 
angular frequency. Since there is no potential energy associated with 
the rotation, the Hamiltonian operator takes the form 


Het =—— J? (9.32a) 


where J is the angular momentum operator. Such a Hamiltonian 
gives rise to stationary states labeled by the eigenvalues of J, and, 
therefore, their energy is 


5 


ho 
By=5, 1040 (012 en. (9.32b) 


Of course, the energy is independent of m, 1.e., of the orientation of 
the axis of rotation. The spectrum of the rotational states is shown 
in Fig. 9.6(a), and transitions can occur between states such that 
j’=j+1 (because the perturbation is a vector operator). The fre- 
quency of the emitted photons is (for j’=j—1) 
BB h 
Py eae eas 


" a Soe 
peep Nea Ui Gee a 1) med (9:33) 


and consists of equally spaced discrete lines as shown in Fig. 9.6(b). 


ate 


fe 
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FIGURE 9.6. (a) The rotational states of a diatomic molecule. (b) The spectrum of 
the emitted radiation in transitions with Aj=1. This spectrum is usually in the far 
infrared. 
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We can estimate the frequency by setting 


A=pr — with wc*~10™ eV, r~10 2 cm 
so that 
he 200 (MeV-F) 


_ ae Eee 
“omAc2 “2n(10* MeV)(10° F) : 


pe 
or 
@ 
==> =s (LGM 
Vv 


The rotational levels have much smaller energies than the vibra- 
tional states and lie in the far infrared (millimeter microwaves). 
However, transitions can now occur from a rotation—vibration state 
|v, j;) to a different rotation-vibration state |v’, j’), as shown in Fig. 
9.7(a). This gives rise to a band spectrum around the central 
vibrational frequency v,;, which is indicaaed in (b) of the figure. We 
recognize two branches in the band. The ascending branch that 
corresponds to the case j’=j—1 for which the photon frequencies 


are =~) 3 
AE ~| h 
O =——_=—]| hw, +—j 9.3 
v h R [Rootal (9.34a) 
and the descending branch where j’=j+1 and 
AB ai h? 
2-2 | hw. = +0) | 
v h h @, A Gael (9.34b) 
lz 
~ me ame ee = j=3 
[=o ysl 
lal 
j=O 
123 
: MSE MENG ey UO) ipso 12 
f= ra —————— 
i ae descending ascending 
/=0 branch branch 


FIGURE 9.7. (a) The rotation-vibration states of a diatomic molecule. (b) The 
spectrum of the emitted radiation in transitions with Aj=+1 and Av=1. This 
spectrum is usually in the near infrared. 
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FIGURE 9.8. Schematic representation of the potential of a diatomic molecule when 
both atoms are in the ground state n = 1 and when one atom is excited. Note the 
transitions between rotation—-vibration states belonging to different electronic excita- 
tion of the molecule. The spacing of the rotational levels is greatly exaggerated in this 
sketch. 


Finally, it is possible that one of the atoms in the molecule 
becomes excited to a higher electronic state. This results in a 
significant change in the interaction energy, and the molecule may 
dissociate. If the potential energy in the excited state has a 
minimum, the molecule remains bound and transitions to the levels 
of the unexcited molecule can take place. Figure 9.8 is a semiquan- 
titative representation of the energy levels of the hydrogen molecule 
showing the excited states and their rotation—vibration levels. The 
photons emitted in these transitions have frequencies in the visible 
spectrum, but instead of the single line emitted by a free atom, the 
whole band of the superimposed vibrational and rotational transi- 
tions manifests itself. Since the initial state lies well above the final 
state, transitions between vibrational levels are not restricted to 
v'=v-—1, but it holds more generally that v’=v+1. Furthermore, 
the interatomic distance will be larger when the molecule is in the 
state where an electron is excited than when both atoms are in the 
ground state. Consequently, the spacing of the rotational levels 1s 
smaller in the excited state. Taking all these factors into account, 
one finds for the frequency of the emitted photons 


{G+ 1) -1T** | (9.35a) 


1 
=— - + — 
h {(E. ls az [a A, A, 
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Here A,, and A,, are the moments of inertia of the molecule in the 
initial and final state, respectively. We set v,—[(E, — E,,) + hw, |/h 
so that 
h 
= Vo t Se 


oan ft 


and we recognize three branches in the band spectrum 
| | : - FE ; ( 7 )r+( ’ : )i| 
= Vv, 
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Equations (9.356) are plotted in Fig. 9.9(a) where the abscissa gives 
the frequency and the ordinate gives the quantum number yj. In 
general, the band has a distinct head at high (or low) frequency and 
becomes diffuse at the other end. A typical band spectrum is shown 
in Fig. 9.9(b). Rotation-vibration spectra are also clearly observed 
in nuclear spectra; an example is shown in Fig. 9.9(c). 
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FIGURE 9.9. Band spectra of molecules. (a) The three branches, v“?, v, and v~ 
for the AIH band at 4 =4241A. (b) The AIH band at 4 =4241A [from G. 
Herzberg Molekiilspektren und Molekilstruktur Th. Steinkopff Verlag. Leipzig, 1939] 
(c) Example of rotational energy levels in nuclei shown here for 7*°Bk. All levels up 
to 600 keV are shown on the left. They fall into three rotational bands as indicated 
on the right [from E. M. Henley and H. Frauenfelder “Subatomic Physics” 1974. 
Reprinted by permission of Prentice Hall Inc., Englewood Cliffs, NJ.] 
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9.4. THE S.H.O. IN THREE DIMENSIONS: 


A harmonic oscillator need not be confined to one dimension but 
may be free to move in three dimensions. This is equivalent to the 
motion of a particle, in three dimensions, under the influence of a 
central force which is proportional to the distance |r| from the origin. 
The potential for such an isotropic harmonic oscillator is given by 


U(r) = 3kr? = 3k (x7+ y?+ 27) (9.36) 


A particle moving in the above potential will remain bound and, 
therefore, will have a spectrum of discrete stationary states. The 
three-dimensional isotropic harmonic oscillator serves as one of the 
successful models for describing the structure of nuclei, and more 
generally it is useful whenever a system is subject to strong attrac- 
tive short-range forces. Because of its simplicity the three- 
dimensional isotropic harmonic oscillator can be exactly solved in 
both cartesian and spherical coordinates. Thus it provides a nice 
example of the interconnection between two different coordinate 
representations of a quantum-mechanical system. 

In the coordinate representation the Hamiltonian for a particle of 
mass m moving in the potential given by Eq. (9.36) is 


H(r) = 5 V2 +3(me?)r? (9.37a) 


where we usc mw” to express the spring constant k. This Hamilto- 
nian is invariant under rotations and, therefore, angular momentum 
is conserved. Consequently, we could label the stationary states by 
the eigenvalues |[,m) and a radial quantum number k. We will 
return to this representation later, but for the moment we note that 
the Hamiltonian is separable when expressed in cartesian coordi- 
nates 

_ h? az ae d 

A(x, y, 2) == ( 


| | ———S ee Pe 24 24 2 
2m \dx? dy? ie NE Suge ae 


(9.37b) 


The wavefunctions for the stationary states must obey the 
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Schrédinger equation 


A(x, y, z)b,(% y, Z)= Exbn(x, y, Z) (9.38) 


In view of the separable structure of H(x, y, Z), the wavefunctions 
o,(x, y, Z) can be written as a product of three functions, each 
depending on only one of the variables x, y, or z 


OG ye) =e) (Ve) (9.39a) 


Each of the functions X,, (x), Y, (y). and Z,, (z) satisfies the one- 
dimensional s.h.o. eigenvalue problem 


(= 3 2 *)x. )=E,X, 9.39b 
SR a me) — BX, (x) (9.39b) 
and similarly for Y, (y), Z,,(z). Therefore, the eigenvalues E,,., E,,, 
and E,, are given by Eq. (9.14), and the corresponding eigenfunc- 
tions are expressed in the coordinate representation by the functions 
ob, (x) of Eq. (9.27a). We can immediately write for the solution 


$,, (x, y, Z)= bn, (X) bn, (y) bn, (Z) (9.39c) 


and it follows from Eq. (9.38) that the energy eigenvalues for the 
three-dimensional isotropic oscillator are 


E,, =ho(n, +n, +n, +3) (9.40a) 


Since n,,n,, and n, take only zero or positive integer values, the 
quantum number 


n— nan + n, (9.40b) 


also takes a value equal to zero or a positive integer. 

It is clear from Eqs. (9.40a) and (9.40b) that a given energy 
eigenvalue E,, =hw(n +3) is degenerate in general since it can be 
obtained for different combinations of n,,n,, and n.. The ground 
state is nondegenerate because it corresponds to the unique assign- 
ment n, — n, =n, = (0. However, the first excited state of the system 
is triply degenerate, the second excited level has six-fold degener- 
acy, and so on. This is indicated in Table 9.1. 
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Table 9.1. Classification of the Stationary States of the 
Three -Dimensional Isotropic Harmonic Oscillator 


Quantum numbers Number of states 
i ln thy, We 
OOOO il 
1 OM O20 Os Oe Oral 3 
2. 2.0, 0; 05 2. 05 Otay 6 
ik, OR Oe sie tek a), 1 
ey ch (THE (0e 3i, (OR O a). Sh 
Oe ORO, 2, Se OL, 10 
ils 2 Oe 0 1, es We 0G A 
il, A 
e.t.c 


In general, the number of degenerate states for a given value of n, is 
given by 
nel) GE 2) 


as can be easily proven. The energy spectrum is shown in Fig. 
9.10(a). 


E/hw #of etc 
States 
9/2 10 ee ee 
7/2 6, eee ee 
5/2 3 tee 
3/2 | ee 
) 
[ny ny nz > = Omen INS 
lk, £,m> 
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FIGURE 9.10. The states of the three-dimensional s.h.o. labeled by the |n,, n,, n_) 
and |k, l,m) representations. Note that because of the short-range nature of the 
potential the spectrum does not condense as EF, increases. 


n 


We draw attention to the fact that the stationary states are also 
eigenstates of parity, as they must be in view of the invariance of the 
Hamiltonian of Eq. (9.37) under inversion of the coordinates. The 
eigenfunctions of the one-dimensional s.h.o. @,, (x), etc., are eigen- 
states of parity with eigenvalue (—1)":; therefore, the parity of 


BOUND STATES: PART II Boil 


(x, y, Z) is given by 
eee = (ser (ty (9.41) 


Note that we can obtain the explicit expression for @,,(x, y, z) in 
terms of the Hermite polynomials using Eq. (9.27a). Here we give 
only the ground-state wavefunction 


3/4 
(x, y, Z) = (=<) eres (9.42) 


We will now find the stationary states in a representation where 
they are labeled by the angular momentum eigenvalues. Of course, 
these states will have the same energy eigenvalues as found above, 
but may be given as linear combinations of the degenerate states 
defined by Eq. (9.39c). We write the Hamiltonian [Eq. (9.37a)] in 
terms of the angular momentum operator L? as in Eq: (Sipe 


: Ae) Vd (ee Ee 
=F [saa (5p) peal tamer? (0.430) 


and express the wavefunctions as a product of angular momentum 
eigenstates (the spherical harmonics) and a radial function labeled 
by the quantum numbers k and | 


pap 6, b)= Ry, (7) Von: ) (9.43b) 


The solution proceeds exactly as for the hydrogen atom (see 
Sections 8.2 and 8.3). The radial function must obey the equation 


i clei “| an | gesagt thet | 
‘ +—|E,, -4mo@?r7 — ———] t Ra (rt) = 0 (9.43 
{5 ay (- oF he ki 7 2mMwor re eile) ( &) 


the solution of which is postponed till the end of the section. One 
can show that the energy eigenvalues are given in this case by 


E,, = ho[(k +1) +3] (9.44a) 


where k is a positive, even integer, or zero. That is, 
fox ()\ alow (9.44b) 


To each energy E,, correspond 21 +1 states distinguished by their 
corresponding m value. The states in the |k, [. mt) representation are 
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shown in Fig. 9.10(b), and the correspondence between the two 
representations is evident. 

Comparison of Eqs. (9.40) and (9.44) shows that the eigenvalues 
are the same when the quantum numbers 


n,tnytn,=n=k+l 


Since k is always even, we note that even values of | correspond to 
states with n even. According to Eq. (9.41) these states have even 
parity. Similarly, odd | states correspond to n odd, namely, to odd 
parity. Furthermore, for a given n-value, | can take values n,n — 2, 
n—4, and so on. Since each | state has (21+1)-fold degeneracy, 
the number of states found at a given value of (k+l) is 


k+l=n even 2n+1+(2n+1-—4)4+---+5+4+1 
k+l=n odd 2n+1+(2n+1-4)+---+743 


The above arithmetic progressions can be summed directly to give 
the number of states 


&n = a(n + 1)(n +2) 


which is valid whether n is even or odd. As expected, the result is in 
agreement with Eq. (9.40c). 

The states in the |k, |, m) representation are related to those in the 
In, n,,N.) representation through a unitary transformation 


lk, | m)= 3 \My, My, M,)My, Ny, Nz |K, bmp «(9-4 5) 


n, tn, +n, =k +l 


Of course, this transformation connects only states of the same 
energy. For instance, the reader can verify that for n=1 the 
following relations hold 


I! 
Pn, =1,n)=0,n,=0 = 5173 (Oe eon nani Peeeiat a 


i 
Paleo weet neds 5172 Ab) =0.t=1,m==1 + Omegue ened) 


Onna n,=1— bx =0, 1=1,m=0 


The degeneracy between states of different /-value but of the same 
value of (k +l) is due to a dynamical symmetry of the isotropic 
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harmonic oscillator potential, similar to that encountered in the case 
of the Coulomb potential. 


The solution of the radial equation [Eq. (9.43c)] is obtained by 
introducing [as in Eq. (8.18a)] a modified radial function 


u(r) = rR, (rn) (9.46a) 


and the notation [¢,, has dimensions (length) *] 


Be 
&ji=—sE,, and B= (22) (9.46b) 
h h 
to obtain the simpler equation 
7 K(i+4 
[s+ Ex 47? ( Jat = 0 (9.46c) 
dr fs 


with the boundary conditions u,,(r)=0 as r—>0 or r—~. In the 
asymptotic limit (r—™), the equation becomes 


a =e 
mee i Uy = 


and the solution that satisfies the boundary condition is given by 


Uj.(r) ——> e 8°"? (9.47a) 


r—large 


Furthermore, near the origin, i.e., r—> 0, the equation becomes 


d°uj, Ul ar 1) 
dr* fe 


UK = 


The solution that vanishes at the origin has the form 


U(r) —>r' (9.47b) 
r—0 


Thus, we can write the general solution to be of the form 


iiiser’ 4). ar 
s=0 


Ey ee y ie. (9.47c) 


s=0 
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Substituting this into Eq. (9.46c) we have 


Y {lea —67(2s + 214+ 3)lars* 
s=0 


Ge edness — 1 = law eet — 0 
Or, 


Y, {ex, —B2(2s +21 +3) Jagr! *8+1 + 5(s +214 1a,’ =0 


s=0 


(9.48a) 


Consider the lowest power of r in the series, namely, r''. The 
vanishing of this term does not impose any constraint on the 
coefficient ay. In fact, even if 


ag7 0 


the term will vanish. On the other hand. the second term in the 
series has the form r'. The vanishing of this term requires that 


2(l+ 1)a,=0 
which determines that a,=0. Thus we have 
ag70 a,=0 (9.48b) 


Furthermore, we can write Eq. (9.48a) as 


% 


oF {[ ex: — B°(2s +21 + 3)]a, +(s+2)(s+21+ ayaa 26 

Sa) 
This is true only if the coefficient of each term in the series vanishes. 
That is, 


[ex — B7(2s +21 + 3) Ja, +(s + 2)(s +214 3)a,,.=0 
or, 
“ B°(2s +21+ 3) >= Exl 


4512" omaha eas) Coe 


Note that this is a recursion relation which connects either only 
the even or the odd cocflicients. However, in view of Eq. (9.48)), 
only the even terms of the series survive. Furthermore, the series 
must terminate, otherwise the solution for large distances would 
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have a behavior of the form 


u,;(r)——> a 


r—large 
The series will terminate if there exists a value of s.s,,,, such that 


B?(2S max t 2! oF 3) wy ea) = 0 
Or, 
(er B?(2S max + 21+ 3) 


= 2 Be (Sra tl 3) 
Putting in the values of e,, and 6 from Eq. (9.466) we obtain 
Eyy = Aw (Smax t+ | +3) 
=hw(k +1+3) (9.49) 


as indicated in Eq. (9.44a). Here we have identified k with s,,,,.. and 
it can only take values k =0,2,4,6,.... 

The polynomials in Eq. (9.47c) can be identified with the as- 
sociated Laguerre polynomials of half-integer order. They are 
briefly discussed in Appendix 10. As expected, the k — 0 functions 
are nodeless, whereas for k =2 there is one node, and so on (see 
also Fig. A10.1). 


9.5. THE SHELL MODEL OF THE NUCLEUS 


We do not have an exact understanding of nuclear forces and the 
structure of nuclei. On the other hand, a great wealth of information 
is available about the stationary states and the properties of nuclei. 
Such information enables us to construct models of the nucleus that 
can be used to make fairly accurate predictions. We discuss one such 
model in which it ts assumed that the individual nucleons (neutrons 
or protons) move in a potential produced by all the other nucleons. 
The potential—due to the nuclear forces—is experimentally known 
to be of short-range and can be assumed, in most cases, to be 
central. The three-dimensional isotropic harmonic oscillator poten- 
tial provides an adequate approximation to the nuclear potential 
and produces results in agreement with observation, so we adopt it. 
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We start from the well-established experimental observation that 
nuclei for which the number of neutrons or protons is 


PROPANE Pits rai Ute PAN PAS) (9.50a) 


show extreme stability. By this we mean that it is difficult to excite 
them. The sequence of numbers listed above are known, therefore, 
as magic numbers. Nuclei that are doubly magic should be excep- 
tionally stable, as is indeed the case for 


217.4 8-16 207,40 280,48 126,208 
arte, 30°", s9Ga » o0ea -, g2Pb 


This would indicate that the magic numbers represent closed shells 
of nucleons so that the excitation to the next higher level requires a 
large amount of energy. We must remember that protons and 
neutrons are spin-1/2 particles. Thus, according to the Pauli exclu- 
sion principle, there can be only two particles in any one eigenstate 
of energy corresponding to distinct eigenvalues k, 1, and m. One of 
the particles will be in the spin-up state m, = +1/2 and the other in 
the spin-down state m, = —1/2. 

If the nuclear potential is of the form of the three-dimensional 
s.h.o. we would expect a closed shell whenever all states corres- 
ponding to a given n-value, i.e., of the same energy, are filled. 
According to Table 9.1 the number of states for a given n. including 
the two possible spin states, is [see Eq. (9.40c)] 


=) new nee os 
i = (UNE = RU — 0) 2) at iL 2h) 
2 O 12 20 


i al os) n=6 
((=09234) (= 13, SP = 0522 46) 
30 42 56 


and therefore the particularly stable nuclei should occur when the 
number of protons or neutrons is 


2, 8320, 40, 70; 112,168 (9.50b) 


The first three magic numbers agree with this sequence. Beyond the 
third magic number the closed nuclear shells appear to correspond 
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to 
28 = 20+8=20+(2x7/2+1) 
50 = 40+ 10 = 40+ (2x 9/2+ 1) 
= - (9.50c) 
82=70+ 12=70+(2x 11/2+1) 
126 = 1124+ 14= 112+ (2x 13/2+1) 
nucleons. 


The sequence of numbers in Eqs. (9.50c) is suggestive. For 
instance, to fill the n = 2 shell we require N = 20 nucleons. We now 
start to fill the n = 3 shell which admits angular momentum | = | and 
|= 3 (P- and F-states). Since the nucleons have spin 1/2. a possible 
spin-orbit coupling would give rise to four values of the total 
angular momentum with corresponding multiplicities 


P,,. multiplicity (2J+1)=2 


P3)2 =4 
Ps)2 =6 
P52 a 


If the state with the highest J-value has the lowest energy it may 
be possible that it becomes associated with the preceding shell. 
Indeed, examination of the sequences in Eqs. (9.50c) shows that the 
shells close when we add to them the number of states correspond- 
ing to the highest J-value of the following shell. This is shown in 
Fig. 9.11, where on the lhs are indicated the (equidistant) energy 
levels of the three-dimensional s.h.o.; on the rhs are the levels 
expected from a square-well potential. In the center of the figure are 
given the stationary states as calculated when the spin-orbit coupling 
is included. This spectrum clearly reproduces the observed magic 
numbers and gives confidence in the shell model of the nucleus. The 
model was proposed independently by Mayer and by Haxel, Jensen, 
and Suess in 1955. 

As we saw in Section 8.5 the spin-orbit coupling term arises, in 
principle, from the relativistic correction to the wavefunction of a 
particle moving in a central potential V(r). According to Eq. (8.40b) 
it should be given by 

pain (“= i-s 
Zhuge \r dr 
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FIGURE 9.11. Energy levles of a nucleon bound in a nucleus. On the left are the 
oscillator levels; on the right are the square-well levels. In between are levels that are 
intermediate with spin-orbit coupling. The 1s level is taken to be the zero of energy 
of the system. [From Haxel, Jensen, and Suess, Z. Phys., 128, 298 (1950) by 
permission |. 


However, this term results in too small a splitting (by a factor 30) 
and has the wrong sign. It requires states with larger J-values to lie 
at higher energies. We conclude that the spin orbit: splitting in 
nuclei is not due to a relativistic correction, as it is for the fine 
structure of atomic spectra, but is directly related to the spin- 
dependence of the nuclear froces. This is corroborated by scattering 
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experiments with polarized nucleons and is in complete agreement 
with observation. 

Nuclei consisting of closed shells must, of course, have zero total 
angular momentum. This is the case for 30'°, 3'Ca*”, and '3SPb7""". 
Nuclei with one nucleon outside a closed shell will then have the 
angular momentum of the next highest level and it is found that 


for,O'’, lae5/2 0 -and'for Br’, heavy 


Correspondingly, for nuclei with one nucleon missing (a hole) from 
a closed shell, their angular momentum must be that of the level 
closing the shell and we find that 


for Syy's. I= 1/2 
for 20K 39° T=1/2 


for ee Poet} 2 


in complete agreement with the assignments indicated in Fig. 9.11. 

The energy spectrum shown in Fig. 9.11 can be refined by more 
detailed calculations. For instance, the levels for protons differ from 
those of neutrons because of the electrostatic repulsion present in 
the former case. Furthermore, the s.h.o. wavefunctions can be used 
to calculate the energy of excited states and to predict the magnetic 
dipole and electric quadrupole moments of nuclei. However, one 
must remember that the shell model is most successful for nuclei 
having closed shells and almost closed shells. Away trom closed 
shells the nucleons exhibit collective phenomena such as deforma- 
tions and collective vibrations. These properties can be best under- 
stood in terms of different nuclear models. 


9.6. THE SQUARE-WELL POTENTIAL 


As we have already observed, the nuclear forces are of short range. 
Therefore, the simplest model for the nuclear potential is that of a 
square well. Such a model is more realistic than the three- 
dimensional s.h.o. since beyond a certain range the nucleons are 
free. While in reality the potential may not have sharp edges. the 
square-well approximation is reasonably accurate. We will also 
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U(r) 


FIGURE 9.12. The square-well potential. Note that the figure shows only the radial 
dependence; otherwise the potential is spherically symmetric. 


assume that the potential is central, i.e., it is invariant under 
rotations. Such a potential is shown as a function of r in Fig. 9.12. It 
is characterized by two numbers, its depth U,, and its width a. 


U(r) =—-U, r<a 


9.51 
=(0 r>a \ 


Note that even though we use the term “square well” the region 
where the potential is different from zero is bounded by a sphere of 
radius r= a. 

Since the potential is central we immediately know that the 
stationary states will be eigenstates of L? and can be labeled by 
|, m). Because of the short-range nature of the potential we expect 
only a finite number of bound states. In terms of the energy scale 
used in Eq. (9.51), bound states will have E<(). so that when r>a 
their wavefunction must be a decaying exponential. For r<0 the 
bound-state wavefunctions will be oscillatory. Only for those ener- 
gies for which the logarithmic derivative of the interior (r<a) and 
exterior (r >a) solutions can be matched at r= a, will a bound state 
occur. This is analogous to our discussion in Section 6.5, even 
though in three dimensions the particle may have angular momen- 
tum about the origin. We recall that we had considered the problem 
of an infinitely deep potential well, but with a cubic boundary, in 
Section 1.8. In that case we obtained the solution in cartesian 
coordinates, whereas now we shall use the representation of angular 
momentum eigenstates. 

In the coordinate representation the Hamiltonian is 


A h? e a ( DoeL 
A=-=|=— 2) _ 2]: 
Qu Lr? ar Yor) Fer “~ 22a) 


with U(r) given by Eq. (9.51) and w the mass of the particle or the 
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reduced mass as the case may be. We express the wavefunction as a 
product of the spherical harmonics and a radial function R,, ;(r) 


Writ) = R,,:(r) Reed, d) (9.52b) 


Thus, the radial function obeys the equation 


{F {54 (e2) “Ne U \p (r)=0 
20 r2 dr r dr r- nto (r) nl oa ie 


(9.52c) 


and must satisfy the boundary conditions 
[(rR,.(r)] 20 as r—>0, (9.52d) 


Even though we can solve Eq. (9.52c) directly for arbitrary values 
of | we will first consider the special case !=0. We introduce a 
modified radial function 


Uy. o() = rR,.o(r) (9.53a) 


and the specific form of the square-well potential U(r) as given by 
Eq. (9.51) to obtain the two equations 


h? d? 
r<a [5 <S+(E, + U0) Jui =0 
ea (9.53b) 
hada 
r>a Get | m(r=9 


For bound states, E,, <0 and the boundary conditions are u,,(r) > 0 
as r—0 or +. Thus, the solutions for r<a and r>a are, respec- 
tively, 


t= |B? 
Sore u(r)= A sin ar a= [PARED 


1/2 
r>a uni Cen B= eae ) 


(9.54a) 


The physical solution to the problem is such that u(r) and du/dr as 
calculated from either region have the same value at r— a. To match 
u(r) the ratio of the constants must equal 

A sel 


=— (9.54b) 
C sinaa 
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Matching the derivatives du/dr at r - a provides us with one more 
relation 


|= (r< a)| = aA cos(aa) = —CBe ** = |= ic a)] 


r=a 
or 
cos(@a) 


pe cos(aa)e®* =a 
aS cS - = sin(aa) 


where we have used the result of Eq. (9.546). The relation 


connects the constants a and $8 defined in Eq. (9.54a) and thus 
determines the possible eigenvalues |E| in terms of U,. a. and wz. 
Note that Eq. (9.54c) is a transcendental relation. 

To solve it graphically it is convenient to introduce the dimension- 
less variables 


~€=aa n = Ba (9.55a) 
so that we seek the solution of 
" =—é coté (9.55b) 
Furthermore, € and 7 are related through 


£?+7=a(a2+B2)= (9.55c) 


he 


Since € and y are positive definite, it suffices to consider their 
values only in the first quadrant. This is shown in Fig. 9.13 where we 
have plotted the function & cot € as a function of & (the abscissa). 
For any given value of & 7 is fixed by the condition of Eq. (9.55¢c). 
Therefore. for a specific value of Uy. 7 must lie on a segment of the 
circle of radius (€*+77*)'’?=const. The intersection of this circle 
with the curve €& cot € gives the desired solutions. [t is clear from 
the topology of Fig. 9.13 that when 


2uUa* _ 


T 2 
O< i (2) there is no solution 


BOUND STATES: PART II 403 


Cea 30? heres ; 

2 ee ee there is one solution 
3a\? 2pUya? — (S5m\2 

(=) r= <j S (=) there are two solutions 


and so on. We conclude that there will be no bound state unless 


Qu = 5. hear? 
(= U,a’) 5 or Lia 8 (9.56a) 
More generally, the system will have N bound states if 
: Qu . ali Ps ; 
(N—)n<(# Uoa ) <(N+35)1 (9.56b) 


We note that the condition for the existence of bound states 
depends on the product of the depth and the square of the width of 
the potential. This can be readily understood in terms of the 
uncertainty principle: when the potential is of very short range, 1.e., 
a is small, the position uncertainty for a bound state is small. 
Therefore, the potential must be deep to allow for a large uncer- 
tainty in momentum. Conversely, for a long-range potential the 
uncertainty in the momentum of a bound state can be small, thereby 
allowing states of low kinetic energy to fit in a shallow well. 


1 
oe 


FIGURE 9.13. Plot of —&écot€>0 versus ¢ The solutions of the equation 
yn = —€ cot € where n*+ €? = const are given by the intersection of the two curves. Note 
that for 2+€?=1.4 there is no solution. For n?+é*=5 there is one solution, 
whereas when n*+&*= 27 there are two solutions. 
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General Case 


We now consider the solution of the radial equation [Eq. (9.52c)] 
for the case when | can be different from zero, and for the potential 
of Eq. (9.51). We introduce dimensionless variables as follows. In the 
interior region, r<a, we set 


2u(U,—|E\)] 7 
p=ar, where a= [PHO ED) (9.57a) 
so that the radial equation becomes 
a iad | |} 
—5+—-—+]1- R(p)=0 9.57b 
la = |}Ro) (9.57) 


with the boundary condition pR(p)=0 as p> (). Equation (9.57b) 
is the spherical Bessel equation and is discussed in Appendix 12. Its 
solutions that satisfy the boundary condition are the spherical Bessel 
functions j,(p). These are simply trigonometric functions modulated 
by powers of p; for instance, the first two are 


sin 
Tole) = ae 
fe 
: (9.57c) 
; 1 /sin p 
jlo) =—( —Cos e) 
p\ p 
In the exterior region r>a we replace 
9) E 1/2 
p — ir, where B= (“F (9.58a) 


so that the radial equation reduces to the same equation as for the 
interior case [Eq. (9.57b)]. However, the boundary conditions are 
now different. It must hold that pR(p) - 0 as p > x. and there is no 
condition at the origin. The appropriate solutions for this case [see 
Appendix 12] are the spherical Hankel functions of the first kind 


hi(p) = jr(p) + in(e) (9.58b) 


In general, these are oscillatory functions modulated by powers of p. 
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The first two are 


hi(p) = -- e* 
p 
j (9.58c) 


hY(p)= Sete 


However, in view of our choice of p as shown by Eq. (9.58a), the 
radial functions are indeed decaying exponentials as required for a 
bound state 


1 1 (9.58d) 
eae = [+e 
(xp (Bin) 


Finally, the interior and exterior solutions and their derivatives 
must be matched at the boundary r=a. It suffices to match the 
logarithmic derivative (1/R)(dR/dr). This leads to a transcendental 
equation as in Eq. (9.54c), which must be solved to obtain the 
eigenvalues. The algebra becomes laborious, and for example the 
condition for |=1 is 


(9.59) 


Here we use the notation introduced in Eq. (9.55) and the expres- 
sion given by the second of Eqs. (9.57c) and (9.58d) for the interior 
and exterior solutions, respectively. In the case of the square well, 
there is no degeneracy for states with the same radial quantum 
number n but different angular momentum I. This is contrary to the 
results found for the Coulomb potential or the three-dimensional 
s.h.o. 

It is interesting to note that even though the form of the radial 
functions does not appear to depend on the quantum number n, the 
eigenvalues certainly do because they correspond to different solu- 
tions of the transcendental equation such as Eq. (9.54c) or (9.59). 
This, in turn, modifies the coefficients a and B that determine the 
scale of the radial functions, the number of nodes, etc. 
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Infinitely Deep Square Well 


One can obtain a better feeling for the position of the energy 
levels of the square-well potential by considering the (unphysical) 
model of an infinitely deep potential well. In this case we set the 
zero of the energy at the bottom of the well as shown in Fig. 9.14 
and, of course, the wavefunction cannot penetrate beyond r=a. 
Thus, the boundary conditions are 


rR, (r) = 0, when r=0 and r=a (9.60a) 


which greatly simplifies the mathematics. We know that with p= ar 
the solutions are of the form 


R,,1(p) = i(e) 
where we can express 
5) E 1/2 
a = ( = ~!) (9.60) 


where E,,, > 0 and is measured from the bottom of the well since we 
have set Up,=0. 


etc. 
n=3 t 
n=2 
n=2 
n=2 
n= | 
n= | 
n= | 
pel §22 £=3 
(a) (b) 


FIGURE 9.14. (a) An infinitely deep, spherically symmetric square-well potential 
and the radial functions for two low-lying states with 1!=0. (b) The spectrum of 
energy levels for the infinitely deep, spherically symmetric potential well. 


BOUND STATES: PART II 407 


To satisfy the boundary condition when p= aa, it suffices that 
(aa) be a root of j,(p). We indicate these roots by p,,;. Thus, the 
allowed values of a, are given by 


2 2 
on, = oe and E..= 5 (2) (9.60c) 
me 2 eh Nea 
The first few roots of j,(@) are tabulated in Appendix 12 and it is 
easy to use them to construct the energy spectrum as shown in Fig. 
9.14(a) (see also the rhs scale in Fig. 9.11). The reader should note 
the similarities of this spectrum with that obtained in Section 1.8 for 
an infinitely deep potential well bounded by a cubic rather than a 
spherical volume. In that case, of course, the system did not have 

rotational invariance. 


9.7. THE DEUTERON 


As an application of the square-well potential we will consider the 
deuteron. It consists of a proton (p) and a neturon (mn). Since the 
neutron is not electrically charged the binding force cannot be 
electrostatic. The force between the magnetic moments of the 
neutron and the proton is ~100 times too small and the gravita- 
tional force is ~10°° times too weak. Thus, we must admit the 
existence of a strong nuclear force. The nuclear force must be of 
short range and, therefore, we can represent it by a square-well 
potential. We will assume that the force is central and label the 
stationary states by the eigenvalues of angular momentum. Further- 
more, we will assume that the ground state of the deuteron is an 
!=( state of orbital angular momentum. This statement is only 
approximately true. In reality, the ground state is a linear combina- 
tion of !=0 and | =2 states, the amplitude for the latter being small. 
This conclusion is obtained directly from a study of the magnetic 
moment of the deuteron. Independent evidence for the noncentral 
nature of the nuclear forces comes from the electric quadrupole 
moment of the deuteron. This implies that the ground-state 
wavefunction deviates from spherical symmetry. Of course, the total 
angular momentum of the deuteron is a constant of the motion. It 
equals I= 1, and is referred to as the spin of the deuteron. 
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The binding energy of the ground state can be obtained by 
comparing the precise values of the deuteron, proton, and neutron 
masses. The deuteron and proton masses are determined from mass 
spectrography, whereas the neutron mass is found from the end- 
point of the electron energy in the B-decay of the free neutron 
n—-pt+e +v,. One obtains 


E,=[m(d)— m(p)- m(n)]c? 
= (1875.62 — 938.28 — 939.57) MeV = —2.23 MeV 
namely, the binding energy of the deuteron is 
W = —-E,= 2.33 MeV 


This value is confirmed by studying the threshold for the photodisin- 
tegration of the deuteron y +d —n+p and by other experiments. 
We can now apply the results of Section 9.6 to the deuteron. The 
reduced mass entering the Hamiltonian ef Eq. (9.25a) is 
i mm, _ Mn 
Mee 2 
where we use my, to designate the nucleon mass. From the results of 
Fig. 9.13 we know that for the | =0 ground state to be bound. the 
parameter €=aa must lie between a/2 and wv. Thus, we can 
establish that 


4 h? = 
or 
1 (hc)? hc)? 
a ae n?<a(Up~ W)<S 2. ca 
MnC MnC 


with hc =~ 200 MeV-F, myc?= 1000 MeV, and letting a~=2F we 
find the bound 


25 MeV < U,— W<100 MeV 


namely, U,,» W. Therefore, W is negligible as compared to U,, 
which implies that a@>B or, correspondingly, > 7 [see Eas. 
(9.54a)]. In that case, € for the ground state is very close to 7/2, and 
we can deduce that 
he)? 7 
a?U gig) 


~ hele _R2 
OT raed 102 MeV-F (9.61a) 
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Since we used only one input, the binding energy W, it is not 
surprising that we cannot determine a and U,, separately but only 
their product a*U,. The range of the nuclear force is known to be 
a~1.7F [comparable to the Compton wavelength of the m-meson 
which is, Ac=h/mc =(197 MeV-F)/(140 MeV) = 1.41 F] which 
yields 


Uo= 35 MeV 


The binding energy W uniquely determines the exponential falloff 
of the wavefunction in the exterior region since 


CE) PT 


(9.61b) 


This enables us to sketch the wavefunction. In the interior region 
the wave function is of the form (1/r)sin ar where @ is such that aa 
is just slightly larger than 7/2. Thus, the radial function u(r) is as 
shown in Fig. 9.15(a). If we decrease the range of the potential we 
must increase its depth so that the interior wavefunction bends 
faster to meet the exponential at r—a. This is shown in part (b) of 
the figure. 


sindr 
eee 
r t ai 
Ps es 
(a) ~4U, (b) 


FIGURE 9.15. The radial function for a square-well potential. The indicated binding 
energy in this case is much smaller than the depth of the potential. This is the case for 
the deuteron. (b) A well of depth —U, and width a gives the same exterior 
wavefunction as a well of depth —4U, and width a/2. 


The value of y=1/8 is a measure of the spatial extent of the 
deuteron. From Eq. (9.61b) we obtain 


y= 1/8 =4.31F (9.61c) 
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indicating that on average the nucleons are outside the range of the 
potential. It is not surprising, therefore, that the wavefunction is 
insensitive to the details of the potential. It can be easily checked 
that the deuteron has no excited bound states for | = 0 or for higher 
values of |. This would necessitate a potential at least four times as 
deep as the one we determined. To obtain further information about 
the n—p force and its spin dependence we must resort to scattering 
experiments. A brief description of such experiments is given in 
Chapter 11. 


9.8. SUMMARY 


We have examined and found solutions for several physical systems 
that form bound states. We tried to emphasize the great similarity 
between all of these systems and the common mathematical techni- 
ques used for their solution. Bound systems have. in general, a 
discrete spectrum of stationary states, and the number and density 
of these states is a reflection of the binding potential. 

The systems that we considered are found in nature, and we 
discussed how the observational data is interpreted and related to 
the theoretical results. These physical systems span a large domain 
of energies ranging from molecules where the typical transition 
energies are ~10 *eV to the atomic nucleus where the energies are 
of the order of few MeV~10°eV. We were able to use the 
coordinate representation because the dominant behavior of the 
systems that we analyzed depended on variables that had a classical 
analogue. The effects of spin were, in general, small. and therefore 
could be treated by perturbation theory. 

The problem of the one-dimensional s.h.o. was presented and 
solved. It is of great theoretical importance because it serves as the 
model for the quantum-mechanical description of the electromagne- 
tic field. We found that the s.h.o. system exhibited great symmetry 
between the position and momentum variables and that the energy 
spectrum was extremely simple, consisting of equidistant stationary 
states. Furthermore, the operator techniques that we introduced 
have wide application in many areas of quantum mechanics. 


Problems 


PROBLEM 1 


Consider two harmonic oscillators with raising and lowering 
operators a‘ and 4 for the first, and b* and b for the second. 


al 


From the four products @'b, b'@, ‘a, and 6'b show that by linear 
combinations one can find operators that have the same commuta- 
tion relations as the angular momentum operators. What operator 
plays the role of angular momentum squared? 

Note: This is J. Schwinger’s approach to treating angular 
momentum. 


PROBLEM 2 


Find (x), (p), (x?), (p?), and Ax Ap in the state |n) of the s.h.o. What 
is the uncertainty relation for the ground state? 


PROBLEM 3 


If u,,(x) and u,,(x) are eigenfunctions for the s.h.o. in one dimension 
corresponding to the energy (m+1/2)hw and (n+ 1/2)hw, respec- 
tively, use the generating function for the Hermite polynomials to 
calculate the integral 


. d 
(Ph 2 - [ u(x) ihe a una] dx 
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PROBLEM 4 


A particle moves in three dimensions in a potential of the form 


00, ae 
Vier 2,2 2 : 
4mw?(x?+ y’), otherwise (m, w constants) 


Obtain a formula for the eigenvalues, the degeneracy of each 
level, and the eigenfunctions associated with them. 


PROBLEM 5 


For a diatomic molecule the Hamiltonian corresponding to its 
rotational motion can be written as 


where I is the moment of inertia about axes passing through the 
origin and perpendicular to the line joining the two atoms. (a) Find 
the energies of the stationary states. (b) Given that the difference 
between the frequency of neighboring lines in the rotational spec- 
trum 1s 


Av 


Ap-=- -20.9cm ! 


C 


Find the moment of inertia of the molecule and the interatomic 
distance if the molecule is N>. 


PROBLEM 6 


Consider the | » 2 states of the hydrogen atom. Obtain the radial 
equation and make a harmonic oscillator approximation around the 
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minimum of the equivalent potential appearing in the radial equa- 
tion. Treat this potential as a one-dimensional s.h.o. and find the 
ground- and first-excited-state energy of the s.h.o. Compare with 
the exact solution of the Coulomb problem. 


PROBLEM 7 


A diatomic molecule is restricted to rotate about the Z-axis. The 
Hamiltonian in the coordinate representation can be taken as 


where I is the moment of inertia, and @ is the angle around the 
Z-axis. The wavefunctions of the stationary states are 


1 


~ Zane. 
(2ar)'/° 


Wr (P) a 


Giriln id = 0), SEL se oak 


(a) Prove that w,,(d@) describe stationary states. Construct the 
energy matrix in a representation labeled by the stationary 
states. 

(b) Assume that the rotator has a dipole moment p along the 
direction joining the two atoms. An electric field € is 
established along the X-axis, giving rise to a perturbation 


H,=—pé cos 6 =—ipé(e*® +e *) 


Construct the perturbation matrix. 


(c) Use perturbation theory (through second order) to find the 
energy of the stationary states in the presence of the 
perturbation. 

(d) Make a graph of the energy of the m=0, +1, —1 states asa 
function of the field strength. 
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PROBLEM 8 


Consider a particle of mass m moving in one dimension in the 
potential 
U(x) = Ax*— kx? 


as shown in the figure. A and k are positive, and A « (k*?m'")/4h. 


en 


Sketch of the potential. 


(a) Approximate the potential near the minima by a s.h.o. and 
find the energy of the states of lowest energy. 

Sketch the wavefunction of the state |W), which is defined 
as the state when the particle is found most of the time at 
x >0, and of the state |y,) when the particle is found most 
of the time at x <Q). 

Since the potential is invariant under reflection about the 
origin the stationary states must be eigenstates of the parity 
operator. Express the ground-state wavefunction in terms 


of |W) and |W, ). 


(b 


— 


a 


PROBLEM 9 


A particle moves in three dimensions in an anisotropic oscillator 
potential 
V(x, y, 2) =4mw?(x7 + 4y?4+ 927) 
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(a) What is the general expression for the energy eigenvalues? 

(b) What are the associated eigenfunctions (wavefunctions)? 
(They need not be normalized.) 

(c) What are the degeneracies of the three lowest eigenvalues? 


PROBLEM 10 


A two-dimensional isotropic oscillator is subjected to a time- 
independent perturbation H’ whose matrix elements vanish between 
two states that have the same parity in either x or y (for example, 
Hl =aeey). 


(a) What is the degeneracy of the unperturbed state with 
eigenvalue E“ = 3hw? 

(b) List in bra-ket notation the matrix elements of H’ between 
eigenfunctions belonging to this value which do not vanish 
from symmetry. 

(c) What is the first-order change in the energy level in terms 
of these matrix elements? 


PROBLEM 11 


A s.h.o. is subject to a constant force F so that the perturbation H’ 
is given by 


H'=-Fx 


(a) Use perturbation theory to find the energy of the nth state 
of the s.h.o. 

(b) By a transformation of coordinates the Hamiltonian can be 
brought to an exactly soluble form. Show that the exact 
solution agrees with the perturbative result obtained in part 
(a) above. 
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PROBLEM 12 


Consider a lead nucleus that captures a % meson. Find the binding 
energy of this muonic ion using the Coulomb wavefunctions. What is 
the mean value of (r) for this state? Note that the lead nucleus can 
be assumed to be a uniformly, positively charged sphere of radius 
Top tA rare =e eel A — 208, 

Now consider the form of the potential inside the nucleus (where 
you will find that it is a three-dimensional oscillator potential). Find 
the energy of the ground state of the (lead nucleus —y ) ion, 
assuming the three-dimensional s.h.o. potential. Compare this with 
the result from above and discuss it. (See Cohen-Tannoudji. Diu, 
Laloe, Quantum Mechanics, Wiley, N.Y. Vol. I, p. 525.) 


PROBLEM 13 


Compare the energy levels of an infinite spherical-potential well 
U=0,r<a;U=,r>a, with those for a particle confined in a 
cubical box of side 2L = 2a. 

Discuss equivalent levels and the observed degeneracy. 


PROBLEM 14 


Consider an electron bound in a three-dimensional s.h.o. potential 
in the n~ | state. Obtain the corresponding cigenstates of the total 
angular momentum 


J=L+S 
and Iet the spin-orbit splitting be given by A<«<hw. A uniform 


magnetic field B, is applied along the Z-axis. Find the position of 
the energy levels 


(a) when By is weak: wB)« A: 
(b) when B, is strong: wBy)> A. 
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PROBLEM 15 


A one-dimensional square-well potential has a bound state for any 
positive Uya*. The three-dimensional potential has a bound state 
only if Uya*>77h?/8u. What is the analogous condition for a 
two-dimensional circularly symmetric square-well potential? What, 
if any, is the physical significance of these results? 


PROBLEM 16 


Consider the three-dimensional s.h.o. with Hamiltonian 
2 
‘ Pp 
Ho= re 5 wor 
be 
Assume that the particle has a charge e(>0) and is in a uniform 
magnetic field B along the Z-axis. Writing w, ——eB/2u and 
choosing 


A(r) =—3(r x B) (A is the vector potential) 
one can write 
H= Ho+ H'(@,) 


where H'(w,) is the sum of two terms—one which is linear in w, 
(paramagnetic), and the other which is quadratic in w, (diamagne- 
tic). Show that the new stationary states of the system and their 
degrees of degeneracy can be determined exactly. How does the 
energy of the ground state vary as a function of w,? Is it an 
eigenvector of L?? of L,? of L,? 

Note: This is the Zeeman effect for the harmonic oscillator. 


PROBLEM 17 


By solving the transcedental equation [Eq. (9.54c)]. find the exact 
value of a, the wave vector for the interior region of the deuteron, 
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assuming a square-well potential and the binding energy given in 
Section 9.7. Plot the radial function u(r) and the wavefunction R(r) 
for the deuteron. Compare your result to the Hulthén wavefunction. 


PROBLEM 18 


A particle moves in one dimension in a potential U(x) given by 


TENE Pe for x<0 
—¥d(x—a), for ee =e a,y>0 


What is the minimum value of ya for which a bound state exists” 


PROBLEM 19 


A neutron (mc* = 1 GeV) is bound in (a) a square-well potential of 
width 1 F and depth U, = —0.5 GeV. Find the binding energy of the 
lowest state and of the first excited | — 0 state. (b) A s.h.o. potential 
that has strength k — 0.25 GeV/F-. Find the energy of the ground 
state and of the second excited state and compare it with the result 
of part (a) above. 


PROBLEM 20 


Use perturbation theory to calculate the cross section for the 
photodisintegration of the deuteron 


ytd—-nt+p 


Note: This is a fairly long problem. You may wish to consult 
the treatment in Bethe and Morrison, Elementary Nuclear Theory, 
Wiley, New York, (1956); or a comparable text. 
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PROBLEM 21 


The magnetic moment of a nucleus with total angular momentum I 
is defined as 


where M, is the mass of the proton and 


eh 7 
2M, 


Ln 


is the nuclear magneton. The number g is called the gyromagnetic 
ratio. The numerical value of the magnetic moment is its magnitude 
when I, has its maximum value, [, = I. 
The deuteron consists of a proton and a neutron that have 
intrinsic (spin) magnetic moments 
Mp = 2.7927 un 
itn = —1.9131 pn 


whereas for the deuteron one measures 
Ba = 0.8574 pn 


The spin of the proton and neutron is 1/2, and the deuteron has 
total angular momentum [= 1. It holds that 


I=L+S 


(a) Find the magnetic moment of the deuteron when the 
neutron and proton are in the 


2S, (S =1, L=0,1= 1) state 
"Di(S—i.l— 2) — 1) state 
Notes: (i) Since the neutron has no charge it cannot contribute 


to the magnetic moment through orbital motion. (ii) The orbital 
angular momentum of the proton equals one-half of the orbital 
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angular momentum of the state. (iii) You should start with 
; . j 1. 
Pa — HnOn + hpOp TUNG Lp 

Does this make sense to you? Explain. 


(b) From the experimental values find the admixture of S and 
D states in the deuteron. 


Chapter 10 


SYSTEMS WITH IDENTICAL 
PARTICLES 


In the previous chapters we examined several physical systems 
which, in general, consisted of two particles and could be treated as 
a single particle moving in a potential. In nature, however, we 
encounter systems that contain several particles, and the con- 
stituents of the system interact with one another so that we cannot 
treat each of them independently. Furthermore, if the system con- 
tains identical particles, these are indistinguishable, and the quan- 
tum state describing the system must reflect this fact. The observa- 
ble consequences of this indistinguishability are striking and have 
already been briefly alluded to in Section 3.6. 

We begin this chapter by showing that under the exchange of any 
two identical particles the wavefunction must remain invariant if the 
particles are bosons and must change sign if the particles are 
fermions. This-follows from both their indistinguishability and the 
uncertainty principle of quantum mechanics. In Section 10.2 we 
discuss the structure of atoms and how it depends on the antisym- 
metry of the many-electron wavefunction. We show that this suffices 
to correctly reproduce the Periodic Table. 

In Section 10.3 we examine the structure of homonuclear 
molecules, especially as it is revealed by Raman scattering. Such 
molecules have a complex spectrum of energy levels and are well suited 
for testing the symmetry properties of the overall wavefunction of a 
system. Next we treat the simple example of the helium atom which is 
of interest because it contains only two electrons. We obtain the 
energy levels by a first-order perturbation calculation and, in par- 
ticular, show the importance of the exchange contribution to the 
energy. 

Section 10.5 is devoted to another simple system: the hydrogen 
molecule, H». Again, because of the exchange energy, the system is 
bound. In this case we must consider the mutual electrostatic 
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interaction between all four constituents, that is, the two protons 
and two electrons. Reasonably good results can be obtained by 
simple methods such as the one first introduced by Heitler and 
London which we will describe. We do not perform the integrals in 
detail but give the final results and discuss their accuracy. We also 
consider the hydrogen molecule as a simple two-state system and 
show how this leads immediately to the general features, but not the 
details, of the solution. 

In the final section we consider a system of identical bosons and 
discuss in particular an assembly of photons enclosed in a cavity. In 
this case the photons do not interact with one another, but they do 
interact with the cavity walls; thus, they can be treated as being in 
statistical equilibrium. We then show how the exchange symmetry 
for Bose particles leads directly to the Planck radiation law. 

The applications that we choose to discuss in this chapter refer to 
important and often encountered physical systems. Furthermore, 
they demonstrate explicitly how the exchange symmetry must be 
satisfied whenever a system contains identical particles. The exis- 
tence in nature of these two types of particles—bosons and 
fermions—is one of the most fundamental aspects of the physical 
world. It is, however, a purely quantum-mechanical phenomenon 
and has no analogue in classical physics. 


10.1. INDISTINGUISHABILITY AND EXCHANGE 
SYMMETRY 


We have already introduced the concept of exchange symmetry in 
Section 3.6. Here we will elaborate on these arguments from a 
slightly more formal point of view. Consider a system of two 
identical particles, | and 2, governed by the Hamiltonian A>. We 
assume that the system has a stationary state |I), which can be 
characterized by labeling particle 1 by the index @ and particle 2 by 
the index B. The indices a and B could, for instance, refer to the 
position of the particles, to their spin projection, to some other 
quantum number, or to a combination of these. We write 


II) =|1,.28) (10.1a) 
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The states of the two-particle system, e.g., the state |I), are defined 
in a Hilbert space #,, of higher dimensionality than the Hilbert 
spaces #€, and #, which span the states of the single particles 1 and 
2, respectively. Mathematically we say that the space #,. is the 
direct product of the spaces #,, #H, and write #,.= H,@H)>. 

If the particles 1 and 2 are identical, then clearly the state 


|IT) = |2,. 1g) (10.1b) 


is also a Stationary state of the system with the same energy as the 
state |I). In fact, the state |II) is physically indistinguishable from the 
state |I). This is because in quantum mechanics we cannot follow the 
evolution of individual particles and thus cannot tell which one of 
two identical particles is particle | and which is particle 2. That the 
states |I) and |II) cannot be distinguished physically is therefore a 
direct and fundamental consequence of quantum mechanics. It does 
not imply that the states |I) and |II) are identical: in fact, they are 
different states of the system. 

At this point it is convenient to introduce a two-particle permuta- 
tion operator? Rigs which has the property of exchanging particles | 
and 2. For instance, we immediately see that 


P,.|D=|0) and P,,|\Ib=|D (10.2a) 


Furthermore, if we are considering indistinguishable particles, Re 
must leave the Hamiltonian of the system invariant because other- 
wise One would be able to distinguish between the two identical 
particles. Thus, the stationary states of the system will be simultane- 
ous eigenstates of both the Hamiltonian and Pp. Let us look at the 
eigenstates of Pn alone. If |) is an eigenstate of Pas, then 


Pg ib) = 7 i) 
PP \h)= nP > le) = n7 |p) 


On the other hand, operating with Pi twice is equivalent to coming 
back to the original state itself. Thus 


Pees ly) = ls) = a ly) 


(10.25) 


+ Not to be confused with the parity operator introduced in Chapter 8. When the 
possibility of confusion arises we will use 7 for the parity operator. 
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Hence 5 

7 1 oneal 
Consequently, a physical state of two identical particles must be 
either symmetric or antisymmetric under their exchange. Particles 
that have even symmetry are called bosons; particles that have odd 
symmetry are called fermions. 


Pi, lw) =|) bosons 
P,, |e) =—|p) fermions 


(10.2c) 


The permutation operator P,> is a constant of the motion since it 
commutes with the Hamiltonian. Thus, if a quantum system is in a 
symmetric (antisymmetric) state under exchange of identical parti- 
cles, it will remain in a symmetric (antisymmetric) state. It is for this 
reason that Eqs. (10.2c) can be interpreted as a general classification 
of the two types of particles encountered in nature. If we are given 
an arbitrary state |n) of the system that does not obey the symmetry 
of Eqs. (10.2c) it cannot be used to describe the system. However. 
we can easily construct from the state |n) a suitable symmetric 
(antisymmetric) state in the following way 


112: n), =|12; n)+ P,>|12; n) (10.3a) 

|12; mn), =|123 n)— Py |12;n) (10.3b) 

The states of Eqs. (10.3) have the appropriate symmetry and can be 
used to describe a system of two identical bosons (fermions). 

The arguments that led to Eqs. (10.3) can be generalized to 


systems with an arbitrary number of identical particles. Consider 
first the case of three identical particles 1, 2, and 3 and a state 


IT) = |1,2,3,) (10.4a) 

We can create indistinguishable states by permuting the identical 
particles such as 

|II) = |2. 163) = Pais [1.2¢3,) (10.4b) 

I) = |3elig 2») ie el eee) (10.4c) 


In all, there are six permutation operators (including the identity 
P,>,) for this three-particle system. For a system of N particles there 
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is a total of N! possible permutations. It is important to recognize 
that any permutation is equivalent to a finite number of transposi- 
tions, namely, the exchange of any two particles. For instance the 
permutation of Eq. (10.46) was reached from that indicated by Eq. 
(10.4a) through the single transposition of particles 1<2. The 
permutation of Eq. (10.4c) was reached from Eq. (10.4a) by the 
two transpositions !<>2 followed by 2<3. It could also have been 
reached by first transposing 1<>3, followed by 2<>1, etc.t Obvi- 
ously the order in which the transpositions are carried out is 
important, but the number of transpositions that can be used to 
reach a particular permutation is always either even or odd. For 
instance, for three particles 


P 153, P312, Poa, are even permutations 


Poisutssis bis are odd permutations 


We can now define the symmetry properties under particle ex- 
change for a system of N identical particles as follows: we say that 
the state is completely symmetric if it remains unchanged under any 
one of the N! permutations. The state is completely antisymmetric if 
it changes sign under any one of the N!/2 odd permutations, but 
remains unchanged under the N!/2 even permutations. For instance, 
for a three-particle system using the notation of Eqs. (10.4a)- 
(10.4c) we can write explicitly 


[eoBay rem 239) (2S) + [Zemlip2.,) 
+|3,.2,1,)+|2.3¢1,)+|1.3¢2,) (10.5a) 


laBy)a = ROPAE Re (eles ye 13. 1,2,) 
Fig ioe t oe) (10.5b) 


for the completely symmetric and antisymmetric states of three 
identical particlest. The above linear combinations are the natural 
extension of the two-particle states given by Eqs. (10.3a) and 
(TORS). 


+ Here the action of the permutation operator is always implied to be on the 
ordered sequence 1, 2, 3. That is, P;,, indicates to place the last entry into first place 
and the first entry into last place while leaving the middle entry unchanged. 

tA system of particles can have partial symmetry under exchange, but this case 
does not appear in nature and, therefore, we will not be concerned with it further. 
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The indistinguishability of identical particles led us, in the case of 
the two-particle system, to Eqs. (10.2a)-(10.2c) according to which 
the state must be symmetric or antisymmetric under exchange. For 
the same reasons: 


The state vector describing a physical system of N identical 
particles must be completely symmetric or completely antisym- 
metric under particle exchange. If the particles are bosons the 
state vector must be completely symmetric, and if they are 
fermions it must be completely antisymmetric. 


As we have pointed out in Section 3.6, particles that have zero or 
integer spin are bosons, whereas particles with half-integer spin are 
fermions. This connection, known as the spin-statistics theorem, has 
no exceptions whatsoever, but its origin is not well understood as 
yet. The exchange symmetry properties of the state vector are, of 
course, reflected in the corresponding amplitudes; this is discussed 
below. 


Many-Particle Wavefunctions 


Often it is possible to construct the many-particle state from the 
spectrum of single-particle states. This is true when the particles do 
not interact among themselves. In that case the total Hamiltonian 
for the system is a sum of single-particle Hamiltonians, each acting 
in the different Hilbert subspace of the corresponding particle 


H,=H,+H,+---+Hy (10.6a) 


If the particles 1,2,...,N, are identical, then the single-particle 
Hamiltonians H, must cil have the same form, since H, must be 
invariant under particle exchange. We designate the stationary 
states of the single-particle Hamiltonians H; by |a), |B), |y),..., ete. 
It is then clear that direct products of the formt 


|a),®@|B).®|a),®: . ‘@ly)n (10.6b) 


+ Hereafter we will drop the direct product sign, the simpler expression 


ja), IB)» la) ° ae lyn 


implying a direct product. 
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are eigenstates of H, with eigenvalue 
Bea Bees Cee + (10.6c) 


Even though the product state of Eq. (10.65) is a stationary state 
of H,, it cannot be used to describe the physical system because it 
does not satisfy the symmetry conditions under particle exchange. 
To construct a suitable state we must symmetrize (antisymmetrize) 
the product state when the identical particles are bosons (fermions). 
This is achieved by acting on Eq. (10.66) with the N! permutation 
operators and forming the linear combination of all the resulting 
states. For bosons we add all the states, whereas for fermions we 
include a factor of (~1)", where p its the number of transpositions 
used to reach that particular permutation. 

To better understand this procedure let us return to a system of 
two identical noninteracting particles which we label | and 2. As 
before, let state |I) of the system be given by 


IT) =|), 1B). 


with a and @ referring to different single-particle states. We can 
express the wavefunction for this state by using the basis states |x) 
and |x»), which label the coordinate representation for these parti- 
cles. These basis states span the single-particle Hilbert space #, and 
#H> so thatt 


W(X 1, X2) = (X4, Xo II) = <x, | a){x> | B) 
= he, (x1 )ihg (X2) (10.7a) 


Of course, as written, y(x,, x») does not satisfy exchange symmetry. 
since a# B. To achieve this we must form a linear combination of 
Ws (x4X>2) and yy(x,, X2), and obtain 


Wop (S750) = W(X 1) Wg (X2) + Ws. (X2) Wg (x4) (10.7b) 


For bosons we use the (+) sign; for fermions we use the (—) sign. 

Equation (10.7) is not properly normalized. If the single-particle 
states are properly normalized to unit probability. then as long as 
a # B it is clear that the normalization constant is 1/2'/°. However. 
we must exercise caution when a= ®. If the particles are bosons, 


+ This is the notation we used in Section 3.6. 
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Eq. (10.7b) reduces to 
Wovee (x4, X>) = 2, (x1). (x3) (bosons) 


Therefore, the normalization constant must be chosen to be 1/2. If 
the particles are fermions, then clearly 


Wever (X41; X>) a 0 (fermions) 


That is, the wavefunction for two identical fermions in the same 
single-particle state vanishes identically. We recognize this as the 
Pauli exclusion principle according to which in any given system no 
two electrons (more generally, identical fermions) can be simultane- 
ously in the same quantum state. 

The symmetrization and antisymmetrization of products of single- 
particle states can be formally expressed for N identical particles as 
follows 


INEING | + « -\ ee 
lox, B.....u),= (2S) % Pla) |B). > + |w)n) 
(bosons) (10.8a) 


Jo, By. Ma = ae 1)PP (er): |B)2* > |L)w) 
(fermions) (10.8b) 


ilere P stands for the N! permutation operators, and all of them 
must be included in the sum. The parity of the permutation is 
designated by p. If any of the states ja), |B . ete.. are identical, Eq. 
(10.3b) vanishes. On the other hand, in Eq. (10.8a) 
N,, IN,,...,etc., represent the number of times the identical states 
| owalaabee. . . 5 etc., appear in the product. In that case permutations 
that lead to the same product state are to be excluded, and the 
normalization has been adjusted accordingly. 

Whereas Eq. (10.85) correctly expresses the antisymmetrization 
procedure, it is much more convenient to visualize it by construct- 
ing the Slater determinant. As an example, consider a system of 
three identical fermions that occupy the single-particle states a. B, 
and y. The completely antisymmetric wavefunction can be obtained 
from products of single-particle wavefunctions by evaluating the 
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determinant 
Wo(X1)  Wa(%2) W(X) 
det | Wi (x3) We (x2) We (x3) 
W(X1) W(X.) wy (x3) 


WV apy (X1X2X3)a = By 


(10.8c) 


We see that the resulting wavefunction corresponds to the com- 
pletely antisymmetric state described by Eq. (10.55). It is also clear 
that if any two of the states a, B, or y are identical, two rows of the 
matrix will be identical, and thus the determinant will vanish. 

The use of products of single-particle wavefunctions to construct 
the many-particle wavefunction is strictly correct only when the 
particles are noninteracting. However, as long as the interaction is 
weak the product state provides an excellent approximation to the 
real many-particle state and is particularly useful as a starting point 
in perturbative or variational calculations. 

As we have already mentioned, the effects of exchange symmetry 
manifest themselves only in the quantum domain, namely, when the 
product of momentum and distance typical of the system are of the 
order of #. This can be illustrated by considering two identical 
noninteracting particles localized around the positions x =a and 
x = b. The probability density of finding the two-particle system in 
this configuration is given by the square of the wavefunction 


5 


il 
lW(x1, x2)" = Zzialv(a 1X, )(b; Xo) + Wa; xX2)h(b; x,)] 


= alba; x3)|* |W(b; x2)l> + |W; x2)|>x2)I* (Bs xa)/? 
+2 Re[wh*(a; x,)b(b; x,)h*(b; x2)h(a; x2)]} 


Here wW(a;x) is a wavefunction describing a particle localized 
around x =a, and w(b; x) describes a particle localized at x = b. If 
the separation between a and b ts large, then the two wavefunctions 
have little overlap. As a consequence, the product w*(a; x,)W(b: x4) 
is vanishingly small for all values of x,. Similarly, W*(b; x2)W(a; x2) 
is vanishingly small for all x2, so that the interference term vanishes. 
If (a—x,) and (b—x>) are small, the term |(a; x,)|* |W(b; x2)? is 
significant and if (a—xz) and (b—x,) are small, the second term 
dominates irrespective of the separation between a and b. We see 
that the joint probability of finding one particle at x =a and the 
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other at x = b is given by the product of the probabilities of finding 
particle 1 at x =a, particle 2 at x =b, and of finding particle 2 at 
x =a, particle 1 at x =b. With the inclusion of the normalization 
factor of 5 this result agrees with the classical definition of the joint 
probability, and there is no conflict with our intuition. However, we 
can never know whether particle 1 is at x =a and 2 at x =}, or vice 
versa. 

When the separation of the two particles is in the quantum 
domain the interference (or exchange) term becomes important. As 
we will soon see it is this term that gives rise to the binding of 
molecules. 


10.2. THE PERIODIC TABLE 


It is well known that only a finite number of chemical elements are 
found in nature. These elements exhibit some common chemical and 
physical properties and can be accordingly classified in the Periodic 
Table. We now know that every element corresponds to a different 
atomic species and that atoms consist of a positively charged nucleus 
of charge Ze to which Z electrons are bound. Z is called the atomic 
number and determines the chemical properties of the atom. The 
atomic mass number is designated by A= Z+N, where N is the 
number of neutrons in the nucleus and Z is the number of protons 
in the nucleus. Thus, atoms are, in general, electrically neutral. 
However, we do also encounter positive (or negative) ions which are 
atoms with one or more electrons removed from (or added to) the 
neutral atom configuration. 

To understand the structure of atoms we assume that all electrons 
move in the attractive potential of the nucleus, and we ignore their 
mutual electrostatic repulsion. In such a model the total Hamilto- 
nian is a sum Of single-particle Hamiltonians and the single-particle 
states will be described by hydrogenlike wavefunctions where the 
proton’s charge is replaced by Ze. This is an extremely crude model 
and fails badly for atoms with large Z. It does, however, have a 
correct qualitative behavior, and we can use it to build up the 
atomic structure of the lighter elements. 

The ground state of the atom (in this model) corresponds to the 
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configuration where all single-particle states are in the lowest possi- 
ble state. However, since electrons are fermions, the overall 
wavefunctions must be antisymmetric. Therefore, no two electrons 
can occupy the same single-particle state. We label the single- 
particle states by the quantum numbers of the hydrogen atom (see 
Sections 8.3 and 8.4) 


N= eee: principal quantum number 
l=0,...,n-1 orbital angular momentum 
m=-—Il,—(I-1),..., projection of the angular momentum 
(0 ee egres  aeal ) onto the Z-axis 
Ney Ze de projection of the spin onto the Z-axis 


The ground state of hydrogen will correspond to 
Z=1, n=1, 1=0, m=0, m,=-1/2, or +1/2 
The next atom, helium, has Z = 2 and thus has two electrons, which 
will occupy the states 
n=1, 1=0, m=0, m,=-1/2 aia - 
Le | hel 
j= Ae ae ee 


Next comes lithium with Z =3. It is clear that the third electron 
cannot be accommodated in the n = 1 shell. Thus, the single-particle 
wavefunctions for lithium will be those of helium with the addition 
of an electron in the n=2 state 

n=1, 1=0, m=0, m,=-—1/2 
Z=34n=1, 1=0, m=0, m,=+1/2 (lithium) 
n=2, 0, mem), moel/2, or +1/2 


It is only when we get to boron (Z=5) that we obtain a single- 
particle state with !=1. The configuration is 


net, t=0, me, ome 1/2 
feel, (S06 m0, Gee Ve 
m2. 0, mee 0, an, =e 1/2 
Z=5 (boron) 
we2, 1=0, m=0, m,=+1/2 
m= 2, US foal O, oir Fil. 
Moe ye. Or = 2 
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We see that as the electrons arrange themselves into the lowest 
energy state compatible with the exclusion principle, they progres- 
sively fill shells. For instance, the n = 1 shell contains two electrons. 
The n = 2 shell contains the | = 0 subshell with two electrons and the 
1 = 1 subshell with six electrons, for a total of eight electrons. In this 
way we can construct the shell structure of atoms, and we can safely 
assume that whenever a shell or a subshell is closed, the atomic 
configuration is relatively stable. Closed shells occur for the noble 
gases 


He, Ne, Ar, Kr, and Xe 


which are indeed very stable chemically. On the other hand, if an 
atom has one electron outside a closed shell, the electron can be 
easily removed and the atoms are very active chemically. This is the 
case for the alkalis 


Li, Na, K, Rb, and Cs 


The occurrence of closed shells can also be inferred from the 
ionization potential of the various atoms, as shown in Fig. 10.1. The 
ionization potential is the energy that must be supplied to the 
neutral atom in order to release one electron. The location of the 
closed shells and subshells can be clearly seen from the graph. 


IONIZATION POTENTIALS 


Volts 


FIGURE 10.1. The potential required to ionize the neutral atom for each of the 
elements. Note the appearance of sharp discontinuities at closed shells. [From H., E. 
White, Introduction to Atomic Spectra, McGraw-Hill, New York (1934); by permis- 
sion. | 


In building up the first few elements we assumed that the n = 2 and 
[=0 states are filled before the n=2, 1=1 states. This in turn 
implies that the energy of the | -0 state is lower than that of the 
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[= 1 state, even though for hydrogenlike systems we have found 
that these two states are degenerate. The reason that multielectron 
atoms differ from hydrogen in this respect is that even in the light 
atoms the potential of the nucleus is modified by the presence of the 
other electrons. This modification can be thought of as a screening 
of the positive charge of the nucleus due to the negative charge of 
the electrons. Thus, the potential seen by the individual electrons is 
no longer of the Coulomb type, and the degeneracy between states 
of the same n-value but different angular momentum is lifted. As 
we know, for S-states the probability of finding the electron at the 
origin is finite, and thus the electron will, in general, be subject to a 
stronger potential than when it is in states with higher angular 
momentum. Consequently, S-states are more strongly bound and, 
therefore, have lower energy than the corresponding P-states, and 
so on. We took this into account when we listed the quantum 
numbers of the electrons in the ground state of lithium and boron. 

At this point we need a more concise notation for describing the 
electronic structure of atoms. We do this in part by using the 
spectroscopic notation introduced in Section 8.4. For instance, for 
boron the electron configuration is 


(1s)7(2s)?2p (boron) 


implying that two electrons are in the n=1, |!=O state, two more 
electrons in the n = 2, 1 =O state, and one electron in the n =2,/1=1 
state. We can also give the spectroscopic term to describe the state 
of the atom. This refers to the state of the electrons outside closed 
shells or subshells. For instance, for boron the term is 


a ee (boron) 


indicating that the total spin is S = 1/2, the orbital angular momen- 
tum is L = 1, and the total angular momentum is J = 1/2. In Table 
10.1 we give the electron configuration and spectroscopic term for 
the first 36 elements. 

From a study of the table we see that for the first 18 elements the 
shells are filled exactly as predicted. For potassium, however, we 
would expect that after filling the configuration of argon the next 
electron would be in the 3d(n = 3,1 = 2) state. Instead, the electron 
occupies the n = 4, | =() state; therefore, this state must lie lower in 
energy than the n =3, |=2 state. This is indeed possible because 
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Table 10.1. Electron Configurations of the First 36 Elements 


Electron configuration Spectro- 
scopic 
Ze Element W,(eV) 1s { 2s 2p|3s 3p 3d|4s 4p 4d 4f| term 
Hydrogen (H) 13.6 1 
Helium (He) 24.6 2 
3 | Lithium (Li) 5.4 1 
4 | Beryllium (Be) 9.3 2 
5 | Boron (B) 8.3 2a 
6 | Carbon (C) Has} filled| 2 2 
7 | Nitrogen (N) 14.5 (Ai || 2B 3 
8 | Oxygen (O) 13.6 2 4 
9 | Fluorine (F) 17.4 a 5 
10 | Neon (Ne) 21.6 PL x6) 


Sodium (Na) 
Magnesium (Mg) 
Aluminum (Al) 
Silicon (Si) 
Phosphorus (P) 
Sulfur (S) 
Chlorine (Cl) 
Argon (A) 


ra 


NNNNNNN— 


AunkWhHe 


19 | Potassium (K) 
20 | Calcium (Ca) 
21 | Scandium (Sc) 
22 | Titanium (Ti) 
23 | Vanadium (V) 
24 | Chromium (Cr) 
25 | Manganese (Mn) 
26 | Iron (Fe) 

27 | Cobalt (Co) 

28 | Nickel (Ni) 

29 | Copper (Cu) 

30 | Zine (Zn) 


(8) 


NKBNNNNKENNNN 


SCO WOHWNDNUMAMWN 


a 


31 | Gallium (Ga) 
32 | Germanium (Ge) 79 filled 

33 | Arsenic (As) 9.8 

34 | Selenium (Se) 9.7 (2) (8) (18) 
35 | Bromine (Br) 11.8 

36 | Krypton (Kr) 14.0 


NNNNNN 
NnBWN 


|The numbers in parenthesis indicate the electrons in the corresponding closed 
shell. 
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the potential seen by the n = 3, | =2 state is so highly screened that 
the state is more loosely bound than the penetrating 1=0 state 
corresponding to the next higher radial quantum number, n = 4. 
That this is indeed the case can be seen in Fig. 10.2, where the 
energy levels of sodium, magnesium, and aluminum are plotted. In 
all cases the 4s state lies lower than the 3d state. 
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FIGURE 10.2. Atomic energy levels of sodium, magnesium, and aluminum. In all 
cases the 3P state lies lower than the 4S state. 


From the energy level diagrams in Fig. 10.2 it is obvious that the 
Coulomb degeneracy is lifted even for the light atoms. The spin- 
orbit interaction, as for the case of hydrogen, gives rise to a fine 
structure. In systems with a single electron outside a closed shell, 
such as is the case for sodium and aluminum, the levels split into 
doublets, whereas in systems with two electrons outside a closed 
shell two types of spectra occur. When the total spin of the two 
electrons is composed into an S$=0O state, no fine structure is 
apparent. When they are composed into an S=1 state the fine 
structure reveals a triplet of states. This situation will be discussed in 
more detail in connection with the helium atom in Section 10.4. 
Note that the fine structure indicated in Fig. 10.2 has been highly 
exaggerated in order to be made visible in the figure. 
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We thus see that the chemical properties of the elements follow 
from their atomic structure. In turn, the atomic structure observed 
in nature is a consequence of the antisymmetry of the atomic 
wavefunction under the exchange of identical particles, in this case 
electrons. This is a remarkable conclusion and leaves no doubt that 
one must use quantum mechanics in order to properly describe 
nature at the atomic level. Incidentally, the fact that no elements 
with Z>92 are naturally found has nothing to do with their 
electronic configuration. It is so only because nuclei with such large 
values of Z are not stable; such elements have been produced 
artificially. 


10.3. RAMAN SPECTRA OF HOMONUCLEAR 
MOLECULES 


In Section 9.3 we discussed the rotational and vibrational states of 
diatomic molecules and showed how they lead to fairly complex 
band spectra. We can gain further insight into molecular structure 
and even into properties of the nucleus by a study of the spectra of 
homonuclear molecules. In this case it is best to study the energy 
levels of the system not only from their emission spectrum but also 
by exciting the system with intense electromagnetic radiation and 
observing the shift in frequency of the scattered (really re-emitted) 
radiation. This process is known as the Raman effect and can be 
thought of as the inelastic scattering of photons from a quantum 
system that has a discrete energy spectrum. 

A homonuclear diatomic molecule is a system containing two 
identical nuclei and several electrons. The nuclei can be either 
bosons or fermions depending on whether they have zero, integral 
spin, or half-integral spin. For instance O'° has spin-zero, and 
therefore the overall wavefunction of the O, molecule must be 
symmetric under the exchange of the two nuclei. Of course, it must 
be totally antisymmetric under the permutation of any electrons. On 
the contrary, the wavefunction for the H, molecule must be an- 
tisymmetric under the exchange of the two protons. These symmetry 
properties are clearly reflected in the spectrum of the rotational 
energy levels of the molecule. 


SYSTEMS WITH IDENTICAL PARTICLES 437 


The overall wavefunction can be written as a product of the 
wavefunctions for the different degrees of freedom 


i everail a Wf cctron® vibration? rotationX nuclear spin ( 1 0 . 9a ) 


As an example, we consider the O, molecule, which contains 
primarily O'° nuclei. If P'S indicates the exchange of the two nuclei, 
it must hold that 


PW evecait = ote W overall ( 10 .Ob ) 


We can examine the action of py on each part of the wavefunction 
of Eq. (10.9a). With respect to the electron wavefunction, exchange 
of the nuclei corresponds to an exchange of the spatial coordinates 
of the electrons, but not of their spin wavefunction. Thus, Weecron 
can be either symmetric or antisymmetric under the exchange of the 
nuclei 


|e ee Uf ctecron (10.9c) 


For the vibrational wavefunction it holds that 


J 6 7 
Py vibration +O iteasion 
since the vibrational motion depends only on the distance between 


the nuclei. Finally, since the O'° nuclei have spin-zero, X quciear spin 
also is symmetric: 


rN = 
P 12X nuclear spin a X nuclear spin 


Under these conditions Eq. (10.9b) can be satisfied only if the 
rotational wavefunction has the same symmetry as Eq. (10.9c) 


Pp rotation — Be Protation ( 10 . 9d ) 


If we recall the model of the rigid rotator for a diatomic molecule 
(see Fig. 10.3) we note that permutation of the two nuclei iS 
equivalent to an inversion of the coordinates, i.e., the parity opera- 
tion 7. Thus, if 


PON e as caus) 
then 2 
PY SPO 25 ae oa. 8d) 
However. 
p= Dee, d) 
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FIGURE 10.3. Coordinate system for a diatomic molecule and the effect of the 
parity operation. 


and we know that the parity of the spherical harmonics is (—1)' 


FY lO, &) = (-1)'Viml8, @) 


Consequently, to satisfy Eq. (10.9d) the rotational levels of O'° 
must all have either positive parity, 1=0,2,4,...,etc., or they must 
all have negative parity, !=1,3,5,..., etc., depending on the signa- 
ture of Eq. (10.9c). For the O, molecule in its ground stateT 
PN, Wercctron = ~Welectrons and accordingly only rotational states with 
odd | exist. 

As mentioned in Section 9.3, homonuclear molecules do not have 
an electric dipole moment, and therefore the rotational lines cannot 
be observed in the emission spectrum. However, under the influence 
of intense radiation an electric dipole moment can be induced and 
the molecule can absorb and reemit the incident radiation. This is 
known as the Raman effect. If the incident photon has energy fiw 
and the scattering results in the excitation of the molecule to a level 
of energy higher than the initial state by AE... then the scattered 
photon must have energy 


hw'=hw— AE, 


If the molecule is in an excited state it is possible that in the 
scattering process it makes a transition to a level of energy lower 
than the initial state by AE .; in this case the scattered photon has 
higher energy than the incident photon 


hw'=hw + AE_ 
+ The electron spin wavefunction for the O, molecule is symmetric so that the 


spatial wavefunction is antisymmetric. This is an exception to the general trend where 
for molecules in their ground state one finds most frequently PSWeiectron = +Wetectron* 
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To find the selection rules for Raman scattering it is important to 
realize that the molecule cannot resonantly absorb a photon of 
arbitrary energy. However, a two-step process as shown in Fig. 1().4 
can take place. As long as the matrix elements between the initial 
state E, and some intermediate state E,, and between the inter- 
mediate state E,, and the final state E,, are different from zero, the 
transition E, — E, can take place. This is a second-order transition, 
and energy conservation requires that 


hw + E; = hw'+ E,; 


The transition to the intermediate state need not conserve energy 
because of the uncertainty principle. However, the closer hw + E; is 
to E,, the larger the transition probability. This is because it 
minimizes the denominator in the expression for the transition 
probability as given by Eq. (5.13c). 


Em 
E. 
En 
hw! lho! hws} | he! hw] hw! 
£=3 Ej 
a2 Ey 
he] Es a 
£=0 Ej ET Ta a 
S55; 
w'<w w!>w wi=w a ee 


FIGURE 10.4. Some possible transitions in Raman scattering. The heavy arrows 
indicate the transition of the system. The light arrows indicate one of the possible 
transitions to an intermediate state that can connect the initial and final states. 


The transitions to and from the intermediate state must have 
nonzero matrix elements and, therefore, the selection rule Al = +1 
and parity change must be obeyed. As a consequence the selection 
rules for the Raman effect are 


Al=0, +2 


When the initial and final states are members of a rotational 
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spectrum the energy shift of the scattered photons is given by 
AE=B[L(,+1)-L(,+1)] 
and if we set |; =1,+2, then 
AE = B[(i, + 2), + 3)—- 1, + 1)] = 4B (I, + 3/2) 


As a result a band spectrum with equally spaced lines around the 
central frequency is observed. The spacing between lines is 4B, 
where B =h/27A, with A the effective moment of inertia of the 
molecule about the axis of rotation [see Eqs. (9.32)]. 

Suppose now that all odd values of | are missing. Then the lines 
will be spaced by 8B and the difference of the first line from the 
center (this will be due to the transition |; = 0 — |, = 2) will be 6B as 
shown in Fig. 10.5(a). If all the even lines are missing. then the 
spacing between lines is still 8B, but the difference between the first 
line and the center (due to the transition |, = 1 — |, = 3) will be 10B 
as shown in Fig. 10.5(b). Thus, one can unambiguously determine 
whether the molecule possesses even or odd rotational states. The 
Raman spectrum of the O, molecule is shown in Fig. 10.6(a) and its 
analysis indicates that only odd rotational states are present, as 
required if the nuclei obey Bose statistics. 


4>6 24 O2 Afl=0 20 4-2 


325 |=3 As=0 3| 5e3 


eee (2) er 


+ 8B ~-— I0B —-=— IOB —=-- 8B — 


FIGURE 10.5. The Raman spectrum arising from transitions between rotational 
levels (a) when only even rotational levels participate; (b) when only odd rotational 
levels participate. 


An interesting case occurs when the nuclear spin is different from 
zero as is the case in the N, molecule, where the N'* nucleus has 
spin != 1. The two nuclear spins can combine into a total nuclear 
spin 


T=2,1,0 


The states with T= 2,( are symmetric under the exchange of the 
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02 


Ne 


FIGURE 10.6. (a) Raman spectrum of O,. Only odd rotational states are present. 
(b) Raman spectrum of N, excited by the 2536 A Hg line. Note lines of alternating 
intensity corresponding to transitions in molecules where the total nuclear spin is 
even (intense lines) or odd (faint lines). [From G. Herzberg Molekilspectren und 
Molekilstruktur Th. Steinkopff Verlag, Leipzig, 1939]. 


nuclei and therefore in this case the molecule has only even rota- 
tional levels,tf whereas when the nuclei are in the antisymmetric 
total nuclear spin state T= 1, only odd rotational levels appear. 
Therefore, we expect to see both even and odd levels. However, the 
statistical weight, that is, the number of M-sublevels, for a state of 


+ For the N, and H, molecules in the ground state Pees =+Werectrons because 
the spin wavefunction in the ground state is antisymmetric. This is the opposite 
configuration to that for the O, molecule that we just analyzed. 
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angular momentum T is 


20r+1 (statistical weight of T) 
Thus, the nuclei can be found in any one of a total of 
(2x2+1)+(2x0+1)=6 (symmetric spin states) 


and 
2X1+1=3 (antisymmetric spin states) 


Therefore the Raman band spectrum of the N, molecule must 
consist of alternating lines, with an intensity ratio of 6/3 = 2/1, 
where the lines from transitions between even levels are more 
intense. This is shown in Fig. 10.6(b) and such spectra can be used 
to determine the spin I of the nucleus since the intensity ratio is in 
general (I+ 1)/I. 


10.4. THE HELIUM ATOM 


The simplest system containing two identical fermions is the helium 
atom. It consists of a nucleust with Z=2 and A =4 to which two 
electrons are bound. Even for such a simple system we cannot find 
the exact solution for the stationary states. Instead we must use 
approximation methods. We will choose the two-electron wavefunc- 
tion as a product of single-particle wavefunctions, assuming that 
each electron moves independently in the central potentiai of the 
helium nucleus. We will then evaluate the mutual electrostatic 
repulsion of the electrons by perturbation theory. We will, however, 
include the effects of the electron spin from the outset, since they 
play a dominant role in determining the energy spectrum. 

Since electrons are fermions, the overall wavefunction must be 
antisymmetric under the exchange of the two electrons. Further- 
more, we assume that the wavefunction can be written as a product+ 
of a function of the space coordinates u(r,.r,) and a function 


+ The helium nucleus is referred to as an a-particle because it is emitted in the 
radioactive decay of heavy elements; see Section 6.7. 
+ This is justified because the spin-spin forces are very weak. 
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x(s1, 82) of the spin coordinates 
wb = u(Fy, Fo)x(S1, $2) (10.10) 


The spin function y(s,,s5) cannot be expressed in the coordinate 
representation. It can, however be represented by column vectors 
such as those introduced in Section 4.6. 

For the spin function we will use a representation in which the 
operators for the total spin S’ and S. are diagonal. The operator S is 
given by 

S=§,+8, 
The combination of two spin-1/2 particles results in four 
eigenstates—three states corresponding to a total spin eigenvalue 
S = 1 and one state corresponding to § = 0. These can be expressed 
in terms of single-particle spin states by the methods introduced in 
Section 7.6. Just as in Eqs. (7.62) the four states and their eigen- 
values are given byt 


S 3S; Ix)= 1S., S>, Ms; M,,) 
1 +1 |+1/2,4+1/2) (stretched) 


1 0 syall41/2,-1/2)+1-1/2, +112] triler 
ea |—1/2, —1/2) 
(10.11a) 


Dee singlet 


0 0 442, —1/2)—|-—1/2, +1/2)] (jacknife) N 
(10.11b) 


Note that for S = | the spin function is symmetric under P,> and thus 
can be combined only with an antisymmetric space function 
u'(r,, 45). For S=0 the spin function is antisymmetric under P,> 
and thus can be combined only with a symmetric space function 
oer.) ahs 

u(r, F2)x(S = 1) 


As eae r2)x(S = 0) 


(10.12a) 


+ When S, and S, equal 1/2, as in the present case, we will omit these two indices 
when writing the total spin function. 
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For the space functions u(r,,r5) we will use a product of single- 
particle wavefunctions. When symmetrized these wavefunctions are 
given by 


UShle, #2) = sire oe (1) Up (Fa) + Me (Ug ()] 


(10.12b) 


1 
uae, Y2) = 172 [ u,. (81) Ug (ro) mth, (F2)Ug (r,)] 


where u,(r;), Ugr2), etc., represent hydrogenlike wavefunctions 
with the proton charge e replaced by Ze. The indices a, B,....etc., 
label the eigenvalues n, 1, and m of a stationary state. The energy of 
such a State is 


E,g = E, + Eg (10.12c) 


(a) 


and to this approximation the states u‘’(r,,r>) and u 
the same energy. 

The mutual electrostatic interaction between the two electrons is 
given by 


(r,,r2) have 


ee il 


AP ngs 
i a Ame, |r, —¥2| 


(10.13a) 


and is positive since the two electrons repel each other. The 
definition of the coordinates r, and r, is shown in Fig. 10.7. The 
contribution of H'5 to the energy of the state w,, in first-order 
perturbation theory is given simply by the matrix element 


AE= ), | * (01,82) 2Waa(F1,82) dr, dr. (10.13) 


spins 


+Ze 


FIGURE 10.7. Coordinates used in discussing the helium atom. 
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Interaction Energy 
Since the spin states of Eqs. (10.11) are orthonormal the summation 
over spins in Eq. (10.13b) will give 
cSt, Ss. | S, =) = 85555.’ 


and therefore the matrix element in Eq. (10.13b) reduces to 


AES = | eens, r>)H{ us Bee r>) a ry) a> 5 
(10.14a) 
ABS = | Patt ae rH pu lr,. r>) a ry do i} 


(a) 


Using the definition of uj(t,,r2) and uf 
(10.12b) we find 


‘gif, F2) given by Eggs. 


2 


4TrE_ 


AE, = || lu, (1)|7 [Ug (r2)| d*r, d°r, 


Ir, a r| 


| Ua(ky)Ug(Eo) Uz (¥2)Ug(F1) d°7; ar,| (10.14b) 


~— 
lr, —¥o| 


where the (+) sign is to be used with AE{, and the (—) sign with 
AES». 

Equation (10.14b) is of fundamental importance. The integrals 
can be evaluated and are positive definite. Let us designate the 
values of the first integral in the rhs of Eq. (10.145) by 


Jag (the direct integral) 
and the second integral by 
Kae (the exchange integral) (10.15a) 


Thus, the states with symmetric and antisymmetric space wavefunc- 
tion have different energies 


Be — B+ Be + Vat Koa) 
BE. = Eg te Eg ar (Jag = K,g) 


We see that the S = 1 states—the spin triplets to which corresponds 
the antisymmetric space function—will be more tightly bound than 
the S =0 states—the spin singlets. In other words, the relative spin 


(10.15b) 
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orientation between the two electrons affects the energy of the 
system. This effect is much stronger than the one we obtain by 
calculating the mutual interaction between the magnetic moments of 
the two electrons, which of course would also be dependent on the 
orientation of the spins. Thus, the symmetrization of the wavefunc- 
tion imposed in order to satisfy the exchange symmetry gives rise to 
an apparent spin-dependent force. Such forces, which are really 
exchange forces, appear in any system where the spins must be 
ordered; a striking example is ferromagnetism. 

We can now construct the spectrum of the helium atom using our 
approximate result for AE. We expect to find a series of states 
corresponding to S = 1—these are referred to as orthohelium—and a 
series of states corresponding to S = 0—referred to as parahelium. 
These series of states are not connected by radiative transitions and 
thus the atom tends to find itself in one or the other configuration. 
This is because, to first order, the emission of electromagnetic 
radiation does not change the spin orientation. Thus, for electric 
dipole radiation the selection rule 


AS =0 


is Strictly valid, and transitions occur only between parahelium states 
or only between orthohelium states. 

The ground state of the system is obtained by assigning to the 
single-particle indices a and £8 their lowest value 


a=B>(n=1,1=0,m=0) 


(a) 


In this case u'“'(r,, Fr) vanishes (the exclusion principle at work) and 
only the parahelium state, S = 0, exists. Thereforet 


Uo (hy. 2) = Uy oo(F Up o0lt2) (10.16a) 


The single-particle ground-state functions u,  (r) are taken to be 
the hydrogenlike wavefunctions given by Eq. (8.32) but with e 
replaced by Ze. Thus 


i Ti 3/2 
Mago!) = — ps (2) Grane (10.16b) 
7 ao 


{ Note that we have changed the normalization from that given in Eq. (10.126) 
since the state is completely symmetric and refers to identical single-particle states, 
This was shown explicitly in Eq. (10.8a). 
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where E 


ao — ATE, es: 
me 
is the Bohr radius. Therefore, Eq. (10.16a) can be written as 


Gy Ae 
uote.) =— (=) Cr tig meets (10.16c) 


ao 


This permits us to give an explicit expression for the interaction 
energy in the ground state 


| lu 1.0,081)|" —_ 
lr 


Le al 


AEG = a 
Ate 


\u10.0(82)|7 ar drs 


(Om ican) 


10) 


The integral can be evaluated exactly with the use of Eq. (10.165) 
and yields* 
Nee ey 
9 === —— = 7Z Ry (10.17b) 
8 477E9 Ay 

The integration is straightforward but still involves several algebraic 
steps. Therefore, it is presented in Appendix 13. It is, however, 
instructive to obtain some physical insight into the form of Eq. 
(10.17a). To this effect we express AES’ by a two step process 


AES = | \u 10,08) |" U(r) ar, (10.18a) 
where 


1 5 
z ——— |v, oo(f2)|? d?rs (10.18b) 
4TE_ ir —r,| 


U(r,)=eV(r,) = e| 


Clearly V(r,) defined by Eq. (10.186) gives the electrostatic poten- 
tial at the position r, due to the presence of electron “*2”’. Therefore, 
AES? is just the interaction energy of electron ‘‘1’’ moving in the 
potential of electron ‘*2”’. We can say that the interaction energy is 
calculated by smearing the electrostatic repulsion over the probabil- 
ity distribution of the two electrons. The evaluation of the two 
integrals of Eqs. (10.18) can be found in Appendix 13. 


+ As before we use Ry to designate the Rydberg; see Eqs. (8.216). 
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Energy Spectrum 


In our present approximation the energy of the ground state is given 
by 

E,(He)= E100t E:o0t AEs’ (10.19a) 
where F,,, is the ground-state energy of the hydrogenlike atom 


E,00= =Z- Ry = —4 Ry 


Thus 
E,(He) = —8 Ry +3 Ry = —108.8+ 34.0 = —74.8 eV 
(10.196) 
to be compared with the experimental value of 
E,(He) = —78.98 eV (10.19c) 


Note that in Eqs. (10.19) we measure the energy with reference to 
the energy of the doubly ionized helium ion, namely, when both 
electrons have been removed to infinity. This is shown in Fig. 10.8. 
In part (a) of the figure we indicate the energy levels resulting from 
two noninteracting electrons. In part (b) we show the modification 
introduced by the direct integral of the interaction energy [see Eqs. 
(10.15c)]. In part (c) we include the effect of the exchange integral. 
and this results in a different energy for the singlet and triplet states. 
Finally, in part (d) we have included the effect of the spin-orbit 
coupling. This has been highly magnified since it is typically of the 
order of 10 *eV. 

Returning to Eq. (10.176) we note that the contribution of the 
mutual electrostatic interaction 1s positive since it corresponds to a 
repulsive force and amounts to a considerable correction to the 
ground-state energy. It is therefore not surprising that the calcula- 
tion differs by ~5% from the exact value. Physically, we attribute 
this discrepancy to a neglect of the screening of the nuclear potential 
by one of the electrons. As already discussed in Section 10.2, 
screening of the nuclear charge is a very pronounced effect in 
multielectron atoms. The amount of screening present in the helium 
atom can be inferred from a variational calculation where one uses a 
hydrogenlike trial wavefunction but lets Z = Z.4 be the variation 
parameter. One finds in such a case that the minimum of the 
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FIGURE 10.8. The low-lying energy levels of the helium atom. Here the energy 
scale has been chosen to be zero when both electrons are removed from the nucleus. 
The spin-orbit coupling gives rise to energy spacings of order 10 *eV. 


ground-state energy corresponds to 


This is a significant screening. If one then uses the above value of 
Zea to evaluate the ground-state energy of the atom in the single- 
particle approximation the result is 


E,(He) = 2x E99 =—2(Zeg)” Ry = -77.46 eV 


which is in better agreement with the experimental value than 
obtained by perturbation theory [see Eqs. (10.19)]. 

The ionization potential of the helium atom is given by the energy 
required to remove one of its electrons, namely, 


E,(He*) om E,(He) ar Ee rication 


where E,(He'‘) indicates the ground-state energy of the helium ion. 
The He‘ ion has the same energy levels as a hydrogen atom with 
Z =2 or E,(He) = —Z’ Ry. Using the exact value for E,(He) we find 


—4 Ry— E,(He) = 24.58 eV 


in agreement with observation. The energy at which ionization takes 
place is shown in Fig. 10.8. 


E ionization 
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Excited States 


A quantitative discussion of the excited states of the helium atom is 
beyond our scope here. We will, however, make some general 
remarks. First, note that the excited states in helium, and for that 
matter in most atoms, result from the excitation of one of the 
electrons to a higher state, since if we suppose that both electrons 
are excited to the next highest state, n = 2, of their corresponding 
single-particle wavefunction, the energy of the state would be 
according to Eq. (10.195) 


: Ry 
E,(He) = E.00+ E200+ AE§ \=—2Z? ke Ry 


where we have used AES’ AE‘>’. The above result shows that 
E,>(He)>0, and therefore the system, is unbound. A more precise 
calculation including screening effects confirms our estimate and it is 
found that E,.(He)=+27.2 eV. While these states do not form a 
bound system they are nevertheless stationary states of the Hamilto- 
nian and have discrete energies. They can be observed in scattering 
experiments. 

We conclude that the spectrum of the bound states of the helium 
atom corresponds to single-particle excitation where one electron is 
in the n=1, [1=0, m=O state and the other electron can have 
n2=1; and !=0,1,...,n-—1; ~l<ml as usual. In general it is 
convenient to label the states of a multielectron system by the 
configuration of the corresponding single-particle states as in Table 
10.1. For example, for helium we have the following states 


(1s)(1s) 1s, ground state 
1s)(2 a) 
(1s)(2s) a first excited state 
2S 
1 
(1s)(2p) 2 a } second excited state 
2 Ppa 
(1s)(3s) Tete 
(1s)(3p) aes 
(1s)(3d) 3D, 
3 ea 


(lie. 
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FIGURE 10.9. The energy levels of helium and the observed transitions. Note that 
there are no transitions between the S=0 and S=1 states. The 1S state of 
parahelium (spin singlet) lies much deeper and is indicated by the arrow. [From M. 
Born, Atomic Physics, Hafner (1957), sixth edition]. 
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As in Table 10.1 the left-hand column gives the configuration of the 
individual electrons and the middle column gives the spectroscopic 
term. The energy level diagram of the excited states of helium is 
shown in Fig. 10.9 where the energy is referenced to the ionization 
level. Note that the ground state is too low to appear in this figure. 
The parahelium and orthohelium systems are shown separately, 
and it is clear that they give rise to stationary states of different 
energy as expected from Eqs. (10.156). Furthermore, the Coulomb 
degeneracy between states with the same n-value but different 
l-values has been removed because of the effects of screening. 
Spin-orbit coupling splits the orthohelium states for which L#0, 
giving rise to fine structure. Because of the presence of two elec- 
trons, states with higher values of J lie lower, in contrast to the 
results for the hydrogen atom. The position of the levels is further 
complicated by a direct interaction between the magnetic moments 
of the two electrons and relativistic corrections, all of which can be 
calculated to substantial accuracy.+ The most prominent transitions 
in the emission spectrum of helium are shown by the heavier lines. 


10.5. THE HYDROGEN MOLECULE 


As the next example of a system containing identical particles we 
will discuss the hydrogen molecule. This consists of two hydrogen 
atoms bound to each other, or more concisely of two protons and 
two electrons bound into a single four-particle system. The protons 
are much more massive than the electrons and thus move with 
smaller velocities. Therefore, thinking of the molecule as a system of 
two identical atoms is a reasonable approximation to the true 
physical situation and serves as a useful model. This picture is 
further supported by the fact that when sufficient energy is supplied 
to the molecule, it dissociates, most often into two neutral atoms. 
Since hydrogen atoms are neutral the binding mechanism cannot be 
due to a direct electrostatic attraction between the atoms: instead it 


{ See, for instance, H. Bethe and E. Salpeter, Quantum Mechanics of One- and 
Two-Electron Atoms, Academic, New York (1957). 
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iS a consequence of the mutual electrostatic interaction of all four 
particles, the two electrons and the two protons. A qualitative 
argument along these lines was given in Section 9.3 and underscores 
the main effect that leads to binding. If the electrons are found in 
the region of space between the two protons the net force can be 
attractive (see Fig. 9.5). This implies that there is a finite probability 
for finding the two electrons in the same region of space. We say 
then that the electron wavefunctions overlap. 

A related physical system is the hydrogen molecular ion H3 which 
consists of two protons and a single electron, which is shared by the 
two protons. In this case the binding arises from the sharing of the 
electron. The hydrogen molecule will on occasion dissociate into H3 
and an electron. This indicates that at least for part of the time the 
hydrogen molecule is in a state where one electron is associated with 
both protons. 

When we discussed diatomic molecules in Sections 9.3 and 10.3 
we were mainly concerned with their rotational and vibrational 
states. These states arose from the motion of the nuclei about their 
equilibrium position. At present we are interested in the spectrum 
of the stationary states that result from the interaction of the 
electrons both with the nuclei and among themselves. This interac- 
tion gives rise to a binding of the molecule, and in evaluating it we 
treat the nuclei as being fixed in the molecule’s center of mass at 
some equilibrium distance R one from the other. In this case the 
Hamiltonian in the center of mass of the molecule is relatively 
simple. It contains the single-particle Hamiltonian for each electron 
as well as additional terms due to the electrostatic interaction 
between the four constituents. 

Of course, we cannot obtain an exact solution for the stationary 
states of the Hamiltonian. Instead we use approximation methods 
very similar to those introduced in the previous section for the 
solution of the problem of the helium atom. In general, we construct 
a many-particle wavefunction out of linear combinations of single- 
particle wavefunctions. The latter can be taken as hydrogenlike 
wavefunctions. Then the many-particle wavefunction can be used 
either as a zero-order approximation for perturbative calculations or 
as a trial wavefunction in a variational approach. 

The choice of the form of the initial many-particle wavefunction is 
crucial and there are no exact rules for selecting one combination 
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over another. In fact, the choice of the wavefunction depends on the 
type of molecule that is under consideration. For instance, for the 
case of the H, molecule we argued that it resembles a system with 
two identical hydrogen atoms. Thus, when the two atoms are at 
large separation from one another, R — ~, the proper choice of the 
two-electron wavefunction is 


W(1, 2) = Wa(1) bp (2) (10.20a) 


where | and 2 label the two electrons, and A and B label the two 
protons. In writing Eq. (10.20a) we implicitly assume that electron 
| is associated with proton A, while electron 2 is associated with 
proton B. For simplicity we assume that both W,(1) and wW,(2) are 
ground-state hydrogen wavefunctions. Of course, the electrons are 
indistinguishable so that an equally appropriate two-electron 
wavefunction is 


Wl, 2) = ba(2)bp(1) (10.20b) 


which describes a state of the same energy as the state of Eq. 
(10.20a). Therefore, any linear combination of the wavefunctions 
given by Eqs. (10.20a) and (10.206) can be used to describe the 
molecule. 

A different choice would be to use products of single-particle 
wavefunctions of the form 


wr(l)wha(2) or wel Lp(2) Clb) 


Such terms describe the physical situation where both electrons are 
associated with one of the protons, either A or B. This configuration 
does not occur often for H, because it implies that at large in- 
teratomic distances R, the H, molecule would dissociate into a 
H_ ion and a proton, which is contrary to the experimental facts. At 
short distances, however, we cannot exclude the possibility of the 
presence of terms of the form given by Eq. (10.21). For instance, 
this could occur when the two protons are very close to each other 
(R<«a,). Then the molecule resembles a helium atom and both 
electrons are simultaneously associated with both protons. It is also 
possible to use a combination of product functions such as given by 
both Eqs. (10.20a) and (10.20b) and Eqs. (10.21). 

In recent years great progress has been made in the determination 
of the wavefunctions of complex molecular systems. A detailed 
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discussion of these methods is beyond our scope here, and we will 
therefore restrict ourselves to the simplest approach. This is the 
method of Heitler and London first published in 1927, also known 
as the valence bond method. They used properly symmetrized linear 
combinations of wavefunctions of the type given by Eqs. (10.20a) 
and (10.206) and were able to show that two hydrogen atoms do 
bind into a molecule. As we will see, the binding is due to an 
exchange term similar to the one we encountered in the study of the 
helium atom. Thus, molecular binding is a purely quantum- 
mechanical effect. 


Heitler-London Method for the H, Molecule 


We treat the two protons A and B as fixed and separated by a 
distance R, as shown in Fig. 10.10. The energy of the system will 
strongly depend on R, and the equilibrium separation R,, is the 
value of R at which the total energy of the molecule is a minimum. 
The two electrons are labeled | and 2, and the coordinate conven- 
tion is as indicated in the figure. The Hamiltonian for this system ts 
given by 


=(2e- = + )\4/ p2 | 
2m, 477€ hia 2m, 47 €o fop 


2 
+ (f-+-=+-) (10.22) 


Ro np toa bi 


FIGURE 10.10. Schematic representation of a diatomic molecule and the coordinate 
system used to describe it. 


For the two-electron wavefunction we use linear combinations of 
the form given by Eqs. (10.20a) and (10.206). The spins of the two 
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electrons can combine into a triplet or a singlet total-spin state just 
as for the helium atom. Since the overall wavefunction must be 
antisymmetric we must combine a symmetric space function 
u‘S’(1, 2) with the singlet spin function and combine an antisymmetric 
space function u‘*’(1, 2) with the triplet spin function. We write 


(1, 2)=[ba(Dbp(2) — ba(2) ba (1) ] (10.23a) 
where 
u©(1, 2)x~S-0 
HL2= [hog oe (10.23b) 
Here x °° and yx °" are the singlet and triplet spin wavefunctions 


of the two electrons [as in Eqs. (10.11)], whereas u‘)(1,2) and 
u‘(1, 2) are symmetric and antisymmetric space functions, namely, 


u©(1, 2)=[ua(ty)Up(t2) + Ua(to)Up(t))] 


10.24 
u(1, 2) =[ua(t,)up(r) — ua(ts)up(r,)| 


Ua(r,), Up(r,), etc., are hydrogen wavefunctions with respect to 
protons A and B, and r, is the coordinate of electron 1 from some 
convenient origin. We have chosen the origin at the center of mass 
of the molecule. 

We are interested in the ground state of the H, molecule and, 
therefore, we will use for both u,(r) and u,(r) ground-state 
wavefunctions of the hydrogen atom. These are labeled by the 
indices n=1, 1=0, and m=0. We write 


1 i 
pe i (eae —lr,—R/2\/a 
=e tes fee Pe gies 
ua(r,) (aan ae ( a) 
i! = eel lr, HR/2I/a, 
units) = (perme . "~ (qrag) 2 © > Gee) 


and correspondingly for u,(r,) and up,(r.). The wavefunctions of 
Eqs. (10.25a) and (10.256) correctly describe the electron ‘‘clouds”’ 
sketched in Fig. 10.10, but they are not identical to one another. 
Only when R — (0 do they become identical, in which case we say 
that u,(r,) and u,(r,) overlap completely. Then they describe the 
same state of electron 1. When R — ©, there is no overlap and the 
two wavefunctions describe entirely different states of electron 1, in 
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spite of having the same quantum numbers. Therefore, even for the 
ground state, u‘*’(1, 2) does not vanish unless R = 0. 

We now substitute Eqs. (10.25a) and (10.25b) into u‘(1, 2) and 
u‘“(1,2) as given by Eqs. (10.24). A consequence of the different 
space dependence of Eq. (10.25a) from Eq. (10.256) is that the 
functions u®'(1, 2) and u‘“"(1, 2) are no longer normalized to unity. 
To obtain the normalization constant we perform the integration 

§ |u(1, 2)|? d*r, d°r, 
=f [|ua(r1)|* \up(r5)|? + |ua(r2)|* lun(r 7] d°r, d°r. 
+2 Re §[uA(t,)up(t,)ua(to)ug(r,)] d?r, dr 
= 2{14+ Re {S*(R)]} (10.26a) 


where S(R) is the overlap integral 
S(R)=f§ ud(r,)unie)) d*7, (10.26b) 


Introducing the wavefunctions of Eqs. (10.25a) and (10.25b) we 
find 


s(R)= (14+ 5 }e Re (10.26c) 
Ay 3a5 

S(R) reduces to zero when R —~, in which case the normalization 
is 1/2'/"—as expected for noninteracting particles. When R—(, 
S(R) reduces to 1, in which case the normalization for u“’(1, 2) is 
1/2, whereas u‘*’(1,2) vanishes. This is as expected since when 
R— 0 the two terms in Eqs. (10.24) are equal. Thus, the Heitler— 
London wavefunction for the Hz molecule is given by 


1 
: {2+2 Re[S?(R)]}'” [ua(r,) 


atu Vege) Ups) + Ua(Fs)Up(r,) | 


(10270) 


Here u,(1,2) is coupled with the spin singlet state, while u_(1, 2) 
must be coupled with the spin triplet state. We now use these 
wavetunctions as zero-order approximations and evaluate the expec- 
tation value of the Hamiltonian [Eq. (10.22)] as a function of the 
interatomic distance R. 

Since the S = (0 and S = I spin functions are orthogonal, a station- 
ary state of the molecule is described by the space function u,(1, 2) 
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or u (1,2), but not by a combination of both. Thus the expectation 
value of the ground-state energy is given by 


(E), =§ u*(1, 2)Hu.(1, 2) d?r, d?r, (10.28a) 


Recall that u.(1, 2) are eigenstates of the single-particle Hamilto- 
nian such as those given in the first two sets of parentheses in Eq. 
(10.22). Let us then designate the eigenvalues of the single particle 
Hamiltonians by E, and E, which is the energy of the free hydrogen 
atoms. For the ground state E, = E,=~—Ry, and therefore 


e? 


(EF), =—2 Ry+ 
Ame 


| wi, (S+—-=— : )u.(1,2) dr ar 
0 Ro tie Mp Tea 


(10.28b) 


At this point we define the energy E. of the system to be zero 
when the molecule is dissociated so that. 


BS=4Ey Sr 2 Ry (10.29) 


Finally, expanding u,(1,2) we obtain the complete expression for 
the ground-state energy of the H, molecule 


e* 1 
E.(R)= = 
( ) Ate, R 
e? | > (= 1 1 ) . 
——_————eeeeee hci Ee ss 3 
dae eRe (S?)] lua(r,)| \up(r.)| gen ae d°r, dry 
; 2 
Be pp mesal | uXt(r,)Up(h,)uUp(>)uars) 
1 1 i 
Pa (—-—-—=) d°r, dr, (10.30) 
Nia Vip Toa 


We note that Eq. (10.30) contains two integrals. We designate the 
first integral by J and call it the direct integral. It represents the 
mutual electrostatic attraction between one electron cloud and the 
proton of the other atom (1/r,, and I/r,,) as well as the electrosta- 
tic repulsion between the two electrons (1/r,.). The second integral 
ts designated by K and is known as the exchange integral. It is due 
to the exchange mechanism and depends on the overlap of the 
electron wavefunctions. K must vanish as R — ©—it has its maxi- 
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FIGURE 10.11. (a) The exchange integral for the H, molecule as a function of the 
interatomic distance (given in dimensionless units R/a,). (b) The potential energy for 
the H, molecule: the spin singlet state corresponding to the curve E, is bound, 
whereas the spin triplet state E_ is not bound. The curve E,. represents the 
calculated potential energy when exchange is not included. 


mum value as R—(Q—and it is negative, as shown in Fig. 10.11(a). 
Adding the three terms in Eq. (10.30) we obtain the curves labeled 
by E, and E_ in Fig. 10.11(b). Because K <0, E, is always lower 
than E_. The divergence at R— 0 is due to the e?/R term. The 
curve labeled E,.. is obtained if we ignore the exchange contribu- 
tion in which case only a very weak binding results. The u_(1, 2) 
state is unbound, a result in agreement with our intuition since it is 
coupled to a symmetric spin function. This implies that the two 
electrons have parallel spins, and by the exclusion principle they 
cannot be found at the same point of space. Thus, their wavefunc- 
tions have only small overlap. 

The numerical values for the interatomic distance R,. the dissocia- 
tion energy, and the vibrational frequency as obtained by the 
perturbation calculation we described, are given in Table 10.2. Also 
included in the table are the measured values for these observables 
for the hydrogen molecule as well as results from a variational 
calculation. More accurate variational calculations can be brought 
into excellent agreement with experiment and indicate that the 
binding of the H, molecule is mainly due to the valence bond (~ 3/4) 
but contains also a small part due to ionic binding (~ 1/4). With such 
procedures the properties of the excited states of molecules and 
their physical parameters can be calculated. This is the field of 
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Table 10.2. Parameters of the H, Molecule 


Perturbation Variational Experimental 


theory calculation® values? 
Ry (A) 0.80 0.76 0.74 
Dissociation energy (eV) 3.14 3.76 4.48 
Vibrational frequency (cm ~?) 4800 = 4900 4320 


*Varying Z.g; minimum at Z._= 1.166. 
> American Institute of Physics Handbook. 


quantum chemistry that is highly successful, thus providing one 
more undisputable confirmation of the principles of quantum 
mechanics. 


The H, Molecule as a Two-Level System 


The hydrogen molecule can be treated in quite general terms as a 
two-state system. It is instructive to examine this approach since it is 
completely equivalent to our analysis of the ammonia molecule in 
Section 4.4. We clearly see that the binding of the molecule is due 
to the possibility of exchanging an electron between the two atoms. 
As we know, this is a consequence of the requirement that the 
overall wavefunctions have definite properties under particle ex- 
change. 

As in our recent analysis, let us assume that the molecule consists 
of two distinct hydrogen atoms whose nuclei are labeled by A and 
B. We define state |I) of the system to be the configuration in which 
electron 1 is associated with A and electron 2 with B. State |IT) then 
corresponds to the reverse configuration, where electron 2 is as- 
sociated with A and electron 1 with B. When the two atoms are at 
large dis.ances, states |I) and |II) are stationary states and are, of 
course, degenerate. Their energy is 2E,, where E, is the ground- 
state energy of one atom. In this representation the Hamiltonian 
matrix is diagonal and of the form 


I) |ID) 
i) 2 6 
| 0 2B, 


H(R — ~)= (10.314) 
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Next, let the interatomic distance R be of the order of the “‘size”’ 
of the atoms. The electron wavefunctions will overlap, and there- 
fore there is a finite probability that electrons | and 2 will inter- 
change their roles. This gives rise to an off-diagonal element K(R) 
that connects states |I) and |II). Furthermore, each state acquires 
additional potential energy e’/R because of the electrostatic repul- 
sion of the two nuclei and potential energy J(R) due to the 
electrostatic repulsion (attraction) between the two electrons (the 
electron and the opposite nucleus). Therefore, the Hamiltonian 
matrix, when R is finite and of the order of a, takes the form 


I) |IT) 


A(R) = \I) | 2E,+e7/R+J(R) K(R) (10.315) 
\IT) | K(R) 2E,+e7/R+J(R) 


In the limit R—«, the terms K(R) and J(R) tend to zero so that 
Eq. (10.31b) reduces to Eq. (10.314). 

From the structure of the Hamiltonian of Eq. (10.315) it ts clear 
that states |I) and |II) are not stationary states of the system. To 
obtain the stationary states we must diagonalize the matrix. The 
eigenstates in this new representation are the linear combinations 
[see Eqs. (4.53)] 


+) = sya llD + [ID] 


; (10.32a) 
I-) = saa D-II] 


and the Hamiltonian matrix referred to the new basis states is 


I+) ae 


Pe eects) 2E,+e?/R+J(R)+ K(R) 0 
ee 0 2E,+e?/R+J(R)—K(R) 


(10.32b) 


The energy of the states |+) and |—) is given by the diagonal 
elements of the above matrix, and it differs between the two states 
by the exchange term K(R). This result is exactly the same as 
obtained in Eq. (10.30), and one needs to know the details of the 
wavefunction in order to evaluate the integrals J(R) and K(R). 
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However, the general features of the solution are immediately 
evident from this simple analysis. 


10.6. SYSTEMS WITH IDENTICAL BOSONS 


We now turn to an example of the effects of exchange symmetry for 
a system of identical bosons. The electromagnetic radiation con- 
tained in a cavity is described by such a system. We can think of this 
system as a photon gas, and we will show how Planck’s radiation law 
follows from the requirement that the overall photon wavefunction 
must be symmetric under exchange. 

Consider first a system of m identical noninteracting bosons 
enclosed in a finite volume. Since the particles are noninteracting 
the state of the system can be represented as a direct product of 
single-particle states 


Ibm) =[1) |2) +++ |m) (10.33a) 


where 1,2,...,m labels the individual bosons. Furthermore, we 
assume that all particles are in the same state a. Equation (10.33a) 
is symmetric under any permutation of the particles as required for 
an assembly of bosons, and is properly normalized. We will now try 
to build up this state starting from the vacuum state by introducing 
into the volume one boson at a time. We designate the vacuum state 
by |@,). so that the amplitude (@,| H,,,|d) indicates the transition 
from the vacuum to the state where one boson has been introduced 
in the volume. Here Hun is the Hamiltonian operator that causes the 
transition 


(61 Hint \Oo) = w (10.33b) 


The probability for this transition to occur is p, — |w|*. Furthermore, 
if we designate the boson introduced in the volume by the label “1.” 
we can identify the state |@,) of the system, with the single-particle 
state |1); namely, 


|.) =|1) (10.33c) 


Next. we introduce the second boson so as to realize the state |@>) 
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of the system. In terms of single-particle states, |@,) can be rep- 
resented by 


|2) = |1) |2) (10.34a) 


Since bosons | and 2 are indistinguishable we cannot tell whether | 
was introduced first, followed by 2, or whether 2 was introduced 
first, followed by 1. Thus, we must symmetrize |¢>) 


Ia) = salt) 12)+ 2) (10.340) 


Physically this means that the state |@5) can be reached from the 
vacuum by two _ indistinguishable processes. Therefore, the 
amplitude? for introducing two bosons into the volume is 


Ss 1 P : 
(po ine \bo) a 31/2 {(2 Hint ldo) {1 Hint ldo) 


+(1| Hine |\6o)(2| Him ldo} (10.34c) 


Since the bosons are not interacting, the amplitudes (1| H,,, Id) and 
(2| Hint |@o) are as given by Eq. (10.33b), so that the probability for 
reaching the two-boson state is 


P,(Bose) = |(o| Hix |ho)|? = 3 |w? + w?? = 2(wi?)?_ (10.35) 


If the particles were distinguishable, as in classical physics, the 
probability would be the average of the probabilities of the various 
possibilities of obtaining a two-boson state. That is 


H{(2| Hine bo) <1| Hint bo)? +41] Hint }Bo) (21 Hine lbo)I7} 


or 
P,(distinguishable) = 3{|w - w|?+|w - w|*}= (|w|?)? 
(10.35b) 


This last result is what one would expect intuitively. If |w|> is the 
probability for introducing one particle, then the probability for 
finding two particles in the same volume is (|w|")*. This argument is 


+ The factor of 1/2'/? in Eq. (10.34b) is the correct one because the states |1) |2) 
and |2)|1) are orthogonal and different from one another, even though they both lead 
to indistinguishable physical systems. Note also that since |5) can be reached in two 
different ways, one would need to divide the final probability by two, if we had not 
normalized Eqs. (10.346) and (10.34c). 
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not true in quantum mechanics. We have seen that the probability 
of finding two identical bosons inside the volume is twice as large as 
the probability of finding two distinguishable particles. Conse- 
quently, identical bosons tend to occupy the same state more often 
compared to distinguishable particles: they ‘bunch together.’ +t The 
opposite is true for identical fermions that cannot occupy the same 
State: they are “spread apart.” 

Next we introduce three bosons into our volume. There are 3! 
permutations of 3 particles, and therefore 6 indistinguishable pro- 
cesses that can lead from |@ ) to the state |@3). As before, we must 
add the amplitudes corresponding to these processes and then 
square them. Taking account of the normalization [see also Eqs. 
(10.5a) and (10.8a)] we find 


P,(Bose) = = |(3!) www/?= (3!)(|w|?)? (10.35c) 


It is clear how to generalize these conclusions to n identical bosons 
Pi cieain + Unie" 
P,, = (n!)(\w|?)" (10.36) 
etc. 


If the system is already in a state containing n identical bosons, 
then the probability for introducing one additional identical boson is 
given by the ratio of P,,,, to P, 

P., (Bose) 
P,, (Bose) 


Therefore, the amplitude for this process is 
(n+1| Hine In) = (n+ 1)" (10.374) 


Here we have chosen the amplitude to be real. The amplitude for 
removing one boson from a state containing n+ 1 identical bosons 
can be obtained by recalling that interchange of initial and final 
states results in complex conjugation of the amplitude, so that from 
Eq. (10.37a) we obtain 


(n| Hine (4+ 1)=(n + 1)"?2w 


P,,-»n+1(Bose) = =(n+1)|w/? 


¥ This effect has been clearly observed in the correlation in time of photons 
arriving at a detector from a coherent source. See, for instance. G. A. Rebka and R. 
V. Pound, Nature, 180, 1035 (1957). 
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or equivalently 
(n—1| Him |n) =n"/2w (10.37b) 


Equations (10.37a) and (10.37b) are a direct consequence of the 
symmetry under exchange for a system of identical bosons. We 
recognize that these equations exhibit exactly the same factors as 
the matrix elements of the raising and lowering operators of the 
one-dimensional s.h.o. [Eqs. (9.16b)]. Therefore, a system of identi- 
cal bosons obeys the same algebra and can be described by the same 
representations as the one-dimensional s.h.o. The nth state of the 
oscillator corresponds to the state |¢,) containing n bosons, the 
ground state to |»). etc. It should now be clear why the raising 
operator @' is referred to as the creation operator: it increases the 
occupation number n to n+ |; that is, an identical boson is created. 
Correspondingly, the lowering operator a is referred to as the 
destruction operator. It should not be surprising that in classical 
mechanics an electromagnetic field in a cavity was also described by 
an assembly of simple harmonic oscillators. 


Planck’s Radiation Law 


We discussed Planck’s law in Section 5.4 where we used it to derive 
the rate for spontaneous transitions of a two-level system that could 
interact with the electromagnetic field. Here we will derive the 
radiation law as a consequence of the properties of an assembly of 
bosons as given by Eqs. (10.37a) and (10.37b). As in Section 5.4 we 
will examine the radiation when it is in equilibrium in a cavity at 
temperature T, and we will make use of the Boltzmann distribution. 
However, the properties of the atoms in the cavity walls play no role 
in the derivation. 

Let the volume of the cavity be V and the temperature T. We 
assume that the atoms in the walls of the cavityy can absorb and 
emit photons of angular frequency w when they undergo transitions 
from a state |a) to a state |b), or vice versa. Here E,—E, =hw as 
shown in Fig. 10.12. We let R,(Rq) be the rate of absorption 


+ The walls of the cavity absorb all the radiation incident on it and do not reflect 
any. In practice, an enclosed cavity is a blackbody. A small hole is provided so that 
one can observe the radiation contained in the cavity. 
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Rg 


Eg(Ng) 
Epis Eta = hw 


FIGURE 10.12. An atom with levels at energy E, and E, where E, = E,+ hw can 
undergo transitions between these levels. The sketch implies an ensemble where N, 
atoms are in the upper level and N, atoms in the lower level. The rate for transitions 
up is designated by R,, and for transitions down by Ry. 


(emission) of photons. At equilibrium the two rates must be equal 
Ri, a Ra 


The rate R,,(Rq) is given by the number of atoms in the initial state 
N,(N,) times the probability for a transition per unit time 


ae = N,P b= Ra = NEP (10.38a) 


At a given temperature T the number of atoms in the states |a) 
and |b) is determined by the Boltzmann distribution 


= —E /kT 
NZ — Noe Gs 
N, = Noe ee 
where No is a normalizing factor. Thus 


Na _ oe Ea —E, kT — emolkT (10.38b) 
N, 
In the transitions a—b the number of photons in the cavity 
decreases by one: thus the transition probability is the square of the 
amplitude of Eq. (10.375) 


P56 = KA —1| Hine (1)? = 8 [wl (10.39a) 


In the transition b—a the number of photons in the cavity in- 
creases by one; thus the transition probability is the square of the 
amplitude of Eq. (10.37a) 


Pysa= Kit 1| Aine |)? = (H+ 1) |w/? (10.395) 


In Eqs. (10.39a)-(10.39¢) we use nt to indicate the average number 
of photons of angular frequency w contained in the cavity. It follows 
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that 


———— (10.39c) 


Introducing Eqs. (10.38b) and (10.39a)-(10.39b) in Eq. (10.38a) 
we can solve for n 


ee enolkT 
n 
or 1 (10.40a) 
We eholkT 1 


The energy carried by the n photons of angular frequency w is 
E(w)=nhw, so thatt 


hw 
Eo) = raikt —7 (10.40b) 


The above result gives the distribution of the energy in the black- 
body spectrum at discrete energies hw. In practice, the observed 
distribution of energies, or frequencies w, is continuous because a 
very large number of discrete frequencies can exist in a cavity whose 
dimensions are large as compared to the wavelength.t 

To convert Eq. (10.406) to a continuous distribution in frequency 
we must multiply it by the number of discrete states contained in an 
interval of frequency dw at the frequency w. This is the familiar 
factor of the density of final states which we derived and used 
previously. The number of states dN in the phase-space volume Vd“p 
is [see Eqs. (5.21)] 


IN ee as 
Oona 8 
and therefore 


dN dN VY op 
oD LEG 10.41 
Wo) dE Guhl t oe 


+ Here we neglect the zero-point energy of the field since n > 1. 

+ Note that the energy spectrum of the radiation is discrete (quantized), whereas 
the energy states of the atoms are continuous since they correspond to their thermal 
motion. It is for this reason that the Boltzmann distribution was assumed in arriving 
at Eq. (10.38b). 
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For photons p=hw/c, v=c, and we integrate over the angles to 
replace dQ by 47. We must also take account of the polarization of 
the photons. 

At each frequency w there are two photon states corresponding to 
their possible transverse polarization, thus Eq. (10.4la) must be 
multiplied by an additional factor of 2. Therefore, 


aN _ V (hw) 
dw ah? c? 


(10.41b) 


Multiplying Eq. (10.40b) by the density of final states gives the 
continuous distribution of energies in the interval dw at the fre- 
quency w. Finally, we divide by the volume to obtain the distribu- 
tion of the energy density u(w), that is. the energy density in the 
frequency interval dw. 


(10.42) 


This result is Planck’s law, which correctly describes the experi- 
mental observations. Planck derived the blackbody radiation law 
from thermodynamic arguments by postulating that the energy at a 
particular frequency w could take only the discrete values hw. This 
was the origin of the quantum idea, even though Planck himself was 
extremely troubled by the evolving discrepancy with the classical 
concepts. It was only five years later, when Einstein pointed out the 
explanation of the photoelectric effect in terms of Planck’s energy 
quanta that the necessity of a complete revision of the classical 
approach became evident. 


Comparison with Experiment 


In comparing Planck’s law with experimental data, Eq. (10.42) is 
written in terms of the intensity of radiation at the frequency w in 
dw. The intensity I(@) dew is the flux of energy in the interval dw, 
1.€., energy crossing unit area per unit time. If follows that 


I(w) = vu(w) = cu(w) 
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and therefore 
: wo? dw ho 


For the limiting cases hw « kT and hw » kT, Eq. (10.43a) reduces 
to 


2d 
I(w) A= es 5 = hw «kT 
TC 
hw’ d 
I(w) dw = ae eon how > kT 
rc 


The first limit is known as the Rayleigh-Jeans law and can he 
derived from classical arguments. In terms of the frequency v 


Sahv* 1 
I(v) Oe a A ae (10.43b) 


If one observes the intensity of radiation escaping from a small hole 
in the cavity a further geometric factor of 4 must be included in the 
above results. 

The intensity of the radiation per unit frequency has a maximum 
when the derivative of Eq. (10.43b) is zero or 


(: se emnn 1 =() 


with the solution 


“Ha = const = 2.831 (10.43c) 
Namely, v,,,,/T is a constant. As the temperature increases, the 
frequency where the spectrum is maximum also increases. This 
result, known as Wien’s displacement law. can be deduced from 
classical thermodynamic arguments from which, however, one can 
not predict the value of the constant in Eq. (10.43c). 
Experimental data for the distribution of the radiation are shown 
in Fig. 10.13. Here the intensity per unit wavelength I(A) is plotted 
versus wavelength in wm. There is perfect agreement with the 
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I(x) 
lO 


T=2520-K 


| 2] S 4 5 
(em) 


FIGURE 10.13. Distribution of the radiation emitted by a blackbody heated to 
T = 2320 K. The curve is the prediction of Planck’s radiation law. 


predicted distribution 


@htclAkT _ 1 


We note in passing that since the visible spectrum lies approximately 
between 0.4 um<A <0.7 wm, incandescent lamps which operate 
with filaments of T~ 2,000°C are highly inefficient devices. 

A more recent measurement of data relating to the radiation law 
is shown in Fig. 10.14. Here we give the observed spectrum of the 
cosmic background radiation first discovered by Penzias and Wilson 
in 1965. It is believed that this radiation was produced at the 
creation of the universe and is reaching us now as the universe 
expands. In the big bang theory the spectrum of the background 
radiation must be that of a blackbody, and the data are in close 
agreement as shown by the solid curve in the figure. The peak of the 
spectrum is at (1/c)¥pax=5.8cm ' which, according to Eq. 
(10.43c), yields T= 2.96 K for the apparent temperature. Taking 
account of the Doppler shift due to the expansion of the universe, 
this corresponds to T~4,500K at a time approximately 500,000 
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This Work: 
tt Resolution 
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pa 


iH y- wave 
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— 2.96K Blackbody 


Flux (107'? W/em2 sr cm7!) 


10 
Frequency (cm) 


FIGURE 10.14. The measured spectrum of the cosmic background radiation is 
shown by the shaded areas. The best fit to these data is given by the solid line, which 
is Planck’s blackbody radiation spectrum for T= 2.96 K. [From D. P. Woody and P. 
L. Richards, Phys. Rev. Lett. 42, 925 (1979)]. 


years after the creation of the universe. This is the temperature at 
which the early universe became transparent to electromagnetic 
radiation, according to the current models of nucleosynthesis. 


Problems 


PROBLEM 1 


Show that if the Pauli raising and lowering matrices ¢, and G are 
interpreted as destruction (b =6,) and creation (b' =o ) operators 
they obey the anticommutation relation 


{6,6}=bb'+6'b =1 


Next, show that you can have only zero or one particle (of the 
type created by b') in any state. This is, of course, the Pauli 
principle. 


PROBLEM 2 


Consider three identical particles bound in a_ three-dimensional 
s.h.o. potential. 


(a) Write the |ket) corresponding to the lowest energy as a 
product of the |ket)’s of each particle when they have spin 
1/2. 

(b) Write the |ket) of same energy as in (a) when the particles 
have spin 0. 


PROBLEM 3 
The three nucleons in ;He have spin angular momentum 1/2 each 
and (practically) orbital angular momentum zero. Let 

|m,, m2, m3) 


represent the state with m,, mt,, and m, as the z-components of the 
angular momentum of the nucleons 1, 2, and 3, respectively. We 
suppress the quantum numbers j,. j/>, and /;. since they all take 
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value 1/2. If 3He had a total angular momentum 3/2 (which it 
actually does not). 


(a) Write the state |J=3/2,M=3/2) corresponding to the 
nucleus having total angular momentum 3/2 and z- 
component 3/2 in terms of |m,, m5, m3) states. 

(b) From the result of (a) obtain the state corresponding to 
angular momentum J = 3/2 and M = 1/2 as linear combina- 
tions of states |m,, m>, m3). 


PROBLEM 4 


(a) Give the possible values of the total angular momentum in 
the configurations implied by the spectroscopic notation 


1¢ 2@ 22 2D 4D 
(b) Determine the electron configuration in the ground state of 
oxygen (O), chlorine (Cl), and iron (Fe). 


Note: Compare your answers with the established configurations 
and understand the differences, if any. 


PROBLEM 5 


Make an approximate plot of the low-lying energy levels of the 
mercury atom (Z = 80). To proceed, consider the valence electrons 
and see what states are available when the coupling is of the L—S 
form (this is, in fact, the case). Show also the spectrum if the 
coupling was of the J—J form. Label all states by spectroscopic 
notation. 


PROBLEM 6 


A block of copper is bombarded by an electron beam accelerated 
through a potential of 40 kV. Make a plot as a function of energy of 
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the characteristic x-ray lines that are emitted. Label appropriately. 
If you can discuss their relative intensity, do so. For this last part 
you will need some reference beyond the text. 


PROBLEM 7 


Calculate the potential energy due to the interaction of the magnetic 
moments (spin-spin interaction) of the two electrons in the helium 
atom. Assume some reasonable average distance (you can use the 
result of the calculation of the term e7/\r,—r,|). The magnetic 
moments are known. Compare this with the potential energy due to 
the electrostatic forces. 


PROBLEM 8 


Make a plot to scale for the Raman spectrum of H; and D, in their 
ground state, give the relative intensities of the lines. You should 
make a reasonable assumption about the rotational constants of 
these two molecules. You can assume that the interatomic spacing is 
R= 1A. 

In plotting the line intensities, include the fact that the states are 
populated according to a Boltzmann distribution at room tempera- 
ture: 


PROBLEM 9 
Starting from the Hamiltonian of Eq. (10.22) calculate the weak 


attractive force between two neutral hydrogen atoms that are sepa- 
rated by a large distance. This is the van der Waals force. 


PROBLEM 10 


Tritium is an isotope of hydrogen where the nucleus ;H, consists of 
a proton and two neutrons. (a) By how much does the energy of the 
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ground state of the tritium atom differ from the hydrogen atom 
ground state? Is it larger or smaller? 

The 7H nucleus can decay into a 3He nucleus (two protons and 
one neutron) with the emission of an electron and an antineutrino. 
(b) What would be the energy of the ground state of the ionized 3He 
atom? (that is when only one electron is bound to the 3He nucleus). 
What is the wavefunction? (c) The nucleus of an j;H atom decays 
instantaneously into a 3He nucleus. Find the probability that the 
3He ion will be in its ground state. 

Note: For part (c) explain your procedure, set up appropriate 
equations, and only then perform the necessary integral. 


PROBLEM 11 


Consider a two-electron atom in a state with L = 2, and let the total 
spin of the electrons be S=1. (a) Give the possible J-values. (b) 
Make a plot of the fine structure of the L = 2 states [in units of the 
radial matrix element M=(e7/47e,)(h°/2m°c?)((1/r)(dV/dr)) 1; do 
not evaluate M]. (c) Define the center of gravity of the fine- 
structure multiplet by assigning to each J-level a weight equal to the 
number of M-states corresponding to it. Show that the center of 
gravity corresponds to the energy of the L=2 state as obtained 
without the consideration of spin-orbit coupling. 


PROBLEM 12 


Positronium is a bound system of an electron (e ) and a positron 
(e') where the binding arises from the Coulomb force. Treat the 
problem in the center-of-mass system and find 


(a) the ground state energy in eV; 

(b) the possible values of the total spin; 

(c) Make a plot of all the n= 1 and n =2 states of the system 
including the spin-orbit interaction (ignore the spin-spin 
interaction). Be quantitative. 

(d) Evaluate the probability that the electron and positron are 
within a relative distance r=0.0la 9 (a@)=Bohr radius) 
when the system is in the ground state. 
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(e) From part (d) try to estimate the lifetime of positronium if 
annihilation e* +e —>y+vy occurs whenever the electron 
and positron are within a relative distance Ar=h/mc. You 
can use a Semiclassical argument here. 


PROBLEM 13 


The wm -meson is an elementary particle with spin S =0. It can be 
bound to a deuteron (S = 1) to form a meso-deuterium atom. The 
a -meson is captured from an atomic S-state leading to the reac- 
tion 


aw t+d—-nt+n 


(a) Making use of the conservation of total angular momentum 
and of the spin-statistics theorem establish the (relative) 
angular momentum of the two neutrons. 

(b) From (a) above show that in order to have parity conserva- 
tion in the above reaction we must assign a negative (intrin- 
sic) parity to the m7 meson. 


Note: The (intrinsic) parity of the neutron and proton is taken to 
be positive by convention. 


Chapter 11 


SCATTERING: PART I 


The phenomenon of scattering is quite important in the study of 
classical systems. But when the size of systems become so small that 
we cannot directly see them, or when the forces involved are so 
short-ranged that we cannot directly measure them, scattering be- 
comes an indispensable probe. Consider, for example, the structure 
of atoms: the fact that atoms consist of a positively charged nucleus 
surrounded by a cloud of electrons was understood by scattering 
alpha particles off thin layers of matter. Similar experiments indicate 
that the electron is a point particle up to very small distances. The 
proton, on the other hand, exhibits a bound-state structure made up 
of yet smaller constituents named quarks. It is probably true that 
scattering is the primary method of investigation of high-energy 
phenomena. Scattering is also important in the study of transport 
phenomena such as conductivity or the specific heat of bulk matter 
since these properties are affected by the scattering of free electrons 
and phonons (the vibrational quanta) inside the material. 

The simplest form of scattering we can think of is that of a beam 
of particles—with well-defined momenta—from a fixed center of 
force. Classically, the trajectories of the particles change due to the 
force experienced, and the deflection of the trajectories from the 
initial direction defines the scattering angle. Even though a scatter- 
ing experiment may consist of measuring the trajectories of indi- 
vidual particles, the result is expressed in terms of the differential 
cross section, which is determined from the number of particles 
scattered into a solid angle. This statistical measurement is quite 
useful in the sense that it provides information on the shape of the 
potential, the nature of the force, and so on. 

In classical mechanics, given the initial conditions, we can theoret- 
ically calculate the trajectory exactly. In quantum mechanics, on the 
other hand, the notion of a trajectory does not exist, and one must 
solve the Schrédinger equation for the scattering problem. In Chap- 
ters 8 and 9 we studied bound systems; these are described by the 
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stationary states of the Hamiltonian, subject to the boundary condi- 
tion that the probability amplitude vanish as the separation between 
the two particles tends to infinity. The same Hamiltonian, as in the 
case of bound systems, can also give scattering wavefunctions. These 
obey the boundary condition that at infinite separation they must 
reduce to free-particle wave functions.t Once the scattering solu- 
tions are known it is a simple matter to obtain the differential cross 
section. 

In this chapter we first define various relevant quantities such as 
the differential cross section. For most potentials, the scattering 
equations take a much simpler form in the center-of-mass frame. 
However, since the measurements are done in the laboratory, we 
indicate how observables are transformed from the center-of-mass 
frame to the laboratory frame. We also discuss the boundary 
conditions on the scattering solutions. The scattering equation is 
then solved by the method of partial-wave analysis. which is quite 
useful for relatively low-energy scattering. We derive the optical 
theorem by this method and apply the method of partial-wave 
analysis to various processes of physical interest. The effects of spin 
are treated briefly in a qualitative way. In Chapter 12 we will discuss 
solutions to the scattering equation by other methods and then 
apply them to other processes of physical interest, namely. scatter- 
ing phenomena at high energies. 


11.1. DIFFERENTIAL AND TOTAL CROSS SECTION 


In a typical scattering experiment the number of particles involved is 
quite large so that even classically it is impractical to measure the 
details of cach individual trajectory. What one measures is the initial 
velocity of the particles (they are usually prepared to be 
monoenergetic) and their final velocity. That is, if the direction of 
the incident beam is taken to be at @=0, then one measures the 
number of particles that scatter into a solid angle dQ at (6, ¢). 


+ This is exactly true for short-range potentials but also remains a good approxima- 
tion for long-range potentials such as the Coulomb potential. 
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Hence, if N is the number of incident particles per unit area per unit 
time and AN of them scatter by an angle (6, d) into the solid angle 
AQ, in unit time, then the differential cross section is defined to bet 


a(0, db) = 0 joe (11.1a) 


N AO, 
in the limit AQ — 0. The differential cross section is a useful quantity 
Since it probes the shape of the potential or the nature of the 
force—the larger the differential cross section, the stronger the 
force. In most scattering phenomena, however, the potentials are 
spherically symmetric. Consequently, physical observables cannot 
have an azimuthal dependence (no @ dependence). One can in such 
cases define the differential cross section for scattering into a ring 
around the beam axis by integrating out the azimuthal angle, i-e., 


o(0)=S dda (0, 6) = 270 (0, o) (11.1b) 


The ring is at angle @ and has width dé@ and radius rsin @ as shown 
in Fig. 11.1. From Eqs. (11.1a) and (11.1b) we can also define the 
total cross section as 


o1= m= | (0,4) ao=["o(6) sin 6 dé lla) 


0 


The total cross section measures the total number of scattered 
particles (i.e., at all angles) per unit time when one particle is 
incident per unit area in unit time. 

It is easy to see from the definition of Eq. (11.la) that both the 
differential and the total cross sections have the dimensions of an 
area. Geometrically, one can think of the total cross section as the 
transverse area subtended by the scatterer. Thus, classically, if we 
have a potential with range a and there is azimuthal symmetry, then 
the part of the incident beam that would suffer any scattering is that 
which is confined to an area wa* perpendicular to the beam direc- 
tion. The total cross section in this case, is simply ma’. This simple 


t The differential cross section should be properly designated by da/d©Q. since it is 
defined as the ratio of two infinitesimal quantities. However, for simplicity in writing 
equations we will adopt the more condensed notation o(@,@). The reader should 
keep in mind, however, the important difference between an integrated cross section 
such as o-, and a differential cross section o(@, @), in spite of the notational similarity. 


480 QUANTUM MECHANICS 


dx —| 


FIGURE 11.1. (a) Scattering of an incident particle through an angle 6. The area of 
the ring perpendicular to the scattered trajectory is 27r sin 0 d@. (b) The target in a 
scattering experiment consists of many individual scatterers that can be thought of as 
each subtending an area equal to the total cross section. (c) A target of finite length 
where the element of thickness dx at a distance x is indicated by the shading. 


derivation fails in quantum mechanics, as we will show later, and 
this is primarily due to the wave nature of particles. The unit in 
which scattering cross sections are measured in nuclear and high- 
energy physics is called a barn and corresponds to 
1 bart =10" "em 

Most frequently in scattering experiments a beam of particles is 
incident on a fixed target of finite thickness. Let us derive the 
appropriate expression for the total cross section in such a case. 
Each target particle acts as a scattering source. Let the shaded area 
around each target particle [Fig. 11.1(b)] represent the total cross 
section. If the incident particle strikes the shaded area it will scatter, 
otherwise it will not interact.+ If the target is of infinitesimal 


+ This picture fails for long-range potentials for which o,->. In practice, 
however, o-,; can always be treated as finite. 
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thickness dx and has a density of p particles per unit volume, the 
fraction of the transverse area that is shaded is 

dA 

—=0,p dx ieee 

a Oe ( ) 
Therefore, the probability that an incident particle will scatter in the 
interval dx is 


dA 
P(x) dx == orp dx (11.2b) 


We define N, as the number of particles incident on the target 
and N(x) as the number of incoming particles at a distance x from 
the edge of the target as shown in Fig. 11.1(c). Whenever a particle 
scatters, N(x) decreases such that dN,(x) = —dN(x), where dN,(x) 
represents the number of scattered particles at the distance x (in the 
interval dx). Furthermore, we know that 


dN(x) = —N(x)P(x) dx 


= —N(x)o7p dx 
or 
Nix) Neer (11.3a) 


It is clear that the number of particles scattered from a target of 
thickness | is 


N,(1) = No— N(l) = No Noe 7 


= No(1- e777!) 
If a;pl «1, then we can write 
N,(l) = Noo pel (11.3b) 
so that the total cross section in this case is given by 
N,(U) 
= Likes 
OT Nopl ( c) 


The above results are obtained with the assumption that the trans- 
verse dimensions of the beam are smaller than those of the target: 
this is true in most experimental arrangements. 

In defining the cross section we have implicitly used the concept 
of flux of incoming and outgoing particles. This concept was first 
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introduced in Section 6.7 and we recall that the flux j gives the 
number of particles crossing the unit area normal to their direction 
of motion per unit time. If v is the velocity of the particles and p 
their density, then 


pe (11.4a) 


Furthermore, if the amplitude for the incoming particles is nor- 
malized to one per unit volume, then the flux coincides with the 
probability current density and is given by 


ih 
i- a (b* Vb—(Ve*)W] (11.4b) 
m 


This measures the probability that a particle will cross a unit area 
normal to the direction of the current in unit time. 


Transformation from the Center-of-Mass Frame to the 
Laboratory Frame 


We have already shown in Section 8.2 that when the potentials 
involved are central,t the motion can be decomposed into that of 
the center of mass and an effective reduced system. The motion of 
the center of mass is not subject to any forces and therefore in the 
center-of-mass frame the Hamiltonian under study becomes much 
simpler. For example, for two spinless particles, the number of 
degrees of motion (freedom) reduces by one half. Therefore, calcula- 
tion of quantities of physical interest in the center-of-mass frame 
results in great simplification. 

In fact, in studying the bound-state solutions we neglected the 
center-of-mass motion completely since it does not affect the prop- 
erties of the stationary states. In the case of scattering, however, 
although it may be simpler to calculate observable quantities in the 
center-of-mass frame, the actual observations are made in the 
laboratory. Thus, we must know how to transform various quantities 
such as the scattering angle and differential cross section back into 
the laboratory frame. It is worth pointing out bere that the total 


t We do not consider noncentral potentials which arise in the presence of spin- 
dependent forces; but see Section 11.5. 


SCATTERING: PART I 483 


cross sections oy is the same in both frames since it represents the 
total probability that an incident particle will scatter; hence it must 
be independent of the choice of the reference frame. 


(a) (b) 


FIGURE 11.2. (a) Scattering in the center-of-mass system. (b) The same scattering 
process as observed in the laboratory. 


Let us consider the scattering of two particles with masses m, and 
m>. Let m, be stationary in the laboratory frame and let m, be 
moving along the Z-axis with a velocity? v,;«c. This is the usual 
case in experiments except for colliding-beam arrangements. Fur- 
thermore, let us use the subscripts C and L to denote various 
quantities in the center-of-mass and laboratory frames, respectively, 
as shown in Fig. 11.2. For this system, therefore, 


pe =reduced ee (11.5a) 
m ] F Mo 
and, by definition, the velocity of the center of mass is 
vou= mM ,V, = m(Vi)r (11.5b) 


mM,+m, m,+mMs 


In the center-of-mass frame, therefore, the particles have velocities 
given by 


m-,(v,) 
(Vic = (WE — Vom = — 
mM,+M> 
m,(V,) 
(Valo = (Va)r — Vous = ~— Ht 5c) 
m,+m>, 


t We will derive and use nonrelativistic transformation equations. When v, ap- 
proaches the velocity of light c, one must use relativistic kinematics, which add to the 
complexity of the equations but are otherwise equivalent to the nonrelativistic case. 
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Thus, from Eq. (11.5c) it is clear that in the center-of-mass frame 
the two particles move toward each other with equal and opposite 
momenta as shown in Fig. 11.2(a). After the scattering they must 
again move with equal and opposite momenta, Thus, in the center- 
of-mass frame the two particles scatter by equal and opposite 
angles. The scattering is not so simple in the laboratory frame and is 
shown in Fig. 11.2(b). 

If we denote by primes the velocities after scattering and re- 
member that the scattering is elastic, Eq. (11.5c) gives 


(Vic = (Vit — Yom 


We express this equation in terms of its components along the beam 
direction 


Vic COS Oc = V1, COS(O,) 4 — Vem 
or 
V1, COS(O; )s = Vans + Vic COS Oc (11.6a) 


and transverse to the beam direction 
Vic sin 06 = Vit sin(6; ), (11.6b) 


The ratio of the two expressions above gives 


sin 66 sin 6c 
tn 6.) — lp ag 
m(Or.)1 COS 06+ Vew/Viee COS O0c¢+y ( o 
where 


Vic M> 


which follows from Eqs. (11.55) and (11.Sc). Furthermore, it can be 
shown easily that 


(6,)2=3(a— 6) (11.7c) 


Equation (11.7a) holds for both elastic as well as inelastic scatter- 
ings. In the case of inelastic scattering the particle number is not 
necessarily conserved and as a consequence rest-mass energy 
(internal energy) is converted into kinetic energy of particles. Sup- 
pose we are considering the following inelastic scattering process 


m,+M,—> m3+mM, 
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The amount of mass converted to kinetic energy of the final 
particles is known as the Q-value of the reaction and is designated 


by Q. It then holds that 
mm; E )o 
= (= ——_ deded: 
ee E+Q ( 4) 


where E is the total initial energy of the two particles in the center- 
of-mass frame. Clearly, for elastic scattering, i.c., Q=0,m,= m3, 
and m,= m4, the above expression reduces to Eq. (11.75). 

The relation between the differential cross section in the center- 
of-mass frame and the laboratory frame can be obtained from the 
simple observation that the same particles that go into the solid 
angle dQ. at 0. in the center-of-mass frame go into the solid angle 
dQ, at 0, in the laboratory frame. That is, 


ao, (9; ) sin Oy dé, = ac(9c) sin 6c dc 
or 
d cos 06 


d cos 6; 


0, (9,) = Gc(9c) (11.8a) 


The function |d cos 6-/d cos 6,| is the Jacobian of the transforma- 
tion and can be evaluated from Eqs. (11.7a) and (11.7b). The 
relation for the cross sections turns out to be [see Problem 11.5] 


[1+2y cos 6.+y7]}?” 
|1+y cos 6¢| 
iS y° sin7(6,), |" + Y cos(6; ) 4}? 
[1 =¥ sin (6a) - 


G1 (62) = F(8c)4 cos(4, )2 


01(6;) =o(4c) 


(11.85) 


= Fc(4c) 


Using the last of Eqs. (11.85) and Eq. (11.7c) it is a simple matter 
to verify that the total cross section in the laboratory frame is the 
same as in the center of mass. That is, 


(or), =(Orc 


+Here we are assuming rotational symmetry, and hence the differential cross 
section does not depend on d. 
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For the special case of equal mass particles, i.e., m,= mb, (there- 
fore, y = 1) the transformation equations reduce to 


(6,)1= 


Olilexe) 


NIA nls 


Com; + (0, )o= 


a1 (9; 5) = Tc(Oc)4 cos(@, )\2 


When the target particle is much more massive than the beam 
particle, y > 0 and the laboratory and center-of-mass frames are 
equivalent. 

Equipped with these kinematic relations we are now ready to 
solve the scattering equation. Of course, as we pointed out earlier it 
is much simpler to deal with the theoretical equation in the center- 
of-mass frame since there the problem can be thought of as the 
scattering of a particle with mass » from a fixed potential. We do so 
in the next section. 


11.2. SOLUTIONS OF THE SCATTERING EQUATION: 
THE METHOD OF PARTIAL WAVES 


In the center-of-mass frame, scattering is governed by the same 
Hamiltonian as for the bound states of the system. Namely, 


A h* 
H = —-—V*+ U(r) (11.9a) 
Qu 
where pt is the reduced mass of the system. The stationary states of 
the Hamiltonian take the same form as for the bound states 


wr, t)= p(r)e PY" (11.9b) 


In this case, however, the energy of the system E is positive and, as 
we shall see, has a continuous spectrum. Furthermore, if we are 
considering elastic scattering, the energy E does not change, and 
hence we need only study the space part of the wavefunction that 
satisfies the equation 


Hu(r) = Ew(r) 
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OT 


[v4 Kr —=8 Ute) jue) =o, pr= =e (11.9c) 


Before solving Eq. (11.9c) let us establish the boundary condi- 
tions that the wave function must satisfy. First, if the potential 
vanishes for infinite separation and if we assume that initially the 
particle was far from the scattering center, the solutions before the 
scattering (t > —°°) must satisfy 


r—o 
(V°+k?)bin(r) = 0 { (11.10a) 
t—> —co 
that is, they must be essentially described by free-particle solutions. 
If the particle is incident along the Z-axis we can write the incident 
wavefunction as a plane wave 


Win(r) =e (11.10) 


In the scattering region, of course, the wavefunction must depend 
on the form of the potential and must satisfy 


[v4 Kt U(e) we) =0 (11.11a) 


After scattering, however, the wavefunction must again have a 
free-particle form far from the scattering source, and thus must 
satisfy 
r—>oo 
(V?+ k7)u&y(r) = 0 { (11.115) 
t—+0° 
It is easy to visualize this sequence of events (see Fig. 11.3). 
Initially a plane wave is incident along the Z-axis. If we assume that 
the scattering potential is spherically symmetric, then at very far 
distances from the scattering source we will have spherically outgo- 
ing scattered waves. Thus, the form of the total wavefunction at 
large distances from the scattering center (after the scattering has 
occurred) is given byt 


e ikr 


s(t) ——> Win (t) + W(t) = e** + f(0, d) (11.12) 


r 


+ Of course, we are assuming that the potential is centered at the origin. 
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t+ -0 t+ +0 


FIGURE 11.3. Diagrammatic sketch of the asymptotic states before and after 
scattering from a fixed potential. 


Here f(@, @) measures the angular distribution of the scattered wave 
and is known as the scattering amplitude. The wavefunctions will be 
normalized to one particle per unit volume, and it can be easily 
shown that w&..(r) also satisfies the free-particle equation. The factor 
1/r in w,.(r) 1s necessary to insure that the probability of scattered 
particles crossing a solid angle dQ does not depend on the radial 
distance r. 

Let us now calculate the flux associated with the incident as well 
as the scattered wavefunctions for large distances. 
in | x * 
an (bin Vibin— (Win) 


Jin = a 


=—f., (1i-3a) 
fe 


Similarly, the flux of the scattered wave is defined as 


ih 
ie 5 (WE Vee (WUE thee) 
2 


Using spherical coordinates (See Appendix 8) the radial component 
of the flux at large distances becomes 


2) ee (= *) 
Use): Qu | Wee ar Wc Voc 
OT 


(ive); ene 


— ; (11.13b) 
it r 


r? 


EIKO -0(4) 
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Equation (11.136) shows that the probability of particles scatter- 
ing across an area dS of a sphere of radius r is (in the limit r > ~) 


: hk d 
i. ° dS = — |f(@, er 
je r 
hk 
as If(@, b)|? dO (11.13c) 


where dS/r* = dQ is the solid angle subtended at the origin by the 
area element. 

From Eqs. (11.13a) and (11.13c) we immediately see that the 
differential cross section is given by 


a(0, &) =|f(8, 6)|? (11.14) 


This is the fundamental relation between the observable differential 
cross section and the quantum-mechanical scattering amplitude. It is 
similar to the familiar relation between the probability amplitude 
w(x) =(x | &) and the observable probability of finding a particle at 
x; hence the function f(6, 6) is referred to as an amplitude. 

It is evident now that solving the scattering equation amounts to 
finding the scattering amplitude. There are several ways of doing this 
and we will discuss here the method of partial waves. This method 
was first introduced by Lord Rayleigh in connection with the 
scattering of sound waves and was later adapted to quantum 
mechanics. The method consists of writing the wavefunction as a 
superposition of various angular momentum components. This point 
needs clarification and can be understood as follows: Classically, a 
particle with well-defined momentum p and impact parameter b has 
a fixed angular momentum bp. In quantum mechanics, on the other 
hand, if we choose the particle to have well-defined momentum, its 
position becomes completely uncertain. Consequently, it no longer 
has a unique angular momentum, and hence the wavefunction can 
be written as a superposition of various angular momentum compo- 
nents. 

In this method, therefore, the scattering amplitide is expressed as 
a sum over all partial-wave contributions, and, in principle, the 
result is exact. However, the method can be useful only if a few 
angular momenta contribute dominantly to the scattering. If the 
range of the potential is a, and the momentum of the particles is p. 
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FIGURE 11.4. The relation between the maximum angular momentum wave and 
the range of the potential is simply [,,,,.= op. 


then only those angular momentum components would contribute 
that satisfy (see Fig. 11.4) 


A[I(L+ 1)]"?=hl « ag |p| 
or 
I< ay \|k| (1 ens) 


The method of partial-wave analysis is therefore useful for low- 
energy scattering. 

To obtain the scattering amplitude we proceed in three steps as 
follows: First, we find the free-particle eigenfunctions expressed in 
spherical coordinates, so that they correspond to specific states of 
angular momentum. We usually refer to these eigenfunctions as 
spherical waves; they form a complete set in which any wavefunc- 
tion can be expanded. The second step consists of expanding the 
incident particle wavefunction w,,(r) given by Eq. (11.10b) as a 
plane wave, into angular momentum eigenstates. The algebraic equa- 
tions leading to the desired result in this step appear forbidding but 
in reality are simple, especially since we are interested only in the 
asymptotic form r—. The result is given in Eq. (11.20a), and 
some of the intermediate steps are separated from the main text so 
that they can be omitted on a first reading. Last, we similarly expand 
the final wavefunction u(r) given by Eq. (11.12). It is then possible 
to identify the scattering amplitude {(@,@) with a sum of the 
coefficients of the expansion. 


Free-Particle Solutions in Spherical Coordinates 
Since the scattering phenomena mostly involve rotationally invariant 


potentials, we follow the derivation of Section 8.2 and decompose 
the total wavefunction into angular momentum cigenstates [see Eqs. 
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(8.14)] 
Wim (1, 6, db) = N.Ri(r) kG d) 


u(r) 
fe 


=N, 


Yim Ge) (11.16a) 


Here, Y;,,(6,@) are the spherical harmonics used previously and 
discussed in Appendix 9. It is sufficient to recall that they are related 
to the associated Legendre polynomials through 


21+1(t=-|m))! 
4am (1+|m))! 


1/2 
Yin) = «| P,,,(cos Ae" (11.165) 


where ¢=(—1)™ for m>O, and 1 otherwise. Furthermore, if 
Wim r, 8, &) satisfies the free-particle equation, i.e., 
(V7+ kim (r, 6, d) — 0 


then it follows (see Section 8.3) that the radial functions satisfy 


2 (+1 
Sta | Mo "}uir)=0 C11. 17a) 


with the boundary condition 
u(r) >0O as r—>0 (L117) 


If we define the new variable 


2 E 5/23 
voir (EE) 


then Eq. (11.17a) becomes 


dan I(L+1) 
oak = utero Ci Wer 


The solutions to this equation are related to the spherical Bessel 
functions j,;(p), and n,(p), such that (see Appendix 12) 


u,(p) = pp.(p) or u,(p) = pn,(p) 
The most general solution is 


u(p) = u(kr) = kr[a,j, (kr) + aon(kr)] (11.184) 
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From the limiting form of these functions as p— 0 (see Appendix 
12) 
i(p) ee ra (2 0 


i 
Hy) ima p—0 (11.18b) 
fa) 


we see that the boundary condition of Eq. (11.176) requires that 
a,=0 
The solution to the radial equation becomes 
u, (kr) = a,kri,(kr) 


and hence the free-particle solution in spherical coordinates is given 
by 
Wim (7, 6, ¢) = N.RiA1) Yim (8, d) 


= Ni(kr) Yim(, 6) (11.194) 
The normalization constant N, is obtained from the orthonormality 
relations 
) dQ Y*,,(8, b) Yim (9, d) = 1 


T (11.195) 


§r? dri (kr)j(k'r) = Te 5(k — k’) 


The normalization constant is 


ee Dee H2 
a2) 
T 
Here we have chosen the phase to be real. Therefore the normalized 


free- particle solutions in spherical coordinates are given by 


2 


») iL. 
Penge (=) (kr) Yim(@,¢) — (11.19¢) 


Expansion of a Plane Wave into Spherical Waves 


The above wavefunctions form a complete basis and any wavefunc- 
tion can be expressed in terms of them. In particular, let us expand 
the incident plane wave in terms of the angular momentum compo- 
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nents. We know that 
ie ez = (eres 


This does not depend on the azimuthal angle , which simply 
reflects the fact that the wave has no angular momentum along the 
Z-axis. Therefore, its expansion in the spherical basis would only 
involve m =0 components. In the limit r—> © one obtains 

eo 2l+1 


l 
= > = i! sin kr—2)P,(cos 6), r— oo 


(11.20a) 


where P,(cos @) are the Legendre polynomials. 


The expansion of Eq. (11.20a) is obtained as follows. We use Eq. 
(11.19c) to write 


degen ee = Y lates gih) 
1=0 
0 Diao af 
a y a(—) [kr) Y,o(8, d) 
LO 


T 


Die\ Saray 
(=) Y a(=—*) ju(kr)P,(cos @) (11.20) 
0 


T l= 4a 


The expansion coefficients a, are obtained from the orthogonality 
relation of the Legendre functions and the integral representation of 
the spherical Bessel functions. 


| P,(cos 6)P,(cos 0) sin 6d0 = Teel Ow 
17 (11.20c) 
=| e'*°°5®P (cos 6) sin 6 dé = j,(x) 
Pa Mp 


Multiplying Eq. (11.20b) by P,(cos 6) and integrating over all solid 
angles we obtain 


| TN ee ame OLE 
| dORiCosxoe”™” = (=) y av ) iv(kr) 
0 


7 = 4a 


x | dQ P, (cos @)P,(cos @) 
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If we use the relations given in Eq. (11.20c) we obtain 


= Ay" 3 
Dpasaerlis a HP . 
22 j, (kr) (= a\~ 7 i(kr)2a 
or 
Feo pe 
a, = 2i'( va (11.20d) 


The incident wave in the spherical basis becomes 


x 2) aT 1/2 Ik? 1/2 Dien 1/2 
Un=e = Yami) (=) (=**) (kr) Pi (cos 6) 


=n 2k? 7 An 
= ¥ (21+ ili ( kn P,(cos @) (12a 
t=0 


We also note that (see Appendix 12) 


1 . l 
j(kr) arereeaaicd Pr sin( kr = =) 
and hence for large distances 


= 21+1 
y i! sin(kr-2) Pi(cos 6) (11.216) 


Gin =e 
t=0 KE 

This confirms our earlier assertion that a plane wave is a super- 
position of an infinite number of spherical waves of various angular 
momenta. Furthermore, it contains both incoming as well as outgo- 
ing waves. 


Expansion of the Scattering Amplitude 


If the potential U(r) falls off faster than 1/r°, then for large 
distances the final wavefunction would also be a free-particle solu- 
tion. This is because the centrifugal barrier in this case would 
dominate over the potential-energy term. However, the final 
wavefunction at large distances after scattering would undergo a 
phase change relative to the incident wave. This can be seen 
intuitively as follows: If the scattering potential is attractive the 
particle will be accelerated, and consequently the wavelength would 
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be shorter near the scattering source. On the other hand, if the 
potential is repulsive, then the particle would be decelerated and 
thus would have a longer wavelength in the scattering region. In 
either case, when the particle emerges from the scattering region, its 
phase would be different from the case when there is no scattering. 
Thus, the final wavefunction for large distances must have the form 


— 214+1 


a: sin( kr 8,) (cos 6) 
CLL lee 


where 6, is the phase shift that the /th partial wave suffers. It is 
positive if the potential is attractive and negative if the potential is 
repulsive. The constant A, is determined from the observation that 


eikr 


vy; ——> e'** + f (0, d) : 


Subtracting the expansion of Eq. (11.20a) from that of yy as given 
by Eq. (11.21d) we can write 


e ikr 


- 21+1 l 
f(0,¢)—=) A 7 ry sin(kr—4 8,) (cos 6) 
l=0 


=e: 
-»y a“ s i' sin( k 


1=0 


r 


r-Z)P(cos 0) (11.22a) 


Since the Ihs of Eq. (11.22a) contains no term in e ‘" (incoming 


wavest) the same must be true of the rhs. By writing 


sin kr—2 4 a = = (er tah) — e a ais ail aaa 2) 
l 


we see that the above condition can be satisfied only if A, =e". In 
that case the scattered wave takes the form 


ikr ikr oo Ne es | 
— 2 gees (e7* — 1)P,(cos 6) (22) 
r r 1=0 2ik 


f(8, #) 


This gives an expression for the scattering amplitude in terms of 


+ Given the time dependence of Eq. (11.9b) and that E>0, clearly a term of the 
form e ‘*" contributes incoming spherical waves e'“"*P?, 
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the phase shifts 


214+ 
f(0, 6)= Eo (e7— 1) P,(cos 6) 
= 3 =e : e** sin 6,P,(cos 6) 
=> f,(6, 6) (11.23a) 


where f,(0, @) can be thought of as the scattering amplitude for the 


Ith partial wave. The differential cross section is given by [see Eq. 
(11.14)] 


a (6, 6) =|f(0, b)|? = ae y (21+ 1)e® sin 5,P,(cos @)| 
(11.23b) 


The total cross section becomes 


= | aaj, a)? 


X 2, 


+ 
ae 1) or 1) e!-8) sin 8, sin 8, 


II 


Ms 


Ot 
x{d OP, (cos 6)P,{cos @) 


oe elt Tyee eo ; Z 
= y L k k e sin 6, sin a2 4 bw 


se Ley (21+ 1) sin? 5, (11.23c) 
ta 


9 Ko 


We see that if we know the phase shifts for every partial wave we 
know everything about the scattering. And it is clear that the 
method is useful only if the series can be approximated by a few 
terms, 1.e., if only the first few angular momentum contributions are 
significant. We still have to determine the relevant phase shifts 
depending on the particular form of the potential, and this we will 
do in the next section. 
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The Optical Theorem 


It is interesting to note that if we calculate the forward scattering 
amplitude from Eq. (11.23a) we obtain 


Saat 
f(@=0)= > e® sin 6,P,(1) 
1=0 
= 2i+1 ,. , 
— e 'sin 
izo K 
It follows that 
— 214+] k 
Im[f(6 =0)]= ¥ sin? §, =—— o7 
1=0 k An 
or 
4a 
or, =— Im[f(@=0)] (11.24) 


k 


Equation (11.24) represents an important result that relates the 
total scattering cross section to the imaginary part of the forward 
amplitude and is known as the optical theorem. Even though we 
derived it using the method of partial waves, it is true in general and 
has a natural physical interpretation. When scattering occurs, part of 
the energy carried by the incoming wave is radiated into all angles. 
This energy must be removed from the incident wave. Consequently 
the energy flowing in the forward direction is reduced and this 
modifies the scattering amplitude in that direction, 1.e., at 0 = 0. We 
will make use of the optical theorem when we discuss applications of 
elastic and inelastic scattering. 


11.3. APPLICATIONS OF PARTIAL-WAVE ANALYSIS 


In the previous section we developed the formalism of the partial- 
wave expansion but gave no indication how the phase shifts can be 
determined from the form of the scattering potential. We will do so 
now by considering some simple potentials and restricting ourselves 
to the first few partial waves. 
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Scattering from a Delta Potential 


Let the potential be of the form 
U(r) = yd(r—a) 


as shown in Fig. 11.5. Here y measures the strength of the poten- 
tial. Furthermore, we consider extremely low energy particles so 
that only !=0 components contribute to the scattering, that is, only 
the S-waves suffer appreciable scattering. 


U(r) 


O + r 


FIGURE 11.5. Representation of the radial dependence of a delta function shell 
potential. 


For r<a, the radial equation is given by 


d*u 

Wz ku=0 (11.25a) 
where k*?=2yE/h* and the solution that vanishes at the origin has 
the form 


u(r)=A sin kr (11.25b) 
For r>a, the radial equation again is 
ale 
s+k2u=0 (11.26a) 
dr“ 


However, since we expect the wave to undergo a phase change the 
solution for r>a is given by 


u(r) = B sin(kr + 65) (11.26b) 


Here 6, is the phase change in the wave. 
The solutions must match at the boundary and this gives the 
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condition 
A sin ka = B sin(ka + 6,) (11.27a) 


Now, the radial equation for all values of r including r=a is given 
by 
du 
dr? 


2 
+k7u=25 y8(r—a)u (11.275) 
Integrating the above equation between a~—e and a+e we have 


; ate dz a-e 9) 
lim { a(S ku) = lim | ie yo(r—a)u 


a-—-e dr” as fo om 
Or, 
ian du du 2my a 
e a = u 
oe dr ate dr a—-e h° 


Using the expressions from Eqs. (11.256) and (11.26b) we have 


2 
kB cos(ka + 6))— kA cos ka = a B sin(ka + 8) 
or, 
ZL 7 
kB cos(ka + 69) — . B sin(ka + 6,)= kA cos ka 
(11.27c) 
Dividing Eq. (11.27c) by Eq. (11.27a) we obtain 
2, 
k cot(ka + 69) — a k cot ka 
or 
cot ka cot6,—1. 2ny 
ae +k cotk 
cot ka + cot 5, h? ama 
which we simplify to 
cot 6, = -cot ka — = csc’ ka 
2my 


Since we have assumed the particles to have low energy, 1.e., ka<« 1, 
we can expand the trigonometric functions, and this gives 


1+ 2pya/h? 


~ Guyltyka (11.28a) 


cot dp = 
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It is clear that for 1 =0 (S-wave scattering), the differential cross 
section is isotropic. Using Eq. (11.23c) the total cross section can be 
written as 


An 25 4a i 
= Sieo, = > >. — 

iti 2 " k? cot? &9+1 

Introducing the result of Eq. (11.28a) and expanding in the small 
quantity ka<«<1, we obtain 


2 Pd 
eet | (11.28b) 


a a 
on = 


Note that for low-energy scattering the scattering cross section is 
independent of the energy. 


Square-Well Potential 


As a second example we consider the spherical square-well potential 
[see Fig. 11.6(a)] in three dimensions given by 


aU, for prs (el 
0 forr>a 


vin={ (11.29a) 
This potential approximates the strong force between the neutron 
and the proton, and as we saw in Section 9.7 can give rise to a 
bound state in that system. For the present, however, let us consider 
only a shallow potential that does not allow for any bound states to 
exist. We again consider low energy particles such that only | =0 
waves scatter. Of course, for the energy, E>0. 


U(r) 


=U), 


FIGURE 11.6. Representation of the radial dependence of a square-well potential. 
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We proceed in a manner exactly analogous to the discussion in 


Section 9.6. The radial equation for r<a is given by 
d2 
ene k2)u=0 (11.29b) 


where k*=2wE/h? and ki=2uU,/h?. The solution to the above 
equation, which vanishes at the origin, is given by 


u(r)=Asink,r where k?=k?+k2 (11.29c) 
The radial equation for r>a is the free-particle equation 


d-u 


eee 2a ik 
ae k*u=0 (11.30a) 
where the phase-shifted form of the solution is 

u(r) = B sin(kr+ 55) (11.30b) 


Furthermore, the solutions and their derivatives have to be continu- 
ous at the boundary, which implies the relations 


A sin k,a =B sin(ka + 69) (11.31a) 
k,A cos k,a=kB cos(ka + &9) Galea) 
Dividing Eq. (11.31a) by Eq. (11.31b) We obtain 
i! 1 
— tan(ka + 6.) =— tan k,a (11.31c) 
k k, 
or, 
1 tan ka+tan 69 Sey i 
k1—tankatand, k, 3 
or 


tan 6,(k, +k tan ka tan k,a)=k tank,a—k,tanka 
Clie 3 ld) 


The particles are of low energy so that ka«<1. If we further 
assume that the potential is shallow, i.e., kja=k,a is also small, 
then the above expression reduces to 


k tan k,a—k,ka 
ky 


tan d9= 
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or 


ae (Ae) (11.32a) 
1 


Again, since we are considering only S-wave scattering, the cross 
section is isotropic and the total cross section is given by 


4 4 
or = 7a sin? 8o= 3 8a 
7 (= ca x2)" 
k, 
2 (2 maha)" 
k,a 
t = -2 
= Ama? 52 So Kot) (11.32b) 
a koa 


In deriving Eq. (11.32b) we assumed that since ka«1,k,a~kga, 
and also that the potential is shallow enough so that no bound states 
are possible. The cross section is different if the potential well is 
deep enough, and this case will be discussed later. Note here that 
the cross section again does not depend on the energy of the 
particles 


The Hard Sphere 


The low-energy scattering cross section from a repulsive square-well 
potential can be obtained simply from Eq. (11.326). Note that the 
potential in this case has the form 


Ud, PEG 


U = 
e O. r>a 


The difference between an attractive and a repulsive potential 
amounts to replacing ky by iky 
ko— iko 


For a repulsive potential the low-energy scattering cross section 
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becomes [see Eq. (11.32b)] 


2(Santieed) = ut 
O7 = 411a~ : 
Koa 
tanh = S 
2s ce (11.33) 
Koa 


The cross section for low-energy scattering from a hard sphere is 
obtained simply by noting that in that case 


2uUo 
Ko He 


1/2 
) —>e since Uj, 


Hence the cross section becomes 
a7 =4 7a" (11.34a) 


Again, the cross section does not depend on the energy for 
low-energy scattering and equals four times the classical value of 
ma*. We would expect to obtain the classical result in the limit of 
high-energy scattering. But even in that case the cross section has 
the value o,(k —~)=27a’, as can be seen from the following 
nonrigorous argument.t 

The largest | value that contributes to scattering is given by 
Lax = ak. Therefore, 

U__=ak 


max 


je ES TF (21+ 1) sin? 4 (11.340) 


1=0 


If we assume that the phase shifts are completely random, then we 
can replace sin’ 6, by its average value (sin® §,) = 1/2. Performing the 
summation in Eq. (11.34b) we obtain 


ak 


4 
or(k oe y H21+1) 


1=0 


4 
=F ilka + 1)?*~2ma? (11.34c) 
The discrepancy with the classical geometrical value in both cases 


{ For a rigorous proof see, for example, L. I. Schiff, Quantum Mechanics, Third 
Edition, p. 125. McGraw Hill, New York, 1968. 
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arises because of the wave nature of particles. There is diffraction 
around the edges of the sphere which leads to constructive interfer- 
ence and thus to an increased cross section. 


11.4. LOW-ENERGY n-p SCATTERING 


We have already discussed the deuteron, which is a bound state of 
the neutron-proton system (see Section 9.7). The scattering of 
neutrons from protons is determined by the same Hamiltonian as 
for the bound-state case except that now E>0O, and hence the 
boundary conditions are different. Scattering of low-energy neutrons 
reveals more information about the interaction between neutrons 
and protons than can be obtained from the study of the bound state 
alone. In fact, neutron scattering is well suited for studying the 
short-range nuclear force because of the absence in this case of 
Coulomb forces. 

First, we note that if we are considering incident energies of the 
order of 10 MeV and if we assume that the nuclear force has a range 
of about 1.4 F, then 


Qu Wis 
Inax~ ak = a{ =) 
ak=a A 


Bs di EE x 10° MeV) x 10 Mev) oil < 
=a A a a =O. 
(hc)? (200 MeV-F)” 


where we use pp ~m,/2~0.5x10°MeV and hc ~ 200 MeV-F. 
Therefore, we need consider only S-wave scattering (1 = 0). How- 
ever, as we have seen earlier, bound states of the n—p system can 
also occur for |— 0 with almost zero energy. Since the low-energy 
neutrons can, in principle, resonate with this state, the scattering in 
this case has to be treated more carefully. 

Let us recapitulate quickly the conclusions we reached from the 
study of the bound state of the system. The energy of the bound 
state 1s -~E, = W, with W= 0. Thus, for r<a the radial equation for 
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the bound state is 


au, 2 

az tgs (-W+t Ur) =0 
or 

a2 

Fat kite =0, W<«U, 


where as before kj = 2wU,/h’, and the solution that vanishes at the 
origin is 


u,(r)= A sin Kor (135i) 
For r>a the radial equation is 
d7u, 24uW 
de on — 
or . 
. a 


where B* = 2yW/h’, and the solution that vanishes at r—> © has the 
form 


1.7) = Be = (11.35b) 


The solutions and their derivatives have to be continuous at the 
boundary that leads to the relation [see Eq. (9.54c), where we used 
a instead of ko] 


k cot kka=—-8B C1136) 
or 


Ko tan(=— koa) =-6 


or, expanding the tangent, 


ie 
=e diese 
Oe See ( ) 
Here we have assumed that the value of kya is very close to 7/2, the 
value for which a bound state exists. Thus, we see that the existence 
of a bound state constrains the value of ky to that given by Eq. 


(EST): 
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On the other hand. for low-energy scattering the relation that 
must be satisfied according to Eq. (11.31c) is 
l 1 
— tan(ka + dy) =~ tan k,a (11.38a) 
k ky 
where kj =k5+k*. and for ka« lt we can write k,= ko. Equation 
(11.38a) then becomes 
kK tan kya = ky tan(ka + 6) 
which in view of Eq. (11.37) can be written in the form 
T tan ka +tan 6 
k tan(+F) = ky 
2 ue 1—tan ka tan dy 
Furthermore. approximating tan ka = ka, we obtain 
ka+tand 
“cot B= ky Rattan do 
ko l—ka tan Oo 
Since W<U,, it follows that B/ky« 1, and we approximate 
cot(6/ Ky) = ky/B. Thus 
ky ka +tan dy 


2S 
B °1—ka tan dy 


This expression can be solved for tan 5, to yield 


cot dy = _# p a 
tan Sp k(Ba+1) 
OF, 
k cots = ok? (11.385) 


- + 
Bat+l1 Bat+l 


If we further assume Ba<«<1 and ka< 1, the above result is sim- 
plified to 
k cot by= —{6} 
It can be shown that for any form of the potential the S-wave 
seattering phase shift can be expressed by an expansion of the form 
I 1 2 4 
ay 


Such expressions are Known as effective range expansions, Here the 
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constant ay is called the Fermi scattering length, and r, is known as 
the effective range. Comparing Eqs. (11.38b) and (11.394) and 
assuming Ba <1 and ka<«1, we obtain 
1 
—=-8 (11.39b) 
ao 
The scattering length and its relation to the phase shift 6, of the 
wavefunction has a geometrical interpretation which is indicated in 
Fig. 11.7. The case of the deuteron corresponds to that in part (d) of 
the figure since a bound state can be formed. However, because the 
State is so weakly bound, ay~—1/B ~—4.3F is much longer than 
the range of the potential. 


Ry lr) 


FIGURE 11.7. Relation between the scattering length a, and phase shift 5,. The 
curves shown represent the radial wavefunction for the outgoing wave for an incident 
wavenumber k. (a) No scattering, a,=0. (b) Repulsive potential, a,<0. (c) Weak 
attractive potential, a,>0. (d) Strong attractive potential, ag<0. 


The scattering cross section can be expressed completely in terms 
of the scattering length 
at ees An 1 
=> 6 SS 
ee eee wien 5 +1 
ae ee 
Kk? (fkag)? +1 
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or 

po — 11.40) 

als 1 Rae Mieke 

We note here two points: First. the scattering is isotropic. However, 
the seattering cross section in this case depends on the energy. 
Second, for ka« 1, i.e., E— 0, the total cross section is equal to 
4a. This is an enhanced value for scattering since the scattering 
length a, for the n-p system is quite large. The physical way to 
understand this result is that if the well has a bound-state level 
Wiese ener, ik case tomvero. then the-seattered pmptietes rive 4 
tendency to get bound to the well. However. they cannot really form 
a bound state since their energy is not negative. Rather. they tend to 
Interact Much more strongly which leads to the enhancement in the 
scattering cross section. 

In the case of n—-p scattering we can deduce the value of the 
scattering length—without any knowledge of the potential—simply 
from the study of the bound-state system. We know that 1/8 
measures the spatial extent of the deuteron wavefunction. From Eq. 
(9.61c) we are given that 1/8 =4.31F and if we use a = 1.2 F. we 
obtain for the n-p seattering length [see Eq. (11.386)] the value 


! B 
ao 1+ Ba 
or 
@y= —S.5F (11.41a) 


Therefore. the m-p seattering cross section at low energies follows 
from Eq. (11.40) to be 

o7(k > 0) = 47a = 3.8 x 10°*%* cm* (predicted) 
The actual data on low-energy n—p seattering are shown in Fig. 11.8 
and do indeed exhibit the enesgy dependence predicted by Ey. 
(11.40). However, the limiting value of oy is 


optk — 0) = 20°36 10°" em? (observed) 


which ts in complete disagreement with the prediction. 

The reason for this discrepancy is that in the deuteron, the 
neutron and proton are always ina S~ 1 (iplet) state. namely. the 
neutron and the proton have their spins aligned. However, in the 
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FIGURE 11.8. Cross section for the scattering of neutrons from protons for laborat- 
ory energies from leV to 10 MeV. Note that the incident energy is plotted on a 
logarithmic scale so as to expand the region where ka,< 1. 


scattering process, the neutron and the proton can be either in the 
S— 1 orS=0O state. We conclude that the excess cross section is due 
to scattering in the S = 0 (singlet) state. The cross section averaged 
over the singlet and the triplet states is given by 


Cay = 40, +30; (11.41b) 


where the factors } and j reflect the statistical weight (2S + 1) of the 
singlet and triplet states, respectively. By this we mean that there is 
only one (M=0) state for S=0, whereas for S=1 there are three 
(M =+1,0,—1) states. Accepting this explanation we find that 


a, = 68 x 10° em? 


which translates into a scattering length for the singlet state of the 


order of 
(a). =a 23 F 


We see that the n—p force depends on the orientation of the spins, 
an effect that has been verified by the scattering of polarized 
neutrons. From such experiments it is found further that (a,), is 
positive. In other words, there is no bound state in the spin singlet 
configuration. The large scattering length, however, implies that the 
system is “almost” bound: If the scattering was due to the presence 
of a bound state in the S = (0 configuration the binding energy would 


. _ (ic)? 1 


- =~~70 keV 
2f8C = \eauds | 


510 QUANTUM MECHANICS 


This condition is sometimes interpreted as indicating the existence 
of a virtual excited state for the deuteron. 


11.5. ANGULAR DISTRIBUTION 


The applications we have discussed so far have been to low-energy 
scattering, where only S-waves have to be considered. As we have 
seen, S-wave scattering is isotropic. In this section we qualitatively 
discuss and show examples of angular distributions observed when 
higher partial waves contribute to the scattering amplitude. In 
general, however, when only one partial wave, |, contributes to the 
scattering, the differential cross section will have an angular dis- 
tribution proportional to the absolute square of the [th Legendre 
polynomial 


a (0, &) «|P,(cos @)|? 


In practice it often happens that at a particular energy one partial 
wave is dominant, 1.e., one of the phase shifts is large (6, — 7/2). 
whereas all other phase shifts remain small. 

As an illustration, the differential cross section o-(0, 6) for n—p 
scattering at neutron laboratory energies E — 14.1 MeV and E = 
92 MeV is shown in Fig. 11.9. The center-of-mass differential cross 
section is plotted versus the cosine of the center-of-mass scattering 
angle. At the low energy of E=14.1 MeV the cross section is 
practically isotropic, indicating that only the | -— 0 wave contributes. 
At E-—92Me¥V the angular distribution has a strong component 
proportional to 


a-(8) «|P,(cos @)|? = cos? @ 


indicating the contribution of the | | wave. The n—p scattering, 
however, is complicated by the fact that both the neutron and 
proton have spin 1/2. In the preceding section we saw that at low 
energics n—-p scattering in the S—O state is quite different from 
scattering in the S=1 state, even though the orbital angular 
momentum was the same in both cases and restricted to | = 0 waves. 
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FIGURE 11.9. The center-of-mass differential cross section for n—p scattering 
plotted in mb/sr (1 barn=10~?*cm?) versus cos(@,). (a) For laboratory energy 
E=14.1 MeV. (b) For E=92 MeV. The solid curve represents the data and the 
dashed curve is proportional to cos? (6,). 


Therefore, it would be interesting to examine the scattering of 
two spin-zero particles, for instance of two a-mesons. This is 
difficult in practice because while beams of 7 ‘-mesons are available 
in the laboratory, it is not possible to construct a target consisting of 
ar~mesons. Nevertheless, 7'7 scattering can be observed indirectly 
by studying inelastic reactions in which a 7-meson is produced, as in 
the reaction 


T po Wn 
With the appropriate choice of the production angle of the 7° we 
can interpret this reaction as shown in Fig. 11.10. The proton emits 
a am’ and becomes a neutron which emerges from the scattering 


region. The momentum of the virtual 7° is determined by requiring 
that the momentum balances? at the production vertex 


P> a Pi + pune 
The virtual 7° then scatters from the incident 7 , and the two pions 


emerge as real particles which are observed at r— «. The scattering 
angle @ is determined in the 7'7 center-of-mass system (not in the 


t Energy cannot be balanced at the n—p vertex, but this is allowed as long as 
AE At~h. Here AE is the energy imbalance, and At is the time interval over which 
the interaction takes place; At can be very small! 
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FIGURE 11.10. 7 scattering in the reaction 7 p— am mn. The angle 6c is 
measured in the 1 a* center-of-mass system. 


a p center of mass), and the Z-axis is chosen along the incident 7 
direction (transformed into the m*a center of mass). 

The resulting angular distributions at (a 7m’) center-of-mass 
energies E,.,, = 750 MeV and E,,.,, = 1270 MeV are shown in Fig. 
11.11. At the higher energy the scattering is dominated by the | = 2 
wave and 


a-(@) «|P2(cos @)|? = 4(9 cos* 6 —6 cos” 6+ 1) 


At the lower energy the scattering is dominated by the |= 1 wave 


and 
o-(8) <|P,(cos @)|7 = cos? 6 


— lols 60 

lay 

Oo 
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= 
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FIGURE 11.11. Angular distribution for mw a* scattering plotted versus cos 0¢, 
where 6, is the scattering angle in the 7 a* center-of-mass system. The differential 
cross section is plotted in the form of events in a given interval of cos @.. (a) At a 
center-of-mass energy E = 750 MeV as obtained from the reaction 7*°n > am‘ 7 p at 
a a‘ incident energy of 7 GeV. The solid curve is |P,(cos @)|7. Note the presence of 
interference with the |!=0 wave. [From A. Engler et al., Phys. Rev. D10, 2070 
(1974)]. (6) E = 1270 MeV as obtained from the reaction 7 p — a*a~n at incident 
a energy of 8 GeV. The solid curve is |P,(cos 6)|?. [From H. Yuta, University of 
Pennsylvania, Ph.D thesis, 1966]. 
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In this case there is a considerable discrepancy between the predic- 
tion and the data due to the presence of other partial waves that 
interfere with the dominant wave. In fact, if we assume the presence 
of 1=0 and !=1 waves, the scattering amplitude is 


f(0,¢)xA+B cos 6 
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FIGURE 11.12. Angular distribution for pp > w*7~ plotted as a function of the 7™ 
angle in the pp center-of-mass system for different energies. [From H. Nicholson et 
al., Phys. Rev. Lett. 23, 603 (1969)]. 
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and therefore 
a-(6, &) «[|A|?+2 Re(AB*) cos 6+|B|? cos? 6] 


which gives rise to the observed asymmetry? in cos @. 

As partial waves with higher /-values contribute to the scattering, 
the angular distributions become correspondingly more complex. As 
an illustration, in Fig. 11.12 are shown angular distribution of 7 
mesons produced in proton—antiproton annihilations in the reaction 


pean a 
Note how the angular distributions change rapidly with incident 
energy. 


Qualitative Discussion of the Effects of Spin 


So far we have ignored the fact that in actual scattering experiments 
both the incident beam and the target particles have spin. The 
method of partial waves remains applicable in the presence of spin 
but must be modified to take spin into account. We will not discuss 
the modifications in detail but restrict ourselves to a qualitative 
discussion of a‘p scattering; namely, the scattering of a spin-0 
particle from a spin-1/2 target. 

As before, we choose the Z-axis along the incident particle 
direction. Therefore, the initial state always? has mi, = (0. Since both 
the angular momentum and its z-component must be conserved, we 
conclude that for a central potential in the absence of spin, m, = 0 in 
the final state as well. We made use of this fact in Section 11.2 by 
noting that only m—QO eigenstates contribute to the scattering 
amplitude. Consider next the case where the target has spin s = 1/2 
and therefore m, can equal +1/2 or —1/2. To simplify the discussion 
we examine the case of scattering in the |= 1 partial wave and let 
m, = +1/2, as shown in Fig. 11.13. 


t+ The fact that the angular distribution of Fig. 11.11(a) can be fitted by using 
powers no greater than cos? @ indicates that the highest contributing partial wave has 
[=1. It is interesting that o(@,) for the m*72®° system at the same center-of-mass 
energy is completely symmetric. This is because for a‘2° the |=0 wave cannot 
interfere with the |= 1 wave due to isotopic spin considerations. 

+ From a classical analogy the orbital angular momentum vector must be normal to 
the scattering plane; thus the projection of L onto the incident beam direction is zero. 
This corresponds to the m, =0 state. 
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FIGURE 11.13. Vector model representation of the scattering of a spin-zero particle 
from a target particle with spin 1/2. (a) The initial state. (b) The two possibilities for 
the final state represent no-flip and spin-flip scattering. 


From the rules of composition of angular momentum we know 
that the total angular momentum can be either J = 1/2 or J = 3/2. 
Let us choose J = 3/2 in which case the initial state is characterized 
by the quantum numbers 


l=1 s=1/2 J=3/2 
m, =0 m, =+1/2 M=m,+m, =+1/2 


For the final state, J and M must be the same as in the initial state 
because of angular momentum conservation. m, and m,, however, 
need not be conserved independently.t There are two possible 
configurations for the final state 


(1) l= s=1/2 J =3/2 
m, =0 m, =+1/2 M=+1/2 


(2) l=1 s=1/2  J=3/2 
m =t+1 m, = —1/2 M=+1/2 


The two possible final states represent very different processes. In 
case (1) the orientation of the target’s spin remains unchanged and 
the scattering amplitude g(@) is the same as for spinless particles 
[Eq. (11.23a)]; This process is called direct or no-flip scattering. For 
case (2) the target spin is flipped and we speak of spin-flip 
scattering. The spin-flip amplitude h(@,¢) is characterized by 
Y/(0,@). Thus, it can give rise to a @-dependence. provided the 
target is polarized transverse to the beam direction. Note that the 
spin-flip amplitude always vanishes at 6=0 and 6= 7 because it Is 


+ Since the outgoing particle is no longer moving along, the Z-axis the projection 
of the angular momentum onto the Z-axis can be different from zero. 
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proportional to sin @. It is also important to recognize that g(@) and 
h(6,@) are orthogonal to each other because they correspond to 
different spin eigenstates (orientations). Thus, we have 


f(0, db) = g(0)+h(6, o) 
and 
a (0, &) =|f(6)|? =|g(@)/ + |A(@, b)|? (11.42) 
When the target is unpolarized the probability for finding the 
particle in either the m, =+1/2 or the m, =—1/2 states is 1/2. We 
must average over these two configurations of the initial state. As a 
result the total cross section [Eq. (11.23c)] takes the form 


I 


max 


4nd 
w Y (2j+1)sin26, (11.43) 


OT 7k? (2s +1) fo 


These ideas can be verified in 7p scattering at a laboratory 
energy E,, =200 MeV, where the scattering is dominated by the 
J =3/2,l1=1 wave. One finds for the amplitudes 


1. 
g(0)= k e©s2(sin 83,>)2 cos @ direct 
\ (11.44a) 
h(0, 6) = ‘ es(sin §3/) sin 6e —_ spin-flip 


and thus the differential cross section is given by 


a(6, b)= |2(@)|7+ |h(@, )|* a sin? §3,.(1+3 cos” 6) 
(11.44b) 


The angular distribution for the data is shown in Fig. 11.14(a) and 
agrees very closely with the prediction for scattering in a pure 
1=1,j=3/2 state. The total cross section is given by 


2 ae) r > 8 sie: 
ogee ov. 6) dQ - aie bya + 3 cos” @) d cos 0= en 83> 


Since sin* 63,. cannot exceed unity we predict that 
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FIGURE 11.14. Scattering of 7* mesons from protons. (a) Angular distribution at 
E_ =200 MeV; (b) The total cross section as a function of laboratory energy of the 
incident 7°. {(a) From Mukhin et al. Soviet Physics JETP 4, 237 (1957), (b) From S. 
J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 111, 1380 (1958)]. 


This upper bound is shown by the dashed curve in Fig. 11.14(b) and 
we note that the inequality is verified. At a laboratory energy 
E,, ~ 200 MeV, sin 63,5 reaches its maximal value 


sin $3,..=1 or 63,.= 7/2 


If, for a particular energy, the /th phase shift becomes 90° we say 
that the system has a resonance in the [th partial wave at that 
energy. This is obviously the case for the mp system at E, ~ 
200 MeV. 


11.6. CONCLUSION 


We have introduced the relevant ideas for the study of scattering 
theory. The Schrodinger equation for this phenomenon was set up 
and we discussed the appropriate boundary conditions. We solved 
the scattering equation by the method of partial waves and expres- 
sed the scattering amplitude in terms of the phase shifts that various 
wave components undergo. As applications of this method we 


518 QUANTUM MECHANICS 


considered the low-energy scattering of particles from a delta poten- 
tial, the square-well potential, and a hard sphere. The physical 
example of low-energy n—p scattering was analyzed and compared 
with the experimental data. Finally, we discussed the angular dis- 
tribution of the differential cross sections in general, and the effects 
of spin qualitatively. 


Problems 


PROBLEM 1 


A free particle of energy E >0 moving in one dimension is incident 
on an attractive potential well of depth 2a =h/(2mE)'”. Find the 
phase shift of the wavefunction (a) when —U,=|E|; (b) when 
—U,)=3\E|. Discuss the physical consequences of case (b). 


PROBLEM 2 


A particle is scattered by a potential at sufficiently low energy so 
that the phase shifts 6, =0 for [> 1. Assume rotational symmetry. 


(a) Show that the differential scattering cross section has the 
form 


a(0,6¢)=A+B cos 0+C cos? 6 


and determine A, B, and C in terms of phase shifts. 

(b) Determine the total cross section in terms of A, B, and C. 

(c) Assume that the differential cross section is known for 
0=90'\o—a’): G=180 G@=B)) and @=—45° Gy): 
Determine a (0, d) for 6=0° in terms of a, B, and y. 

(d) Obtain the imaginary part of the forward scattering amp- 
litude in terms cf a, B, and y. 


PROBLEM 3 


What must U,a* be for a three-dimensional square-well potential 
(attractive) so that the scattering cross section is zero at zero 
bombarding energy. (This is the Ramsauer—Townsend effect) 


3118) 
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PROBLEM 4 


Consider a spherically symmetric potential of the form 


= Fa 
2m 
Ui(r)= < fi? 
ir) Re. R,=r<Ro 
2m 
0 Ror 


Calculate the phase shift 6, (for |!=0) for the cases K,Ro=4, 
K,R,=1.5, and R,=(1/2)Ro. 


PROBLEM 5 


Obtain the relation between the differential cross section a(4@) in the 
laboratory and center-of-mass frames. That is, derive Eqs. (11.85). 


Chapter 12 


SCATTERING: PART II 


We introduced the formalism for scattering and studied low-energy 
scattering from various potentials in Chapter 11. In all those cases 
we assumed that the target particle was different from the incident 
particle. In n — p scattering, for example. the neutron and proton are 
distinguishable. The formulae for scattering when the particles 
involved are indistinguishable, however, need modification. and we 
discuss this in the first section of this chapter. We then consider the 
energy dependence of the scattering amplitude and discuss the 
pnenomenon of resonance in general. 

The scattering equation can be solved in manv different wavs. The 
partial-wave analysis, which was developed in the last chapter. is not 
well suited for the study of high-energy scattering since the number 
of waves that contribute to the scattering increases. The method of 
Lippman and Schwinger, more commonly known as the integral 
solution to the scattering problem. becomes useful in this case. We 
discuss the method of obtaining such solutions. These solutions take 
a strikingly simple form in an approximation method known as the 
Born approximation. We examine the validity of this approximation 
and give physical examples of it. Finally, we consider qualitatively 
the case of inelastic scattering and show how the elastic scattering 
results must be modified in order to accommodate inelastic 
processes. 


12.1. SCATTERING OF IDENTICAL PARTICLES 


Classically we can follow the trajectory of each particle. so that 
dealing with a system of identical particles does not pose a special 
problem. In quantum mechanics. however. the notion of a trajectory 
does not exist. Therefore, if we are studying the scattering of 


Sail 
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identical particles, it is impossible to distinguish the target particle 
from the incident particle in the final state. As we have seen in 
Section 10.1 the wavefunction of a system containing identical 
particles has to be symmetrized or antisymmetrized depending on 
whether the system consists of identical bosons or identical ferm- 
ions. 

We shall handle the symmetry properties of the system of identi- 
cal particles in the following way. Recall that the total wavefunction 
of the two-particle system is given by 


Protlti, r)= %c(R) U(r) C1251) 
where 
R=i(r, +r) 
is the center-of-mass coordinate [see Eq. (8.3a) with m, = m,], and 


r=r,—-r 


is the relative coordinate. It is clear that under an exchange of the 
two particles 
Kisame 
and therefore 
R—R ee (1227) 
Clearly, the center-of-mass wavefunction remains invariant under 
the exchange of particles. That is 


Wc(R) > &(R) (12.2b) 


The symmetry properties of the system are completely deter- 
mined by the symmetry of the wavefunction for the reduced system. 
As a simple example, we consider the scattering of two identical 
spinless bosons. In this case the total wavefunction has to be 
symmetric under the exchange of the particles 


u(r) > &(—r) = Wir) (12.3a) 


This means that the final-state wavefunction must be symmetrized. 
From Fig. 12.1 we recognize that r— —r implies 


r>r 
@ eo -0 (122. 3if)) 
b->7 th 
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8 
D2 7w-@ D2 
(a) (b) 


FIGURE 12.1. Scattering of two distinguishable particles in their center-of-mass 
system. (a) He* is detected in D1. (b) He’ is detected in D2. If the two particles were 
identical the two processes (a) and (b) could not be distinguished. 


The scattered wavefunction (see Eq. (11.12)] in this case takes the 
form 
ikr ikr 


ee 6a ffi = 600 b)— 


sc r—>00 r r 


etkr 


=[f(0,6)+ f(r —0, 7+9)] (12 3¢) 


E 
The scattering amplitude, therefore is symmetric and is given by 


foym(9, 6) =[f(0, &)+ f(a — 0, 7+ )] (12.4a) 


The differential cross section is obtained from the absolute square of 
the scattering amplitude 


ac (9, ¢) = | fovm(9, o)|? 
=|f(6, &)|* + [f(a — 8, w+ d)I? 
+2 Re[f*(6, 6)f(7—- 6, 7+¢)] (12.4b) 


The first two terms in the above equation are what we would obtain 
if the two particles were indistinguishable, but with the provision 
that the cross sections as measured for particle | at 6, @ and particle 
2 at (ma 6).(a +) are added. This point can be clarified with the 
heip of Fig. 12.1 where both processes (a) and (b) will contribute at 
detector D1 if the particles are identical. The cross term represents 
the quantum-mechanical interference that manifests itself in any 
system containing identical particles. 

This is observed in the low-energy scattering of C'~ nuclei from 
C'? as shown in Fig. 12.2. The C’* nuclei have spin zero and are 
therefore bosons. At low energies the scattering 1s due to the 
Coulomb force between the two nuclei for which the scattering 
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do/dQ [arbitrary units| 


O 30° "860-35 50°" 120° J50° Wiee- 
Center-of-Mass Angle 


FIGURE 12.2. Elastic scattering of C’? from C! at a center-of-mass energy of 
5 MeV. {From A. D. Bromley et al., Phys. Rev. Lett. 4, 365 (1960).] The dashed 
curve includes the effects of interference whereas.the solid curve does not. 


amplitude is 
Ze> uw 1 
Amey 2pensin? 6/2 


f(0, d)= (1250) 
This result was obtained by time-dependent perturbation theory 
methods in Chapter 5 [see Eq. (5.38)]. Introducing the above 
amplitude into Eq. (12.46) gives the differential cross section for 
this process to be 


” meer ne ( on 2 
Tee Amey) 4pen, \sint 6/2 cos" 0/2 sin: 0/2 cos? 6/2 
(12.5b) 


where @ is the center-of-mass scattering angle. 

In Fig. 12.2 the solid curve represents the differential cross 
section calculated as if the two particles were distinguishable; that is, 
it does not include the interference term of Eq. (12.55). The dashed 
curve incorporates the effect of symmetrization and agrees com- 
pletely with the experimental data. Note that the observed cross 
section is exactly symmetric with respect to 90° since it is impossible 
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to distinguish between scattering in the forward or backward direc- 
tions. 

As a second example, we consider the scattering of two identical 
fermions, say electrons. Each of them has a spin angular momentum 
equal to 1/2. Thus, the two-electron system can have total spin 
angular momentum equal to | or 0. We refer to these values of the 
total spin by saying that the particles are in the triplet or singlet spin 
state. 

The wavefunction in the present case can be taken as a product of 
a spin part and a space part. Because we are dealing with identical 
fermions, the total wavefunction has to be antisymmetric under the 
exchange of the two particles. Let us assume that the electrons are 
in the triplet state. In the spin space the triplet state is symmetric 
and, therefore, for the total wavefunction to be antisymmetric, the 
space part of the wavefunction for the triplet state must be antisym- 
metric. That is, 


W ripter() = Weagae( 2) on —hseese(®) (12.6a) 


Following the ideas that led to Eq. (12.3c) we obtain an antisym- 
metric scattering amplitude 


frripier(9, &) = [F(6, 6) — f(a — 6, 7+ )] (12.6b) 


Therefore, the differential cross section for the triplet state becomes 


Tigger 2 ) az IF icaanntllO? o)|° 
= |f(0, &)|? + |f(a— 0, 7+ )/? 
—2[Re f*(@, )f(a—0,a+¢)]  (12.6c) 
On the other hand, if the electrons are in the singlet state, then 
their spins are antiparallel and the wavefunction is antisymmetric in 


the spin space. Correspondingly, the space part of the wavefunction 
must be symmetric under the exchange of particles. Thus 


W ingter(K) aia Uren cecae) = Weingter(0) (12.7a) 


This determines the form of the scattering amplitude to be symmet- 
ric. That is, 


fae (0. 6) =(f(0.b) + f(a - 0, 7 + 6)] (12.7b) 
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Therefore, the differential cross section is given by 
0 singier(9, d) 5 lf eeraiect Oy o)| 


= |F(6, &)? + far — 8, 7+ 4)/? 
+2 Relf*(0, d)f(a—-0,7+)] (12.7) 


In many scattering experiments, however, unpolarized particles 
are used. In that case the two fermions can be in a triplet or singlet 
state. Consequently, one defines a spin-averaged cross section. In 
the case of two electrons there are four final states available, out of 
which three belong to the triplet state and one to the singlet state. 
Thus, the spin-averaged differential cross section is given by 


ak 6, o) a 4130 tripter( 6, d) she Teinpiet\O, ¢)] 


= |f(@, b)|? + |f(a — 6, 7+ b)|?— Relf*(6, 6) f(a — 6, 7+ $)] 
(12.8) 


These predictions are confirmed by scattering polarized beams of 
electrons off polarized targets. A further check using unpolarized 
beams is possible by measuring the scattering at 6=7/2 in the 
center of mass. Then, of course, 


[ef e)) 
and our analysis indicates that 
O wipter( 7/2) = 0 (12.9a) 
or 
Oay( 17/2) = |f(a0/2)|? (12.9b) 


where f(7/2) is the scattering amplitude for the scattering of distin- 
guishable particles. 


12.2. ENERGY DEPENDENCE AND RESONANCE 
SCATTERING 


We have already seen in the case of low-energy n~ p scattering that 
the scattering amplitude, and hence the cross section, varies as a 
function of energy. A further example ts shown in Fig. 12.3 which 
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gives the total cross section and the elastic cross section for 7 p 
scattering up to an incident energy of 1.4GeV. The difference 
between ao; and Gejastic IS the inelastic cross SeCtiON Cinetastic: A 
collision is inelastic when the internal structure of the colliding 
particles changes. For instance, the processes 


T pon 
T pow aw Tp 


represent possible inelastic final states in a p collisions. 

In Fig. 12.3 we note that at particular energies the cross section 
exhibits peaks. From the expression of a7 in the partial-wave 
analysis [see Eq. (11.23c)] we recognize that if the peak occurs in 
the [th partial wave it implies that sin 6, tends to its maximum value 
at that energy, namely, 6, = 7/2, 37/2,...,(2n+1)a/2, etc. In such 
a case we say that the scattering amplitude has a resonance at that 
particular energy. 

We see that the phase shift as well as the scattering cross section 
become functions of energy, as already seen in the case of n-—p 
scattering. To fix our ideas about the resonance phenomenon more 
clearly let us look at only the S-wave scattering from an attractive 
square-well potential. As we can see from Eq. (11.31d), if we 
consider only low-energy scattering, i.e., ka«1, we obtain 


ka(tan k,a/k,a—1) 


1+k?a*(tan k,a/k,a) eae) 


tan So a 


where k,=(k?+2uU,)/h’)'”. From the above expression we im- 
mediately derive that 

tan? do k?a?(tan k,a/k,a—1)? 
1+tan?5 (1+k?a)[1+k?a7(tan? k,a/kia’)] 


Sin Op = 


Since we assume ka « |, the denominator can be simplified, and 


1 +207 (tem? kyalleqa’) 


As long as k,a#(2n+1)x/2 
sin? 5)=(ka)* (12.11a) 


sin? 5)= (12.10b) 
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That is, the cross section is small, since 


= 47a’ GIZA 


However, when k,a — (2n + 1)n/2, sin® &, — 1 and the cross section 
becomes 
47 1 a 

OT ye jee (12a) 
This is much larger than the nonresonant cross section since we have 
assumed ka «1. Therefore, the cross section when plotted against 
k,a will exhibit peaks whenever k,a equals an odd multiple of 7/2, 
as shown in Fig. 12.4. 


= + at; _ k a 
(2n+i)F (2n+3)E (2n+5)F ue 


FIGURE 12.4. Resonance peaks in the scattering from an attractive square well in 
the limit ka « 1. 


Note here that 


2uUe) gp eT v2 
Sere | | Seer lt 
k= (42+ : oe 
a ee Z JE 
Oh h 2U, hk  h\2U, 
(12.12) 


where we have used E =h°k?/2w. It is clear from Eq. (12.12) that 
the abscissa of the graph can be labeled by the energy of the 
incident particles, which is the origin of the energy dependence of 
the scattering amplitude and thus of the cross section as well. 
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If the potential well is strong enough so that the phase shift 6, is a 
multiple of a, then o,=(, and a phenomenon opposite to reso- 
nance occurs. The potential behaves as if it were completely trans- 
parent to the particles and there is no scattering at all. From Eq. 
(12.10b) we see that for ka<«1 this occurs if k;a=7,27,...,n7. 
This effect is actually observed in nature. When electrons with 
energy E~().7 eV are incident on noble gas atoms, they can move 
through the medium with practically no scattering. This is known as 
the Ramsauer-Townsend effect and implies that for the case at hand 
the depth and width of the potential are such that one-half 
wavelength of the interior wavefunction fits almost exactly in the 
well. The Ramsauer—Townsend effect cannot occur for a repulsive 
potential since in that case it is not possible to satisfy simultaneously 
the conditions ka«1 and k,a=7. 


The Breit-Wigner Formula 


We now examine the behavior of the cross section near a resonance 
in general. We will find that the system can be described in terms of 
quasi-stationary states such as those we discussed in Section 5.7. We 
assume that the phase shift 6, in the /th partial wave reaches the 
value 7/2 at the particular energy Ey. Therefore, 


8,(Eo)= 5» cos 8,(E,)=0, sin &,(E,)=1 (12.13a) 


If E ~ Eo, then we can make a Taylor expansion around E, so that 


d5,(E) 


sin 6,(E) ~sin 6,(E,) + [cos 5, (E) dE 


(E-E,)=1 
fo) a 

(12.13b) 
and 


4 : é dd,(E) 
COMONIE MCOSG CEG em | Sind, (2) (EME) 
dE E=Ey 


wl dd,( EF) 
dE 


Ee 


(E-E,)= -=(E-E,) (1232) 


Here we have defined the rate of change of the phase shift with 
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respect to energy near the resonance as 


d8,(E) ae: 


ae \noe T 


with I a real constant. The scattering amplitude for the [th partial 
wave IS 


Zila 
f,(0, Eye 6 aren 5,(E)P,(cos 6) (12.14a) 


Apart from the slow variation of 1/k, it is clear that the energy 
dependence of the scattering amplitude is given by 


fC SiSHE ) 
sin 6,(E) 


~ 60s 6,(E)—i sin 6,(E) aan) 


If we use the relations of Eqs. (12.13b) and (12.13c) the amplitude 
near the resonance becomes 


1 [Tj2 
ie ee i2215a 
MS =oneear: eee 02° 
Therefore, the energy dependence of the cross section is given by 
1/4 
Ne ere (12.15b) 


- (E-E,)?+T7/4 


This result is known as the Breit-Wigner formula and has the 
typical shape of a resonance curve as shown in Fig. 12.5. Up to 
normalization factors, this is the identical result to that obtained in 
Eq. (5.47c). It equals unity when EF = E,, and [ represents the full 
width of the curve at its half maximum. The cross section appears to 
have a prominent peak when I«E,. The total scattering cross 
section for the [th partial wave for the scattering of spinless particles 
near the resonance is given by 


4 
Orr = ya (21+ ICE)? 


1/4 


ee : a) 
(E E,)2+12/4 pedis: 


= 25 (2t+1) 
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FIGURE 12.5. The Breit—Wigner resonance curve. 


We note that when E<« E,, the amplitude given in Eq. (12.15a) is 
small, positive, and almost real. When E > Eo, it is small, negative, 
and almost real. At resonance (i.e., E=E,), f,(E) is purely imagi- 
nary and equal to i. The behavior of the complex amplitude f,(E) is 
shown in Fig. 12.6 which is known as an Argand plot. The complex 
vector f,(E) begins at the origin and its tip traces out in a counter- 
clockwise direction a circle of radius |/2 centered at the point +i/2 
in the complex planet; thus the angle subtended at the center equals 
26. The requirement of counterclockwise motion is equivalent to the 
condition [> 0. 


1700-2300 
ENERGY(MeV) 


FIGURE 12.6. Argand diagram for the complex amplitude f(E). (a) Details of the 
construction of the diagram. (b) f(E) and |f(E)|? for the j=3/2 wave in a*p 
scattering (for total spin S = 3/2). 


{To verify this construction note that 
f, UE) = e* sin 6, = (i/2)(1 — e745) = 2 + (1/2)e*25 


The complex vector (1/2)e'**"”” rotates around the center at a rate d8,(E)/dE, and 
when 6,=0 it points along the negative imaginary axis. Therefore, 26, must be 
measured from that axis as shown in the figure. By construction, the vector f,(E) is the 
sum of the vectors i/2 and (1/2)e!?%~ 7, 
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The actual Argand diagram for the j = 3/2 wave in 7’ p scattering 
is snown in Fig. 12.6(b). In the presence of inelastic scattering the 
phase shift becomes complex and |je**|<1. Consequently, f,(E) 
moves inside the unit circle. Such behavior is observed in the figure 
for center-of-mass energies E > 1.5 GeV and indicates the threshold 
for inelastic scattering. 


Quasi-Stationary States 


The peaks observed in the scattering cross section as a function of 
the incident energy are more pronounced as the ratio ['/E,, becomes 
smaller. In particular, in the limit T — 0, the scattering amplitude in 
the resonating wave becomes sigular at E = E,. This is reminiscent 
of the discrete energies that characterize the stationary states of a 
bound system. However, bound states have negative energy and the 
energy in a scattering process is positive. Thus, these cannot be 
bound states and we call such states resonances. Furthermore, we 
note that the energy of the resonances in the scattering system is not 
sharp but has a width T. Therefore, the energy of such a state is 
uncertain by 


AE=T/2 (12.16a) 


From the uncertainty relation we deduce that the time interval over 
which we can observe such a system is 


h 
Monee 
% 
~~ hl2 hd hh 
Atz=—=— = -= . 
Nae vrai aad (12.16b) 


We call t=h/T the lifetime of the resonance since it represents the 
time interval over which two particles stay in the vicinity of each 
other before receding in opposite directions in the center of mass. It 
is also clear that such a state cannot be a stationary state if it has a 
finite lifetime. We have called such states quasi-stationary, and we 
showed in Section 5.7 that they are eigenstates of the equation of 
motion with complex eigenvalues. 

In Chapter 5 we began from a decaying state and obtained the 
probability distribution of the energy. In the present case we are 
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given the scattering amplitude f,(E) which we can consider as an 
energy wavefunction? x(E). Then the wavefunction y(t) as a func- 
tion of time is related to x(E) through a Fourier transform. The 
procedure is similar to that followed in Section 5.7, but for com- 
pleteness we present it here as well. We express u(t) as follows [see 
also Eq. (5.47a)|] 


win= | 
O 


Ec 


‘a ; n QD 5 
fi(E)e "*" dE = -| sg 


atk = Bal) 2 
= eee 1/2 -[(E-B)HT2Wh GE 
oO (eee 
= a e Eo iT /2)uhn (12.17a) 


where we have used the fact that 


x ks ; 
| Q2—— = hig 
vA 7, 


with z-complex. It is clear then that the total wavefunction can be 
written as 

th(r, t) = U(r) (t) = Na(rye So (12.17b) 
Furthermore, remembering that 


oy 


Hy = ih— 
ve! ot 


we can express the time-independent equation that w#(r) obeys as 


A(x) = (Eo iT /2) y(n) (12.184) 
Namely, the energy eigenvalue of the state is 
EF, = Ey—it/2 (12.18b) 


The physical meaning of the complex-energy eigenvalue becomes 
clear when we examine the probability of finding the system in the 


+ Here we are neglecting the energy dependence 1/k ~ 1/(E)'? in the scattering 
amplitude which is not affected by the Fourier transformation. 
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state uv 
P(t) = |b (r, t)|? = |e, (r) |? e (ihn 
= |e)? eo" (12.19) 


We see that the probability decreases exponentially with a time 
constant t = h/T’, where 7 is the lifetime of the state. The state is not 
Stationary since the probability of finding the system in that state 
depends on time. However, for a time interval t«7, the system 
behaves as if it is in a stationary state with well-defined quantum 
numbers. Note that the above interpretation depends on I being 
real and positive, which is indeed always the case. 


12.3. THE LIPPMAN-SCHWINGER EQUATION 


The central idea in the method of Lippman and Schwinger is that 
rather than analyzing each angular momentum component sepa- 
rately, we try to obtain the scattering amplitude as a whole by 
solving an integral equation. It is clear that such an approach is 
useful for studying high-energy scattering processes where a signifi- 
cant number of angular momentum components scatter appreciably. 

The time-independent Schrédinger equation for scattering is 
given by 


Z 
(V2+k2)w(r) =a U(r) h(n) (12.20) 
where k°=2uE/h°. This equation has a close similarity to the 
Poisson equation of electrostatics 
V’b--479 (12.2la) 


The best way to solve such equations is by Greens method: one 
defines a Greens function G(r) for the Laplacian through 


V’?G(n) = —47787(r) C12 2b} 
It is known that G(r) = 1/|r|, from which it follows that 


p(r’) 


Ir—r'| 


o(r) = | av.Ge—r)p(r)= [av 2 2te) 
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Thus we see that the solution of Poisson’s equation can be given as 
an integral of the sources over all space. 

We can also apply the above method to the problem of scattering. 
We have to define a Greens function for the problem. Furthermore, 
our solution for large spatial distances must have the form 

ikr 


(x) ——> e** + f(6, 6) = 


(1222) 


Let us assume that G(r,r’) is the Greens function for the scattering 
problem; that is, 


(V7+k72)G@r, r’) = 83(r-r’) (12234) 


We still have to determine the form of G(r, r’). But assuming that 
such an object exists, it is clear that the solution to the Schrodinger 
equation [see Eq. ines can be written as 


Wess farce, r’)U(r)(r') (12.23b) 
This is because 
(V? +key = “s | der (V7 EKVG (rr )Ur (r’) 


ot far '33(r—r Ur) w(r’) 
2 
—> Urwin) (12.23c) 


which is nothing other than Eq. (12.20). This shows that as for the 
Poisson equation, the solution w(r) in the present case can also be 
written as an integral of the source over the whole space, except that 
here the source depends on the solution wir) itself. Such a solution 
is known as an integral equation. 

The solution in Eq. (12.236) is not unique in the sense that 


aye vr =a d77'G(r,r)UW)"’) ——«(12.24a) 


is also a solution of Eq. (12.20) if 
(V7+k*)p(r) = 0 (12.24b) 
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This simply reflects the fact that we can always add any homogene- 
ous solution of the differential equation to the total solution. This 
nonuniqueness is, however, fixed from the physical requirement that 
when U = 0, 1.e., when there is no scattering, the solution must have 
the form 


b(t) > e'** (12.25a) 
This fixes the solution given in Eq. (12.24a) as 
ik-er 2 i ] ’ ’ , 
w(r) =e +o d>r’'Gtr, r) U(r) Wir’) 


pss 


= e'Kr + wheel) ——> e+ (0, ) (12.25b) 
r—large r 
By comparison we see that the scattered wave is given by 
2p 307 ’ , , 
Well) =F d°r' G(r, rn) U(r’) db(r’) (12.25c) 


The integral solution to the Schrodinger equation given in Eq, 
(12.25b) is known as the Lippman—Schwinger equation. However, 
to be able to make use of this solution we must know the form of 
the Greens function. 


The Greens Function for the Scattering Problem 


We define the Greens function through 
(V7+k7)Gir, r’) = 8? (r—-r'’) (12.26a) 


From translational invariance, it is clear that G(r,r’) must have the 
form 


G(r, r') = G(r-r’) (12.26b) 
Let us introduce the Fourier transforms 


G(r-r’)= | d*qG(qe'**™ 
(12.26c) 


i 
67(r—r’) = . | agen" 
T 
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If we substitute these relations into Eq. (12.26a) the differential 
equation reduces to an algebraic equation for G(q), namely, 


25 Naa — 1 
Or : 1 1 
G(q) = ~ Ore (232) 


The Greens function is obtained by noting that 


G(r—-r)= | d*qG(q)e*** *” 


1 it : ; 
rs low oll (12.284) 


We define the variable 


r—-r=R 
so that 
1 


1 
ae |e Z yee 
1 1 iqgR cos 6 
—~Onp q’ dq sin 6 dé db —— ep e 


= fie” 
aii ih qge® 
(Qnyir J. ~*92—k? 


The integrand has simple poles at q = +k as shown in Fig. 12.7(a). 
Thus, the integral can be evaluated using Cauchy's residue theorem, 
but to do that we must specify the contour of the integration. 

First, note that the contour of integration has to be closed in the 
upper half-plane because only then will the exponential be damped. 
There are then three distinct ways of choosing the contour along the 
real axis. If we choose the contour along the real axis, as in shown in 
part (b), then only the residue of the pole at q~ —k will contribute. 
Consequently, 


G(R)= 


Il 


(12.28) 


Gte—¥)= GR)= ni Jim, { <1 at ae 


(27)7iR q?—k? 
= i (he fen yes a 1 —ik |r—r'| 
2aR —2k 47R 4a |r—r'| 
(12.29a) 
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e 
-k 
FIGURE 12.7. Integration contour in the complex q-plane. (a) Position of the poles 
of the Greens function. (b) Contour yielding an incoming wave solution. (c) Contour 
for outgoing wave solution. 


On the other hand, if we had chosen the contour along the real axis, 
as is shown in part (c), then only the residue of the pole at q=k 
would contribute, and hence the Greens function would have the 
form 
1 aac | 
(2Qqr)7iR + q?—k? 
1 kee 1 scr 1 ik jr—r'| 


7 pee eee eee 12.29b 
AR Deen otk 4m |e—r'| - ( 


G(r—-r’) = G(R) = (2771) lim, |- 


Finally, one could have chosen the principal value in evaluating the 
integral and would have obtained yet another form for the Greens 
function. These are known, respectively, as the advanced, retarded, 
and stationary Greens functions. 

For our purpose, however, we recall that the Greens function 1s 
the scattered wavefunction at r for a delta source at r’. Furthermore, 
since we want the scattered wavefunction to be outgoing we must 
choose the contour of integration such that the Greens function has 
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an outgoing form’. Thus, we see that the proper boundary condition 
is imposed by choosing the contour shown in part (c) and the Greens 
function has the form 


(12.30a) 


Thus, the solution to the scattering problem is given by 
Qu 
w(r) = e™™ "+35 El avee- r)U(r') wir) 


ik |r—r'] 


Soa | d3y'< 7 U@ wer’) (12.305) 
2a ie \r—r'| 


2.4. BORN APPROXIMATION 


Although we have obtained the form of the Greens function, Eq. 
(12.30b) is not easy to solve. In fact, it is not always possible to 
solve an integral equation exactly. One can, however, solve it 
iteratively. Let us take the general solution of the scattering prob- 
lem and introduce the notation 


He = y+ El avGe- r)Ur u(r’) 


or 
2 


w= POs 2 GUw 12.31) 


Here we have represented e'** by ws. If we now substitute the 
lowest-order solution to the scattering equation on the rhs of Eq. 


(12.31), we obtain to first order 


Me YO + 7 Guy (12.32a) 


1 See footnote on p. 495. 
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Written out in full, this is 
b(n) = p(n +o tare ryUr) pr’)  (12.32b) 


If we substitute the first-order solution on the rhs of Eq. (12.31) we 
obtain to second-order 


2 
yy? = pO “tau + (4 ) GUGUb® — (12.33a) 
This, written out in detail, stands for 


(Fr) = Or) , oh wa d*r'G(r— PUT Or) 


2s 
ie (=e) [arr '@r'Ger-ryUr) G(r -—ryUr) por’) 
(12933) 


We can iterate to as many orders as we wish. This expansion is 
known as the Born approximation. It is quite useful if the strength 
of the potential is such that only few terms in the expansion are to 
be kept. Note also that the iterative solutions are of the same form 
as the perturbative solutions for the wavefunction resulting from the 
time-independent perturbation theory introduced in Section 4.2. 
Here the scattering potential plays the role of the perturbation. 

We restrict ourselves now to the first Born approximation so that 


We) = WC) +E | dr GO-P)U EW) 


ik |r—r'| 
iker L 3.,€& i\_,ikeer! 
= ~ d i itp sy2l 

: Hf per or eee 


The scattered wave in this approximation is given by 


ex ir—r’| 


UL aur ' k-r’ 
ee === || al U ; 12.34b) 
tae) ore | =o ( 


We examine the behavior of the scattered wave as r— «. Since the 
range over which the potential is nonzero is finite, r’« r, and hence 
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we can expand 


fp—F |= Pr ee) 


12 nw 1/2 3 
= (1+ 5-72) ~(1-") (12.35a) 
r lf 


We see that for large r we can write 


(12.35b) 


Furthermore, 
eik \r—r’| pe eikrG reir) = eikr—ik,-r’ (12.35c) 


where we have used the notation k, = kr/r for the momentum of the 
outgoing wave. For elastic scattering k, has the same magnitude as 
the momentum of the incident wave k, but is along the direction of 
the outgoing particle. 

The scattered wave for large distances takes the form 


ikr—ik,-r’ 
—_ & S) ,€ 1) 5 ik, -r’ 
W(r) eae Darhz | d r r U(r Je 
ikr 
Oo - a | dere WUC) 
T 
gue 


Here we have used k, to represent the momentum of the incident 
wave. Thus, in the first Born approximation the scattering amplitude 
is given by 


F(0, 6) = fll.) = 5 | dre’ EYP) 


(12.36b) 


Note that the scattering amplitude in the Born approximation is 
proportional to the Fourier transform of the potential with respect 
to the momentum transfer q~ k, —k,: the angular dependence of the 
amplitude is contained in the factor e'?". 
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Validity of the Born Approximation 


The wavefunction for the scattering problem is given by [see Eq. 
(12.306) ] 


(rv) = e'** + (Kr) 
ik |r-r'| 


SC nee 3 ,€ ' , 
=< anhe s{ a’ ae U(r’) Wr’) (42.37 a) 


In the first Born approximation we replace the wavefunction under 
the integral sign by the incident wave. Thus 


ik |\eor | 


Wp (vr) = ear | d?r’ Tail U(r')e*™ (12.37b) 
7 


We expect this approximation to be a good approximation if in the 
range of the potential 


|Wee(r)|« Je™*| = 1 (12.384) 
Since the influence of the potential is the strongest at the origin, if 


\W,.(0)|« 1 (12.38b) 


then this approximation should be reliable. 
Let us Solu that the potential is spherically symmetric. That is, 


U(r’) = U(r’). Then the Born approximation is valid if [from Eq. 
ete 
ek se 

i He fars pe U(r jena 

or 
else pet . 
E Hs2m|r 2 dr' sin 6’ d0’ —— U(r')e* 5° | « 1 

or 

Qu 1 ikr’ , 

Pk dr ee UGysin kr |< 1 (12.39a) 


This is the condition for validity of the Born approximation. We 
note that at low energies kr’ —> 0. Therefore, sin kr’ = kr’ and ee” ~ 1, 
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so that the condition for validity becomes 


2h 


2 «<1 (12.39b) 


| dr'r'U(r’) 
( 


) 


If the potential has a height U, and range r, then the Born 
approximation is valid at low energies only if 


pw |Uol rs 


el (12.40a) 


On the other hand, at high energies kr ><, the exponential in 
Eq. (12.39a) oscillates rapidly and picks up contributions only from 
r'<1/k, so that the condition for validity at high energies becomes 


2 |Uol 
Sad ch) LU 
Ree 
or 


' 
Weal PO (kro)? (12.40b) 


This shows that if the Born approximation is valid at low energies it 
is also valid at high energies; the converse, however, is not true. 
Equations (12.40a) and (12.40b) are equivalent to the condition of 
validity given in Section 5.5 [p. 204]. 


Coulomb Scattering Revisited 


We obtained the solution to the problem of the scattering of a 
charged particle in a Coulomb potential in Section 5.5. There we 
used time-dependent perturbation theory and commented that the 
result agreed with the classical calculation. We now show that the 
same result is obtained in the first Born approximation. Of course, 
some of the mathematical steps are identical in the two calculations, 
but it is important to point out the differences in the two methods 
and thus gain further insight into this important problem. 

The Coulomb potential, as we well know, is a long-range poten- 
tial. In fact, its range is infinite, and as a result the conventional 
phase-shift analysis does not work. The reason is not too hard to see 
physically. In the usual phase-shift analysis we assume that the 
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incident wave represents free particles at infinite separation and 
hence can be described by a plane wave. But it is clear that because 
the Coulomb potential has an infinite range, the incident particles 
feel the Coulomb force even at infinite separations and thus cannot 
be represented by a plane wave. Furthermore, the long range also 
has the consequence that even at low energies quite a few partial 
waves suffer appreciable scattering so that partial-wave analysis is 
not the right method to deal with Coulomb scattering. 

It is also clear that even at low energies the Born approximation 
for Coulomb scattering is not valid. Given that U(r) = Ze?/47e,r, 
the condition for validity given by Eq. (12.395) is not fulfilled since 


‘a3 


| arru()= | pire. eee (12.41a) 


0 ry) TEOr 


We recognize that this problem arises because of the long-range 
nature of the Coulomb potential. In practice, however, the Coulomb 
potential is screened, so we can get around the difficulty of Eq. 
(12.41a) by modifying the potential to bet 


U(r) = Z eae (12.41b) 


Atreyr 


The parameter m that we introduced defines the inverse range of 
the potential. It is clear now that the Born approximation would be 


valid if 
te 2 = Fee 
| arru(n|==#| | drr——=e 
0 h 


0 Ameor 


2 


h? 


Pe 
_ 2hZe ee 
h-m(47re,) 


This condition can be met by an appropriate choice of the parame- 
ter m. Thus, we can do all scattering calculations with the modified 
potential given in Eq. (12.416) and in the end take the limit m — 0) 
to obtain the result for Coulomb scattering. 


+ This is known as the Yukawa potential and was postulated to explain the force 
between nucleons arising from the exchange of mesons of mass m. 
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The Born amplitude for this process is 


ted ra or’ ’ 
fa (6, &) = fia(ki, ke) = —5 5 {ar ev Bar Cir) 
2 
tad 31, @/Weq-r' Ze —mr’ 
— d Op 
Qh? | be Aareor' 
(12742) 
Here q = fi(k; —k,) so that for elastic scattering 
q? = h(k, —k,)? = #7(k? + k?7—2k, - k,) 
2 ea: 
=h?(k? + k?—2k? cos 0) = 4p” sin” 5 
or 
oO 
q=2psin> (12.43) 


Z 


which is in agreement with our previous definition given in Eq. 
(5.346): 6 is the center-of-mass scattering angle. The integral in Eq. 
(12.42) is similar to that performed in Eq. (5.3556) and yields 


ae Zee | 2 (unar'cose’ © 
6, = — dr' sin 6’ dé’ dd'e® ar‘cos6’ 
fa (9, $) Qh? 47é5 pee sigs r’ 

Ze*u | Al Pe ee er 

= BR Sarg eae 3 r ' dr’ et e/Mar = (i/h)ar 
" Qah(4re,) iar’ ) 

pe is Ze* Li i r'(e fen emer gta Atlee’) 
ihq(47€o) Jo 


_ Zep 1 g 1 
ithq(47e,) Lm (i/h)q m+ (i/h)q 
Ze>w 2iq 


. ih?ql(4mey) m? + qe/he 
it 1 Zee 
=—--> > Se 12.44 
h? m?+q2/h2 47, Ceese) 


It suffices now to let m — 0, and thus the differential cross section is 


o70(0, 6)=lfa(®, 6) = (— ZY) (=e) 


q 
Ze ) Vig 1 
= 12.45 
ie 4p* sin* 6/2 ( ) 
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where we have used Eq. (12.43). This is in exact agreement with Eq. 
(538). 

Note that in the present calculation we did not have to introduce 
specific wavefunctions for the initial and final particles, even though 
we have done so implicitly by using the first Born approximation. 
Thus, it is not surprising that the two results agree. On the other 
hand, the agreement with the classical result—as already 
mentioned—is one of the accidental features associated with the 
Coulomb potential. 


12.5. INELASTIC SCATTERING 


We have seen in Section 11.2 that the final wavefunction in a 
scattering process can be written as [see Eq. (11.22a)] 


We (r) ae Win (¥) a (8) ae 


+ - 
AT) ———> == > ~ i (22g i(kr—tm/2)_ 9—ilkr—tm/2)) D (agg Q) 
t=o0 ZIKr 
= Pil ae II 216, eikr l+1, Ss 
~ © ike Fe +(-1) |P,(cos 6) (12.46a) 
t=0 


Here the phase shifts 6, are all real since the potential is real. 
Furthermore, if we define 


S, = e7% (12.46b) 


then the wavefunction for large distances can be written as 


214+1 
Wo LS 
i=0 2ikr 


[Sie +{-1)'**e  |P, (cos @) 
(12.46c) 

It is clear from Eq. (12.46b) that since the phase shift is real 

IS |=1 (12.47) 


Furthermore, from Eq. (12.46c) we see that this implies that the 
normalization of the outgoing wave is the same as for the incoming 
wave. This, of course, physically implies that the total number of 
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particles that come in is equal to the total number of particles going 
out. This can be seen in detail as follows: The radial flux at large 
distances is given by 


~~ Bf) 
= Qu [vi ae a a 


hk o 214+12I'+1 


ll armrorran ie 


: uw iv 2ikr 2Zikr 


[S*S, +(-1)*"*']P(cos 0) P, (cos 6) 
(12.48a) 


Consequently, the flux of probability out of a sphere of large radius 
R is given by 


| j-a8= | R? sin 9d0d6 = 27R?| j, sin 0 d6 
R 0 
(12.48b) 


If we use the expression for j, from Eq. (12.48a) and the orthonor- 
mality relations for the Legendre polynomials we obtain the expres- 
sion for the net flux out of a large sphere as 


| j-ds=2" ¥ i+ 1is\P-1) (12.48c) 
R BK Zo 


If the phase shifts are real so that |S,|"— 1, then the net flux out of 
the sphere is zero. This is a statement of conservation of probability. 
It says that the number of particles that enter into the interaction 
region is the same as the number of particles that exit: this is the 
case for elastic scattering. 

However, there occur in nature processes where the internal 
structure of the system changes. Such processes are known as 
inelastic scattering processes. For example, if we scatter neutrons off 
a complex nucleus, the neutron may scatter elastically. It may also 
scatter by raising the nucleus to an excited state or be absorbed by 
the nucleus. This means that the net flux out of a sphere in the 
presence of such processes (e., inelastic scattering) need not vanish 
anymore. In fact, it should be negative since we are losing a fraction 
of the incoming beam to other processes. This, therefore, implies 
from Eq. (12.48c) that in the presence of inelastic scattering. 


|S)? <1 (12.49a) 
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In this case ie can no longer write 
Se 
with 6, real. But if we let 
6, > 6+ in (12.49b) 
with 6, and 7, real we obtain 
Sie “Nees (12.49c) 


and this expression can describe processes where the particle flux is 
not conserved. It also shows that in the presence of inelastic 
scattering the phase shifts become complex. To understand the 
meaning of all this let us go back to the Schrédinger equation 
assuming the potential U(r) to be real 


gS (yp 12.50 
ih ey Tia Uj) ( a) 
* 2 
a ae u)u* (12.50b) 
at 2p 


Multiplying Eq. (12.50a) by w* from the left and Eq. (12.50b) by w 
from the right and subtracting the second from the first we obtain 
the following 


ay, ay" J. - ae r 
non ere weg e ru)e-(-g ovo) 
Or, 
i 0 * h? *~2 254% 
ih — (W*b) = —=— [B*Vb— (Vos) ws] 
ot 2p 
h? 
= ony [WV —(Vb*)p] 
fl 
Namely 


WW) =5— ie [UV —-(Vib*)b] 
which we recognize as the continuity equation 


ae ee (12.51a) 
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Integrating as before over the volume of a large sphere we have 


| oa PG o={ ar-v-)=-| dS-j 
Q ot ‘o s 
or, 


a d?rP(r, n= -| dS-i (12.51b) 
ot 2 s 


This tells us that if the flux out of a closed surface is zero, then the 
particles are in a stationary state and the total probability of finding 
them in the enclosed volume does not change with time. That is, 
there are no sources or sinks of particles. This result was derived by 
assuming that the potential is real. Let us now allow for a complex 
potential. The continuity equation then becomes 


F) h? 
it Wy) = 5 V WV — Vy) + (UU) 
(123520) 
Furthermore, if we write 
U = Ug —iU; (12.52b) 


with Up and U, real, then the continuity equation becomes 


2 


a h 
ih— P(r, t)= ——V- (b* Vis —Vus* bs) — 2iU,P€, t) 
ot WAT 
or, 
a) , # 
Pr P(r, t)=—-V-j 5 GiPirst) 
and finally 
a 2 
at (ftv = Up eiet) (2326) 
ot h 


Note here that two distinct cases may arise. If the net flux out of a 
closed surface vanishes, then 


V-j=0 


and 


) pe 
af P(r, t)= a U,;P(r, t) 
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or, 
Ppieeo (12.53a) 


That is, the probability of finding particles in the enclosed volume 
changes with time. Therefore, particles are no longer in stationary 
states. It is clear from Eq. (12.53a) that if U,>0 the potential acts 
as a sink, whereas if U,;<0 the potential behaves like a source of 
particles. 

In scattering theory, however, we assume the wavefunctions to be 
stationary states. This leads to the second possibility, namely, 


6) 
— Pir t)=0 
ot 

and hence 


2 
ee a) (12.53b) 
fh 


Integrating over a large volume, we obtain 


2 
| d°rV -j=-= | d°*rU,;P(r, t) 
0 h Jo 
or, 
a 2 3 eZ 
j-dS=-—] d°rU, |¥| (12.53c) 
s h Jo 
This means that the inelastic processes such as absorption in 
scattering can be described by introducing complex potentials which 
in turn lead to complex phase shifts and result in a nonzero flux out 


of a closed surface. Furthermore, the lhs of Eq. (12.53c) simply 
measures the flux removed from the incident beam. Hence 


poe leee 
O absorption — TF inelastic ~ ~ Ak { J “dS 
Ss 
- a ¥ 2+ -|8,)3) (12.54) 
t=O 


Here we have used the expression of Eq. (12.48c) for the net flux 
out of a closed sphere. From the definition of the scattering amp- 
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litude 
2141 
f(0)= Sy cael te 28, _ 1)P (cos 0) 
zo 2ik 
=) = (S.- 1)P,(cos @) (12.55a) 
t=0 


we obtain the total cross section for elastic scattering as 


0 elastic — | sin i) dé dp \f(@)|? 


= Deere 1 (12.555) 
t=0 


The total cross section, which is the sum of the elastic and 
inelastic scattering, is given by 


Orot = Felastic ag Oinelastic 


= 2 = (21—1)(\S,— 1+ 1—|$,)?) 
-3 ¥ (21+ 1[1—Re(S,)] (12.56a) 


This reduces to the familiar expression for total elastic scattering 
when the phase shifts are real [Eq. (11.23c)]. It is easy to see from 
Eqs. (12.55a) and (12.56a) that 


Oe." Imlf(0 = 0)) (12.566) 


That is, the optical theorem remains valid even in the presence of 
inelastic scattering. 

An example of inelastic scattering is shown in Fig. 12.3 where the 
inelastic Cross SECTION Gjneiastic IS QIVen by the difference of the two 
curves which represent a} and Ogjaqic. respectively. A further exam- 
ple of inelastic scattering is shown in Fig. 12.6(b) where the phase 
shift 6, is plotted in the Argand diagram. Clearly, for energies 
E> 1500 MeV, the magnitude of S, is |S,|<1. indicating that the 
phase shift in that particular wave has become complex. 

From Eqs. (12.54), (12.55b), and (12.56a) we see that when 


SCATTERING: PART II Sa) 


S,=1, there is no scattering whatsoever in the Ith wave. When 
S, = 0, there is complete absorption in that wave and we have 


GD elastic ~ TF inelastic — 3C rot a = > (21 su 1) 2 Sia) 
1=0 


If the absorbing potential has a range a, then in the limit of very 
high energies l,,,, = ka. Using this in Eq. (12.57a) we obtain 


5 
GO elastic — A inelastic — TA 


(1257p) 

Cia = 2a 
This is referred to as scattering from a black disk, and the elastic 
scattering is called shadow scattering. Note the close analogy of the 
terminology with the diffraction of light from an opaque object. 

We see that whenever inelastic scattering takes place it is always 
accompanied by elastic scattering. However, the converse is not true 
since if |S,|=1, Oinetastic= 0 but Cetastic * Sin? 6, Furthermore, the 
angular distribution in the reaction channels for inelastic scattering 
is determined by the dominant partial wave, just as it is for elastic 
channels. The same correspondence holds for the energy depen- 
dence of the reaction amplitudes. For example, a resonance can 
occur simultaneously in several reaction channels and will always be 
reflected by a resonance in the elastic channel. In that case each 
resonating channel contributes a partial width I, the total width of 
the resonance being given by 


ie (12.58) 


An interesting example is neutrino inelastic scattering 
V1 — eh 


Here X stands for combinations of any other particles. The ob- 
served energy dependence for this process [with (E,),,, in GeV] is 


Tic 0.65% 10 (Bs) ng (cm) (12.59a) 


Neutrinos interact only weakly and we believe that the weak in- 
teraction is of very short range. For practical purposes we treat this 
as a point interaction and hence only |!=0 waves can contribute. 
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Thus, theoretically, 


Aas ee 2 : 


Cie ~ 


Here we have assumed that we are looking at very high 
energy scattering so that hkc = Ecy, (i.e., the neutron mass has 
been neglected). We can show for the present case that 
Een = 2m,c*(E, a» SO that combining Eqs. (12.59a) and (12.59b) 
we obtain the bound 


—38 2 Ec 
ror = (0.65 X 10° cm i - 


las 


or, 
Bey 1.6% 10'*(Gevy- 


or, 
(Een 10 Ge. (12.59c) 


We conclude that o,,, for neutrino scattering cannot continue to 
depend linearly on energy when E~ 10° GeV. At such energies 
partial waves with |=1 must participate in the scattering. If this is 
true the range of the weak interactions must be finite and greater 
than 


e 1 he he | _ 0. 2 GeV-F 
CS a) ——— 
Kiim Chktim i a 10° GeV 
ae 


In fact, recent well-established theoretical models predicted the 
range of the weak interactions to be about 10 times above this 
limit, and this has been brilliantly confirmed by the experimental 
discovery of the W* and Z” particles. 


12.6. CONCLUSION 


We have dtscussed how to incorporate the indistinguishability of 
particles into the scattering formalism. Resonance scattering and the 
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energy dependence of the scattering amplitude have also been 
discussed in detail. The integral equation method for solving the 
scattering problem is quite useful. We have discussed such solutions 
with emphasis on the Greens function techniques. Furthermore, we 
explained the Born approximation and discussed its validity. It was 
then applied to the case of Coulomb scattering. Finally, we also 
discussed the modifications necessary in the scattering formalism in 
the presence of inelastic scattering. 


Problems 


PROBLEM 1 


Consider the scattering of two electrons in the center-of-mass 
system. Assume (1) no spin flip; (2) unpolarized beam; (3) un- 
polarized target; (4) no polarization measurement in the detectors. 
Find the provability for scattering through an angle @ as given by 
Eqs. (12.6) and (12.7) of the text. Do this by direct counting of all 
spin states and by more general arguments using eigenstates of the 
total spin operator. Show that you obtain the same result in both 
cases. 


PROBLEM 2 


(a) The range of nuclear forces is of the order of 1 F so that the 
relevant Yukawa potential [see Eq. (12.42)] has m=1F. 
Use this value to plot the differential cross section for 
Yukawa and Coulomb potentials as a function of q* for a 
particle of incident momentum p = 10 GeV, can you tell the 
two apart? 

(b) Discuss the physical assumptions :mplicit in the Yukawa 
theory and its relation to the mass of the w-meson. 


PROBLEM 3 


Derive the Greens functions for one-dimensional scattering: 


5 


dG 
EG (x, x’) + k?G(x, x') = (x —x’) 
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with the property that 


Gey ee 
t 


flere X—x'—> —co 


PROBLEM 4 


Consider a potential of Gaussian shape 
U@)= Ac = 


where Ry can be called the root mean square radius. The data in 
the figure (from Barbiellini et al., Phys. Lett. 39B, 663 (1972)] give 


Vs =53 GeV 
S 
oO 
1G) 
Tt 
fo) 
(= 
oO 
) 
ke 
res 
=) 
(2) 
O 
ques 
2 
100 005 00 05 0% 02 0% 035 
—t (GeV/c)? 


Differential cross section for p—p elastic scattering at center-of-mass energy squared 
s — 2800 (GeV)?. 


558 QUANTUM MECHANICS 


the differential cross section for p—p elastic scattering in terms of 
the momentum transfer 


7) 
—{= 24 Bh thn Pies 
q p* sin 5 
do_m do 
dt p*dQ 
at an equivalent incident momentum p= 1500 GeV (1 GeV = 
10° eV). 
(a) Obtain the differential cross section do/dQ for the Gaus- 
sian potential. 


(b) From the data of the figure estimate the root mean square 
radius Ro. 


PROBLEM 5 


Let U(x, y, z)=0 except for the region 


av a ay? 
v<(5). y<lg). #=(5) 
Set Ea 2 
which is a cube of side length a. The strength of the potential is V,, 
inside this cube. A plane wave e'* is incident on the cube. What is 


the differential cross section as a function of the angles 6 and # in 
the Born approximation? 


PROBLEM 6 


Consider a spherically symmetric repulsive potential 


a 
U(r ia; aw 
r- 


Use the Born approximation to calculate the angular dependence 
as well as the energy dependence of the differential cross section. 
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PROBLEM 7 


Use the Born approximation to determine the total scattering cross 
section for particles of low energy in a potential of the form 


a 
U(r) =. a> 
r 


Appendix 1 


The Fourier Transform 


Consider a function f(x) defined in the interval -x<x <~. If we can 
express f(x) in the form 


1 7 : 
f= Gor dke*g(k) (A1.1) 


then the function g(k) is said to be the Fourier transform of f(x). 
We see that the Fourier transform can be thought of formally as the 
limit of a Fourier series when the period tends to infinity. Further- 
more, we note that the relation of Eq. (A1.1) is invertible. That is, 
multiplying both sides of Eq. (A1.1) by an exponential and integrat- 
ing Over x we obtain 


gol! " —ikx 1 —ikx 1 pike! ; 
Dale dxe MA) = sap | dxe : Soa | av ef ™o(k’) 


1 ae 
= | dk'g(k’) a | axes x 
L1 
We recognize [see Eq. (A2.7)] that 
i : : 
— | det = 5(k =k’) (A1.2a) 
27 


where 6(k~ k’) is the Dirac delta function. Using this relation and 
the properties of the delta function, we obtain 


l —ikx ; ; , 
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Or 


a oo tex 
g(k)= Qn)? | dve f(x) (A1.2b) 


That is, if g(k) is the Fourier transform of f(x), then f(x) is the 
inverse Fourier transform of g(k). Note that the factor of 1/27 is 
used differently by different authors. We have defined it so that the 
Fourier transform and its inverse are symmetrical. The advantage of 
this definition is that if a function is normalized, then so 1s its 
Fourier transform. 

To see this note that if 


| axp*cofee = 
Then 


: : i aay 
| dke*(k)g(k dk ——- Gaye ss | axpe™ On) [ave f(x’) 


dx dx FRODF(X) 5 -— ~ | ake * na 


= fakes 
= 
=|| dx dx'f*(x)f(x)6(« —x’) 
- | axf*(x)f(x) = alk (A1.3) 


Examples of Fourier Transforms 


(i) Let f(x) = 6(x). Clearly in this case 
(=a | dxe 800) =p (A1.4) 
8 Qa)? (2ar)'/? 


In other words, the Dirac delta function in coordinate space, has a 
constant value of 1/(27r)'/” in momentum space. Conversely, we can 
show that a momentum delta function has a constant value 1/(27)'* 
in coordinate space. 
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(ii) Let f(x)=e7***’?. This is a Gaussian peaked at the origin and 
with a width proportional to 1/a. For this function 


l BCX Ole Ke 
gtk) = 5s | axe se (2: 


1 ee 


a (2a)'/? 
= 1 d “U/2(ax +ik/a)? 4 —k 2/202 
(2a)'/2 xe 
I —k?/2a? —1/2ax +ik/a)? 
ay dxe 
mar 
= : 2202 L | daze” 
(2a)? oO 


The integral (where we have set z = ax + ik/a) can be evaluated by 
contour integration and is well known to yield (27)'*. Thus 


g(k)=— eK (A1.5) 
(64 
This shows that the Fourier transform of a Gaussian is again a 
Gaussian but with an inverse width. That is, in this case the width of 
the function is proportional to a, so if we have a very narrow 
Gaussian function in coordinate space. then it will be spread out in 
momentum space, and vice versa. 

(ii) Note that a Fourier transform takes a function from config- 
uration Space to momentum space, and vice versa. In general, it can 
be defined for any pair of conjugate variables. This is useful because 
sometimes working in the conjugate space can simplify a problem. 
We now show this with the following example. Let 


g(k) | axe*f(x) 


ze (2ar)'/? 


If G(k) is the Fourier transform for df/dx, then 
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1 d ; ; 
= Qn) | ax} = [e f(x) ]+ ike-*4(x)| 


1 —ikx a) —ikx 
= Gane ESF (x) [oe at ik Fin <a | dxe F(x) 


If the function f(x) is regular, then the product e “*f(x) evaluated 
at infinity vanishes (because of the rapid oscillation of e ‘“*). Thus, 
the first term drops out and we obtain 


G(k) = ikg(k) (A1.6) 


This shows that the differential operator d/dx behaves like a multi- 
plicative factor in momentum space. In general, differential operators 
in One space behave as multiplicative factors in the conjugate space. 
Hence, the study of differential equations (such as the Schrédinyger 
equation) in coordinate space reduces to a study of algebraic equa- 
tions in momentum space. 

(iv) We conclude by listing some useful relations between Fourier 
transforms. If g(k) is the Fourier transform of f(x), then the 
transform of the functions listed below is given in terms of g(k) as 
indicated 


Function Fourier transform 
f(x) g(k) 

He te) e'“49(k) 
e'™*f(x) g(k —p) 
f(x) g*(~k) 


f(-x) g(—-k) 


Appendix 2 


The Dirac Delta Function 


A. PROPERTIES 


The Dirac delta function is a generalized function defined by the 
relation 


[ ee ate) (A2.1) 


The integral picks out only the first term in the Taylor expansion of 
the function f(x) around x,, and this relation must hold for any 
function. Suppose we now choose an arbitrary function that is 
nonzero everywhere except at the point x) where it vanishes: 


f(x) =0 at Xx =X 
= nonzero everywhere also (A2.2a) 
Clearly in this case Eq. (A2.1) gives 
§ dx 8(x — x) f(x) =0 (A2.2b) 


and since this relation must be true for any arbitrary form of f(x) 
outside of the point x», we conclude that 


O(x—xX_)=0 if xF#X_ 
It is clear from Eq. (A2.1) also thatt 


5(x-—X))=% at X=Xo 


t+ Note that the Riemann-Lebesgue definition of integration gives 
| dxf (x)g(x) = lim, {c aL, fixed} 


where the path along which integration is performed is divided into equal parts of 
length a. 
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Thus, we see hat 
o(x—Xq)=0 if bo ap a 
=C3 jhi se oe, (A2.3) 


The delta function is normalized to unity as can be seen from the 
defining relation Eq. (A2.1) if we choose f(x)=1. That is 


§ dx 8(x—x9)=1 (A2.4) 


All the above results show that the delta function cannot be 
thought of as a function in the usual sense. However, we can think 
of it as a limit of a sequence of regular functions, as we will see 
when we discuss the representations of the delta function. We often 
depict the delta function by a curve as shown in Fig. A2.1, where 
the width is supposed to tend to zero and the peak to infinity, 
keeping the area under the curve finite. 


f(x) 


=i 
0 


FIGURE A2.1. Schematic representation of the Dirac delta function 5(x). 


Let us derive some of the properties of the delta function without 
assuming any particular representation for it. 


(i) J dx 8(x)f(x) = f(0) (definition of the delta function) 
(ii) &*(x) = 5(x) i.e., it is real. 


To see this note that since (i) must be true for any function, if we 
choose a real function we have 


[§ dx 5(x)f (x) }* = f*(0) = f (0) 
or 
§ dx 5*(x)f(x) = f(0) =J dx 5(x)f(x) 
Comparison gives 6*(x) = 6(x) 


Gn) d(x) =6Cx) i.e., the delta function is an even func- 
tion 
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To see this we again take the defining relation and use an even 
function f(x). In that case 


J dx 5(x)f(x) = f(0) 
If we make the change of variable 
Ma oN 
then the lhs becomes 
J dx 8(—x)f(—x) =J dx 6(—x)f(x) 


The value of the integral, however, does not change under a change 
of variable, so we conclude that 


§ dx 6(—x) f(x) = f(0) = J dx 6(x)f(x) 
This shows that 6(—x) = 6(x) 


1 
(iv) S{ax)=— d{x) for a>0 
From the normalization condition we see that 


| dx 6(ax) = | - d(ax) (ax) 


1 1 
== | dyay==. y = ax 
a a 
Comparison with f dx 6(x)= 1, shows then that 
r a 
olax) = O(NX} 
a 


We list below some further properties of the delta function without 
actually proving them. They are, however, relatively simple to 
prove. . 
(v) f dx 8'(x)f(x)=—f'0), where 8’(x) = a 5(x) 
x 


(vil ae A(X) 
(vii) x 6(x)=0 


(viii) 8(x°= a7) =5-[6x—a) +8(x+a)] for a>0 


(ix) f(x) 6(x —a) = f(a) 6(x —a) 
(x) J dx 6(x — b) 6(a—x)=8(a—b) 
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B. REPRESENTATIONS 


As we noted earlier, the delta function can be thought of as a limit 
of a sequence of regular functions. We now show this by giving 
some simple representations of the delta function. 

(1) A representation of the delta function is given by 


1 sin gx 


8(x) = lim (A2.5) 


T x 


FIGURE A2.2. The ‘‘diffraction amplitude” [sin(gx)]/x which is a representation of 
the 6-function in the limit g > ~. 


Pictorially, this function for any particular value of g looks like a 
diffraction amplitude with a width proportional to 1/g; it is shown in 
Fig. A2.2. For every g the function is regular. As we increase the 
value of g the function peaks more strongly at x =(), and hence in 
the limit g — « it behaves like the delta function. That it has the 
properties of the delta function can be seen by evaluating the 
integral 


© i 5 1 £ igx 
ie him, | ax 2 f(x) = Jim — | dx — f(x) 
gZ—>co is) 7 x Ea oe oh) ae 8 
eee | 3 d(ex)e= ( ) 
= lim — armies 6: 
BF ay a g x g 


Defining y = gx, the integral can be written as 
to( ee Ss ee aa ee 
ran fo 2)-mm bf ot) 
Tse y \g Tt J_o yg 


This integral can be evaluated by using the method of residues. 
There is a pole at y =, and the residue of the integrand at the pole 
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is f(0). Therefore the value of the integral is 


1 sin sin gx 


r= Jim [de> S22 f(x)=~ wif(0)=f(0) (2.6) 


T 


Equation (A2.6) is nothing other than the definition of the delta 


function, so we can identify 
.  Lsin gx 
5(x) = lim eee 


23 TT 


(2) It follows from the above that an alternate representation of 
the delta function is 


d(x) =— | dke'** (Aee7) 
lar ee 


This can be seen as follows. 


J sin gx _ 


4 
o 
to 
| 


Therefore 


liks tari, 
B(x) = lim — we tim =~ | dke* 
Ti TT 


I thr 
5 oh | ; dke 
From the definition of the Fourier transform. we immediately see 
that the delta function is simply the Fourier transform of the 
constant 1/(27)!/”. 

(3) Another useful representation of the delta function is 


a 1/2 
5(x) = lim, (<) (ae (A2.8) 
7 Oar 


This is a normalized Gaussian function of standard deviation 

1/(2a@)'? which tends to zero as a ¥. [ts height is proportional to 
a'’? and it peaks at x =0. Mathematically, the equivalence of this 

Sian to the delta function is established by showing that 


ta [Ja(2) “em a] -ro 
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Other representations that are encountered in various applications 
are 
> ell E 
(4) 56(x) = lim (A2.9) 


a mn >? 
0 TX + e° 


(5) Bj) (A2.10) 
dx 


where 6@(x) is the step function which is defined as a generalized 
function through 


A(x) =O, xs0 
=1, x20 


The step function 6(x) is shown in Fig. (A2.3). 


F(x)] 


FIGURE A2.3. The step-function @(x). 


Appendix 3 


Normalization of Plane Waves and Wave 
Packets 


In this appendix we discuss the question of normalization of 
wavefunctions. Let us begin with plane waves defined by 


od; (x, t) = Ae et") (A3.1a) 


where A is a constant. We have noted that such a function is not 
normalizable because 


co 


ie dxbt(x, Nd(e,)=[ delAP>% (A318) 


As explained in the text, a plane wave represents a particle whose 
position is completely uncertain. In practice, however, we always 
deal with particles that are localized to some degree. Furthermore, 
the form of the plane wave is simple enough so that we can 
circumvent the difficulty of normalization in the following wavy. 


A. NORMALIZATION TO DIRAC DELTA FUNCTION 


The form of the plane waves allows us to normalize them to the 
Dirac delta function. From the definition of Eq. (A3.1a@) we see that 


co 


| dx (x, t)h,(x, t) = | dx |A|? eile ety —itk -k)x 


= |A|? Sa | dxe tk -kx 


=|AP e920 5(k—k’) 
= 2a |A|* 5(k —k’) (A3.2a) 
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Here we have used the definition of the delta function [see Eq. 
(A2.7)] as well as the fact that when k =k’, then w = w’. Thus, if we 
require that 


foe] 


| dx? (x, t)dh,(x, t)= 6(k —k') (A3.2b) 


the normalized amplitude of the plane waves will be determined to 
be 


1 


= oJ 
(2a)'” 


A=A* 


Or 


See —— p—itwt—kx) (A3.2c) 


Note that we have chosen the phase of the amplitude to be real. 
Furthermore, from the properties of the delta function we recognize 
that this normalization is divergent at k = k’. Therefore, the expecta- 
tion value of operators, or the average value of observables, has to 
be defined carefully as 

(Q)= ~~. AX f(x, t) Od, (x, t) 
co AX E(x, Db, (x, t) 
We emphasize here that this has to be calculated carefully because 
in this case both the numerator and the denominator diverge. 


(A3.3) 


B. BOX NORMALIZATION 


An alternate, simpler, and more frequently used normalization for 
the plane waves is the box normalization. Here we assume that the 
physical space (in this case one-dimensional) extends from —-L to 
+L, where L is large. Clearly then we can normalize the plane 
waves in this box by demanding that 


| HE RIeo Or Caen 
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or, 
L 
| aval Arent 
-L 
leading to 
i 
AR AOS penar2 (A3.4a) 


Therefore the plane waves can be normalized inside the box in 
which case we write 


aes (A3.4b) 


ae 
(apy © 


od; (x, t)= 


Note that this form of the wavefunction is properly normalized for 
every value of the length L. However, orthogonality of the 
wavefunctions requires that we use periodic boundary conditions 
when using box normalization. This can be seen as follows 


E bagi Pc has 
| dxd* (x, t)dhy(x, == | dxei'’-@ to —Uk—k )x 
_ ito -ane Sink = KVL 
e (k RL (A3 Sia) 
If k# k’, this will be zero only if (k —k’)L = Im, where | is an integer. 
This condition is satisfied by 


ane . (A3.5b) 
k'L=ma7 (n, m integers) 
Clearly, with this condition, 
&,,(L = e ifort kL) e (@ttkL) 5 2ikL 
= o,(-L, ject 
or, 
6 Ga —G.(- EP) (A3.5c) 


In the case of box normalization, the average value of observables 
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can be written simply as 


(Q)= | dxdi(x, t)Od, (x, t) (A3.6) 


Furthermore, since the box length 2L ts an artifact of our method of 
calculation. physical observables must be independent of L. There- 
fore, at the end of a calculation we can take the limit of the box 
having infinite length to recover the entire physical space. 


C. NORMALIZATION OF WAVE PACKETS 


Wave packets, as we have already explained in the text, are a 
superposition of plane wave states of different momentum. They are 
sufficiently localized in space so that there is no difficulty in nor- 
malizing them. This should be contrasted with the plane waves that 
extend over the entire physical space, which is the sole cause of their 
nonnormalizability. Given any wave packet. however. we can always 
normalize it by multiplying by an appropriate constant. We now 
show this for the case of the square-wave packet. That is, we set 


A(k)=1 for k,sksxk, 
=0 for k<k, and k>k, (A3.7a) 


The momentum space wavefunction is defined {see Eq. (1.59)] 
through 


o(k, t) = N,e~*'A(k) (A3.7b) 


Here N, is the normalization constant to be determined. We impose 
the normalization condition 


| dkb*(k, t)o(k, t)=1 


ox 


so that 


cc 


[Ni |? i dk |A(k)|?=1 (A3.8a) 
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From the form of A(k) in Eq. (A3.7a) we see that the integral on 
the lhs reduces to 
INi |? (ko— ki) = 1 
or, 
1 
Nea NGS pea (Ak =k,~—k,) (A3.8b) 


Thus, the normalized momentum wavefunction has the form 


k,<k<k, 


(A3.8c) 
Ke, and kk, 


The coordinate space wavefunction can be obtained by taking the 
inverse Fourier transform of (Kk, t): 
od ( t) l [ dko(k t) ike I [ak Her kx) 
Ci = 5 TN ary e 
(2a) 1/2 ee (20 Ayn he, 
(A3.9a) 


Expanding w(k) around the central value k,=(k,+k,)/2 and keep- 
ing only the linear terms, i.e., writing 


ah) Ga ~k) a ae 
ko 


the coordinate space wavefunction becomes 
1 ae 

(x, t) = | dke ~ileot +k —ky)v,t—kx ] 
2 (2a Ak)" J, 


k, 
1 “Heaton | dke i(k —k,.)(u,t—x) 
k 


~ Qa Ak)? © . 
oe 1 a il d =izivt—x) ( = k =k ) 
(Zakk) = —Ak/2 3 : a ; 
1 too tk. x) SIN[AK(u,t— x)/2] 
ee LCT a2 Sort) cae ae (Ae 
(Qa Ak) 2 © (UE x) 2 ae 


which is in agreement with the form of Eq. (1.61b). Furthermore, 
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remembering that normalization is maintained under a Fourier 
transformation [see Eq. (A1.3)], we recognize that the wavefunction 
(x, t) must be normalized. 

Conversely, we could have started with the coordinate wavefunc- 
tion calculated in the text [see Eq. (1.61b)]. 


~i(eagt—k,x) Sin Ak/2(v,t — x) 


G(x, t)= 
ee (Op )/2 


(A3.10) 


which as can be readily checked ts not normalized to unity. To 
define a normalized wavefunction, we let 


d(x, t)= AG(x, t) 
sin ak) ZU — x) 


= Ae i@ot—kox) 
(Oel= ee 


(A3.11) 


where A is the normalization constant to be determined. The 
normalization condition requires 


| axe ( tdlx, —1 


Or, 
oa in Ak/2(v,t — x) 17 
ap| ay| mee : =a 
Ee ie ai (Ot —x)/2 
namely 
oo po 
|A|?2 ak| dy a Ya (A3.12a) 


Here we have defined y=Ak/2(v,t—x). The integral can be 
evaluated by the method of residues and has the value 7. The 
normalization condition therefore constrains the constant A to take 
the value such that 


|A/?2 Aka =1 


or 
1 


SS a as mle 
(2a Ak)*? Ga? 


A=A* 


Here again we have chosen the phase of the constant to be real. The 


576 QUANTUM MECHANICS 


normalized wavefunction in the coordinate space is then given by 


1 ~i(cot—k,x) SIN AK/2(vgt — x) (A3.12c) 


d(x, t) ar 


Qa Ak)? © (ugt -on/2 


which is in exact agreement with the result of Eq. (A3.9c). 

It is straightforward to show that the Fourier transform of (x. ft) 
as given by Eq. (A3.12c) reproduces the normalized wave packet in 
momentum space $(k.t) as given by Eq. (A3.8c). This is to be 
expected and we do not give the calculation here. One essentially 
retraces the steps that led to Eq. (A3.9c) and to do so one must 
perform a contour integral. The integral yields zero when k <k, or 
k>k,, while it is finite and constant when k, =k <k,. 

Similar considerations apply to all forms of wave packets. In 
addition to the square-wave packet which we have analyzed here. 
the Gaussian packet is also often used. [For more details the reader 
can consult L. I. Shiff, ‘Quantuin Mechanics’. Third Edition, p. 60. 
McGraw Hill, N.Y. 1968]. 


Appendix 4 


Review of Matrix Algebra 


A. Definitions 


A properly arranged array of n X m numbers is called a matrix. We 
will restrict ourselves to square matrices and will represent an 
n-dimensional square matrix by writing 


Qi; Giz Ayr *** Ai 
Az, QA22 423 *** Ar, 

; (A4.1) 
Ani a,2 an3 ara 2 Ann 


The number a, is the matrix element belonging to the i-row and 
j-column of the array. We will consider matriccs with elements that 
can be complex numbers. In this appendix matrices will be indicated 
by using a caret or an open font symbol. For example, 


A, 6,1 


indicate matrices. The symbol 1 is reserved for the unit matrix of 
any dimensionality 


daca 
The matrix elements of 1 are given by the Kronecker symbol 
6; (A4.2) 
which equals 1 if i=j, and zero otherwise. 


Son 
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The sum of two matrices 
A+B=C (A4.3a) 
is obtained by the addition of the corresponding elements 
Cj = Ay + Bi (A4.3b) 


and similarly for subtraction. A matrix can be multiplied by a scalar 
(number) P Z 
D=hA (A4.4a) 


by multiplying every element of the matrix by A 
Dj = AA; (A4.4b) 


The associative and distributive properties of addition hold with 
respect to multiplication by scalars. 


B. MATRIX MULTIPLICATION 


The product of two matrices A and B is another matrix D 
AB) (A4.5a) 
where the matrix elements of D are 


Dy) Ayan (A4.5b) 
k 


A useful mnemonic for the definition of Eq. (A4.5b) is to recall that 
to form Dj, we take the i-row of matrix A and rotate it so as to 
juxtapose it to the j-column of matrix B. We then multiply the pairs 
of numbers and add them up. This operation is depicted in Fig. 
A4.1 through the motion of the thumb and index of the left hand. It 
is clear from the above that square matrices can be multiplied only if 
they have the same dimensionality. 
As an example consider the matrices 


7 “Sas e374 
A i wee Bewl? @& 6 
A). eo 15 4 
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FIGURE A4.1. Forming the D,, element of the product matrix D =A - B. Place the 
thumb and index of the left hand to span the second row of matrix A and rotate it to 
bring it adjacent to the third column of matrix B. Then multiply the corresponding 
elements and add: D,,=(—1)x1+0x6+3x4=11. 


Their product is 
19 37 40! 
D=A-B-|-1, 12 11 
| 
Matrix multiplication is not commutative. In general, 
2A AB (A4.6a) 
Clearly, the elements of F are given by 


F=) BAS (A4.6b) 
t 


That F# D is easily checked. Our previous example yields 
9 5 38 
F=B-A=|26 -36 n) 


which differs from the matrix D. 

We can also define the multiplication of a column vector by a 
matrix: the result is a new column vector. Let the vector x be 
defined by the components (x,, X.,...,X,). Then 


A-x=y (A4.7a) 
where the components of y are given by 


a= » AX (A4.7b) 
Kk 
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Similarly a row vector € can premultiply a matrix B to yield a new 
row vector nH 
—é-B=yn (A4.8a) 


where the components of ym are given by 


Ul » By - (A4.8b) 
t 


These operations can be visualized in terms of our mnemonic rule as 
shown in the following examples 


2 ae 3 
edo (o 0 | 3|= +| 
4 -7 9/\-2/ \-31 

FT, a 

22 Diget s 1\ 5 ee 

_ ee Se 

n=€-B= 26. 
a4 


C. DETERMINANTS AND INVERSE MATRICES 


We know that for every vector we can form its magnitude 
|x| = (¥; x7)'/°, which is a scalar quantity. Analogous scalar quantities 
for a matrix are its trace and its determinant. The trace of a matrix is 
the sum of its diagonal elements 


Mies (A4.9) 


For instance, for the matrices A and B used in the previous 
numerical examples 


TrA=11 TrB=10 


The determinant of a matrix A is the scalar resulting from the 
sum of all possible products of the elements of the matrix, but where 
one and only one element from each row and each column is 
involved. Each product is assigned a plus or minus sign according to 
the following rule: we join every pair of elements involved in a 
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product by a line segment; if the total number of segments sloping 
upward to the right is odd, the product gets a minus sign. Otherwise it 
gets a plus sign. 

This definition seems cumbersome and can be better understood 
for matrices of low dimensionality. Consider a 2x2 matrix G. The 
determinant is obtained by forming the two products along the 
diagonals as shown 


a b . 4 
é-(° 4 derG= x 


(=) (+) 
det G = ad — cb = 81:82 821812 


The method of the diagonals can be extended to a 3X3 matrix 
(but not to matrices of dimension n>3). Given a matrix K 


a, DD. ey | ieals 
f ; A <a a a 
: a D 8G ; \S < x 
Ket d we f det Kee |d © i ial «~ 
BS WS 
ae: a 
g oh i ae Tt 


its determinant is defined as 


det K = aei + bfg + cdh — gec — hfa — idb 
a K,,K2K33+ K ,.K>3K3, ae K \3K>,K32— K3,;K>.Ki3 
ia K32K53K, if K33K3,Kj2 
Next we consider an arbitrary square matrix A and delete the }-TOW 
and i-column containing the element A,. The determinant of the 


remaining matrix is called the minor of A, and we indicate 1i by M1, 
The cofactor of the element Aj; is 


Ci =a se 1)'"'M;, (A4. 10) 
In terms of the cofactors the determinant of A can be written as 


actA) AgG: (Ad 11a) 
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where i can be any one row of the matrix, or equivalently 
dct A=> ALG, (A4.11b) 
i 


where j is any one column of the matrix. Note that Eqs. (A4.1 1a) 
and (A4.116) do not represent matrix multiplications. As an appli- 
cation let us obtain the determinant of the matrix K used in the 
previous example by expanding along the first row 


det K= aM,,—bM,.+cM,3 
= a(ei—hf)— b(di— gf)+c(dh — eg) 


This result is the same as obtained previously. 
We note some of the properties of the determinant: 


1. If all elements of any row or column are zero the determinant is 
Ze£0. 

2. If two rows or two columns are interchanged the determinant 
changes sign. 

3. If two rows or two columns are equal to each other or in constant 
ratio the determinant is zero. 

4. The determinant of the product of two matrices equals the 
product of the determinants 


det(A - B) = (det A )(det B) (A4.12) 


Given a matrix A with det A#0 we can find its inverse matrix 
A‘ such that 


A:A™'=1 (A4.13a) 


The elements of A ' are given by the cofactor of the transposed 
element of A divided by the determinant of A 


~ we 
det A 


To show the validity of this equation note that 


(PN OF (A4.13b) 
\ 
=) SSA. - =. 
2 An(A i aaa D AuGy (A4.13c) 


If k ~j in the above equation the sum on the rhs equals det A, and 
thus Eq. (A4.13c) equals 1. If k#j the sum on the rhs represents 
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the determinant of a matrix with two identical rows; this equals 
zero. Thus 


» A,i(A~');; am 8x; 


as demanded by Eq. (A4.13a). 
As an example consider the matrix 


i 1. 23 
af 1 0 | 
=a | 


and let us find its inverse. The determinant has the value 
det A =—10 
The cofactors of A are obtained from Eq. (A4.10) C, = (—)''M;, so 


that 
Sen 55 
e-(-1 =) 3] 
t <4 


and therefore the inverse matrix is (remember to transpose and that 


det A =—10) 
Lo | 
APS) ey 
10 
Eg 3 ; 


The reader should check by straightforward multiplication that 
indeed A: A™'=1. 


D. SPECIAL MATRICES 


We have already encountered some special matrices: 


(1) The unit matrix 6;. 
(2) The inverse matrix. 
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We now define a matrix to be: 


(3) Diagonal if 


ay = Ai, when i=] 
=0, otherwise 
(4) Symmetric if 
Aaa: 
(5) Antisymmetric if 
Aj = — Aji 


Clearly, all the diagonal elements of an antisymmetric 
matrix vanish. 

(6) The transpose of a matrix A is the matrix A‘, which has 
elements 


(A*); a Aji 
(7) A matrix with real elements is orthogonal if 
A't= A =i 
Namely, 
yy (AAR = » Aj Aix = Ox 
i j 


(8 


— 


For a matrix with complex elements the adjoint matrix ‘A’ 
is defined as the transposed complex conjugate of A 


CAD); =e Ai 
(9) A matrix is hermitian if it is equal to its adjoint 
H‘=H (hermitian matrix) 


A hermitian matrix with real elements is a symmetric 
matrix. 


(10) A matrix is unitary if its inverse is equal to the adjoint 


matrix 
Ut=0"! (unitary matrix) 


A unitary matrix with real elements is an orthogonal 
matrix. 
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E. DIAGONALIZATION OF A HERMITIAN MATRIX 


Two matrices A and A’ are said to be equivalent if they can be 
connected by a similarity (also referred to as unitary) transformation 


A’'=§-A-S] (A4.14) 


where §$ is a unitary matrix. Similarity transformations leave the 
trace and the determinant of a matrix invariant. 

Every hermitian matrix is equivalent to a diagonal matrix. That is, 
given H where H = H‘, we can form 


H'=S-H-S$” (A4.15a) 
where 
(’);; =X; 6; (A4.15b) 


The diagonal elements A, are called the eigenvalues of H', they are 
also the eigenvalues of H and of all equivalent matrices. All 
equivalent hermitian matrices have the same eigenvalues. 

For every eigenvalue A, there corresponds a vector x‘“’ such that 


H -x@ =) x™ (A4.16a) 


) ) 


If the matrix H acting on x‘ 
number X,,, the vector x‘*’ 
ing to the ath eigenvalue. 

If we act with the matrix § on Eq. (A4.16a) and insert $1. $=1 
we obtain 


reproduces x‘°’ multiplied by a 
is called the eigenvector of H correspond- 


S- Hex =(8-H-§ )-(8-x@y=a,(S > x) 
or 
ft’ -y=r,y (A4.16b) 
with 


That is, the components of the eigenvector depend on the represen- 
tation in which the equivalent matrices H are expressed. 

It is always possible to find the eigenvalues A, without knowing 
the similarity transformation matrix S that makes H diagonal. To 
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show this consider Eq. (A4.16a) which represents n-linear equa- 
tions 


2, Hy? = Ve an || oe 


We rewrite 


hex eo 
I 


and therefore 


15 Aix x= LA. 8,jX ae 


j 
or 


¥, y= An 8y) x =0 (A4.17a) 
i 


Equation (A4.17a) represents a set of n homogeneous linear alge- 
braic equations in the n unknowns x;*’ (j=1,2,...,n). They can 
have a solution only if the determinant of the coefficients equals 
zero. It suffices to set 


det(H;, — A, 8) — 0 (A4.17b) 


to determine the eigenvalues A,. In fact, Eq. (A4.17b) is a polyno- 
mial of the nth degree in A, and therefore has n roots. Each root 
gives one of the eigenvalues A,; some roots may be degenerate or 
zero. 

As an example, consider the matrix 


Ginalonn 
H=|1 0 } (A4.18a) 
0 1 0 


Its eigenvalues are found by setting 


=, 1 0 
cet 1 =n 1}/=-—A°+2A=0 
0 | | 


Thus 
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or 
A,=0 we) ee) 
The diagonal matrix equivalent to A is written as 


Norse 3 
H'=l 0 0 » | 


Oo 0 = 


The order in which we introduce the eigenvalues when writing H' is 
arbitrary. but it affects the form of the matrix S that connects H and 
H’. 


(A4.18b) 


F. FINDING THE EIGENVECTORS 


(a) 


In the diagonal representation the eigenvectors y’ take a trivial 

form: they can be represented by column vectors with a 1 entry in 

the a-slot and zeros everywhere else. What we are really interested 

in is to find the eigenvectors x'“’ in the original representation of H. 
We begin with Eq. (A4.16a) and note that 


(H=1,1) x= EO. x™=9 (A4.19a) 
corresponds to the n linear equations 


eer =0, = te sn (A4.19b) 


We know that the determinant of E‘*’ is zero by definition [see Eq. 
(A4.17b)]. Thus 


det B@ = X EO (A4.19c) 


Comparing Eqs. (A4.19b) and (A4.19c) it is clear that the compo- 
nents x\*) are given by the cofactors of any one row of E{*’. This 
definition is valid up to a constant which can be determined by 
demanding an appropriate normalization of the eigenvectors. Thus 


( 


x) = cofactor of Ej? (A4.20) 


As an example let us find the eigenvectors for the matrix H given 
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by Eq. (A4.18a). For A, =V2 


ian 0 Ci,=1 
EOeIy 4 202 7 Cpe (=N0) 


For Ag = 0 
0 1 0 Ca —1 
Bo 0 } Cyr = —(0) 
01 0 Ci=1 
For A, =—V2 
v2 1 0 Ca 
E™=11 V2 1 C5 one 


Coie Cy3=1 


We normalize the eigenvectors and note that the matrix S can be 
constructed by writing the eigenvectors as row vectors in proper 
order 


(ax) (ax) Coed 

x| X> n 

) ) ) 

Er a ae 
| : 

ul gle gel! ) 


This follows because we want 


few) 


Se y 
with 


Note also that 
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Thus, for our example, 


(ine ify? i 
x =-[/9 Ee (ee {oS 255 
D 2 A 
1 AG 1 
and — 
ae J) wi 
S= {v2 0 | (A4.21) 
2 
(eT 


The unitary transformation matrix S is identical to the matrix used 
in Section 2.3. The reader should check by direct multiplication that 
indeed 


H'=§--S$" 
for the matrices given by Eqs. (A4.18) and (A4.21). 


Appendix 5 


Quantum Conditions and the Poisson Brackets 


The quantum conditions were introduced in Eqs. (6.96) and can be 
taken as the defining axioms for quantum mechanics. However. as 
also alluded to in the text, they have a very close relation to classical 
physics. If one accepts the precept that the classical domain is an 
approximation to quantum physics in the limit of large quantum 
numbers (i.e., the correspondence principle), then it is helpful to use 
classical equations as a guide to obtain quantum relations. This is 
clearly demonstrated below where we show how the quantum- 
mechanical equivalent of the Poisson brackets lead to the quantum 
conditions. 

For two functions A and B of the canonical variables, the Poisson 
bracket is defined as 


{A, ee (A5.1a) 


and satisfies formal conditions such as 


{A, B}=—{B, A} 


‘A. C}=0 (A5.1b) 
where C is a constant. Furthermore, 
{A,+A>, B}={A,, B}+{A>, B} 
{A, B,+ Ba}={A, B,}+{A, B3} 
{A,A2, B}= A,{A>, B}+{A,, BJA, (AS.1c) 


{A, B :B} =, {A, B,}B + B,{A, B>} 


We now introduce a quantum Poisson bracket that satisfies all the 
conditions of Eqs. (A5.1a)-(A5.1c¢). However. we must now main- 
tain the order of the operators A and B as given in the above 
relations because quantum-mechanical operators in general do not 
commute. We calculate the following quantum Poisson bracket in 
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two different ways: 


{A Ao, B,Bo}q ={AiA2, By}qB2+ Bi{A,Ao, Bo}o 
= A{A>. By} oBat{A,. By} A2B> 
+B,A\jA> Baty + BAA, Batgp A>. (AS.2a) 
But also 
{A,A>, Bi Bato = Aif{A2, B, Brko + {Aj, Bi Ba}oA> 
= A, Bi{A2, Bo}o + Ai{A2, Bi}oB2 
+BiAAy, Bo}pA2+{A;, Bi}oB2A2 (AS.2b) 
Equating the relations in Eqs. (A5.2a) and (A5.2b) we have 
(A,B,— B,A,){A2, Bato = {A1, Bijo(A2B2— B2A2) 
(A5.2c) 
This condition can be satisfied if 
[Api 8. BAL) IAs Biko (A5.3) 
[A2, B2|=(A2B2— B2A2)= ih{A2, Bato 


Here fi is a constant of proportionality experimentally determined to 
be Planck’s constant (divided by 27). From Eq. (A5.3) it is a simple 
matter to derive the quantum conditions, as in Eqs. (6.9). 


Appendix 6 


Composition of Angular Momenta 


In Section 7.6 we discussed in a qualitative way and by example that 
a system with two constituents that are in eigenstates of the angular 
momentum operators can be represented by an eigenstate of the 
total angular momentum. Here we generalize this discussion to 
arbitrary values of the angular momentum and indicate how these 
two representations of the system are related. 

We begin by constructing an operator for the total angular 
momentum as defined in Eq. (7.60a) 


Ul cs (A6.1) 
j obeys the commutation relations for angular momentum* 


JxJ= inj (A6.2) 


From the triplet of operators J we construct the corresponding 
operators 
z = JOO 
Jae I? (A6.3) 
J oe FON 
where J, is defined in the usual way as in Eqs. (7.37a). The 
operator for the square of the total angular momentum is 
jy - [JP4 JOP = g)r+ (J)2 4.29 és j2 
= G24 (J )2 + JOJO 4 JVJO@ 4 QIVJO (A6.4) 
de ils etl 5 db : 

This expansion follows directly from the defining properties of Eqs. 
(A6.3). : 

The eigenstates of J’, J. will be indicated by the bra |J.M), where 
the indices J,M reter to the eigenvalues of the state in this rep- 


+ It. can be shown in general that if J, J? are angular momentum operators, then 
j= ad + By” is also an angular momentum operator if and only if a, 8B =O or 1. 
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resentation. Correspondingly, |j,;m,) and |j.m ) are the eigenstates 
of the operators (J")?, JW? and (J'”)?, J. It should be clear that a 
system admitting the two operators J‘ and J‘°’ can be represented 
in a basis of product states labeled by the four indices 
(j1, 11; Jo, M2). We indicate these basis states by 


lit, jo3 M1, M2)=|f,m,) |j2mo) (A6.5) 


The system can, however, also be represented by the indices J and 
M of the total angular momentum together with the two indices /, 
and j, referring to the angular momentum of the constituent parts of 
the system. We indicate the basis states in this representation by 


lis, Jo; J, M) (A6.6) 


We emphasize that Eqs. (A6.5) and (A6.6) express the basis 
states for two different representations of the angular momentum of 
a quantum system. Thus, they must be related by a linear transtor- 
mation, just as in Eq. (2.22b). The matrix elements of this transtor- 
mation are known as the Clebsch-Gordan coefficients. The quantum 
numbers (indices) of the two representations are not completely free 
but are related: M is given by 


M=m,+m, (A6.7) 


which follows directly from the first of Eqs. (A6.3). For the possible 
values of J we have 


PGi sat ie |)s ~ << Slla = Tol (A6.8) 


as already indicated in Eq. (7.63a). That the values of J must be 
bounded between (j,; + j>) and |j,—j.| can be seen from Eq. (A6.4). 
That all integers values between these limits are possible requires a 
more systematic study using the properties of the raising and 
lowering Operators of Eqs. (A6.3). We indicate below how this is 
done. 

If we form all possible product states, the state with m, =], and 
m>=j> corresponds to the stretched case of Figs. 7.2 and 7.3. This 
state is by necessity the same as the J=M=j,+J2 state in the 
representation of the total angular momentum 


lit, J23 Imax. M = J) =|f1, m1 =i) lio, M> = Jo) (A6.9) 


We can then operate on this stretched state with J to obtain all the 
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states with J=J,,,x; there will be (2J,,.,+1) such states. Next we 
examine the product states where 


m,+m.r=M=j,+]fo. | 


There are two such states corresponding to m,=jJ,, M2=jJo—1 or 
m,=],—1, m= jo. Out of these we form linear combinations. One 
of the linear combinations will be the state belonging to Ji,,, and 
M =J,,..— 1 already found previously. The orthogonal combination 
will be the state with J=J,,.,—1 and M=J,,,,—1. We then apply 
the lowering operator to this latter state to find all states with 
J=Jmax—1. This procedure is continued until all states are 
exhausted and leads to the fact that J can take values only between 
li: iol SJ SC +h). 

The two representations [see Eqs. (A6.5) and (A6.6)] will be 
related by a unitary transformation. Taking into account the con- 
straints imposed by Eqs. (A6.7) and (A6.8) we can write this linear 
transformation as 


lit, 23 J, M)= D Cy lit, (3m, M—m) (A6.10) 


mi 


The coefficients C,, are known as the Clebsch-Gordan coefficients 
and can be at least symbolically expressed by forming the inner 
product of Eq. (A6.10) (closing it from the left) with the basis states 
of the product space representation [i.e.. as given by Eq. (A6.5)]. 
These states are, of course, orthonormal. Thus, we write Eq. 
(A6.10) in the form 


lit, jos Js M) = ¥ lis, ios m, M—m) (jy, fos m, M—m |j, jo; J, M) 
(A6.11) 


The inverse expansion, from the total angular momentum represen- 
tation to the product space eigenstates, is written as 


lia, jos MyM) = 3 lia, jos J, M)ii, Jos JG M lia Jos M4, m>) 
JI 


(A6.12) 
M=m,+m, 


where the sum over J is restricted as in Eq. (A6.8). 
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The Clebsch—Gordan coefficients are found by constructing the 
appropriate eigenstates as outlined in the preceding paragraphs 
and by using the properties of the lowering operators given in Eqs. 
(7.50). These coefficients are tabulated in many books? and refer- 
ence manuals. The Clebsch-Gordan coefficients for the simple case 
of addition of two spin-1/2 angular momenta can be obtained from 
Eys. (7.62). The coefficients in this case are 1 and +1/V2, as the 
reader can verify. In our present notation we write Eqs. (7.62) as 


\1/2, 1/2; J=1, M = 1)=|1/2, 1/2; 1/2, 1/2) 


\1/2, 1/2; J=1,M=0) 


{ 


2/23 ieee) ll 2 )} 


=n 
222 te =e aoee: — 1/212) 
(1/2, 1/2; J=0, M=0) 

i 


A 1/2 


dete. 1) 2, — 1/2) — |iyae 1/2, 172) 
(A6.13) 


+See, for instance, the classic text by E. U. Condon and G. H. Shortley, The 
Theory of Atomic Spectra, Cambridge University Press (1957). 


Appendix 7 


Matrix Elements of Vector Operators 


As pointed out in Chapter 7, since many physical systems have 
spherical symmetry their stationary states are labeled by the eigen- 
states of angular momentum. These eigenstates form a complete 
orthonormal set and if we use the notation |/, m) for an eigenstate of 
orbital angular momentum it must satisfy 


(L,, Mm, | L, mM) = 6h Om siie (A7.1) 


If an operator O has specific transformation properties under rota- 
tions, then the matrix elements of O between eigenstates of angular 
momentum are related to one another, and often vanish. These 
results are obtained as a direct consequence of the rotational 
symmetry which affects both the operator and the eigenstates in a 
well-defined way. 

Let us first consider an operator © that is invariant under 
rotations, that is, 


O'=R(6,6)OR (6,6)=O (A7.2) 


where R(6, $) represents an arbitrary rotation. Operators such as O 
are called scalar operators, examples of which are |r|= 
(x*+ y*+z7)"?, or V’, etc. Consider then an arbitrary state that is 
also an eigenstate of angular momentum, e.g., |n,/,m). Here the 
index n stands for the quantum numbers of the energy operator and 
other constants of the motion. When OQ acts on that state it cannot 
change the angular momentum (since O is rotationally invariant), 
even though it may affect the index nm. In view of the orthogonality 
of Eq. (A7.1) it will always hold that 


(n, bis m,| OQ |no, L,, m>)=0 if Lb or m,#m>, 
(A7.3) 


Relations such as that indicated by Eq. (A7.3) are known as 
selection rules. In this case we see that a scalar operator can have a 
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matrix element (connect) only between states with the same value of 
! and m. 

Next we consider an operator such as xX, the position operator 
along the X-axis. This operator is not invariant under rotations and 
we refer to the triplet X£, ¥, Z as a vector operator, designating it by x 
or fF. To obtain the matrix elements of vector operators we will use 
the coordinate representation? in which the eigenstates of angular 
momentum can be represented by the spherical harmonics |See Eq. 
(7.57)]|. In this representation the matrix element of X can be calcu- 
lated by integrating over the unit sphere 


(Lys msl lla m2)= | Yién(O4)x¥ im. (8, 6) d(cos 0) de 
(A7.4) 


The transformation properties of x under rotations can be found 
by expressing x in terms of spherical harmonics. By inverting Eqs. 
(7.59b) of the text we find 


D) 1/2 
x =rsin 6 cos @ = — (=) (erent) ang 


Qa 1/2 
y=rsin @ sin 6 = (=) (Xemst oY quale (A7.5) 


4 1/2 
z=rcos @= (=) Yiof 


Here r=(x?+y?+z7)'” is a scalar operator and will not affect the 
integral in Eq. (A7.4). Using the first of Eqs. (A7.5) the angular part 
of the integral takes the form 


2 a\ 1/2 
- (=) r| OG we Yaa Yim.) d(cos 0) dd 


2a\ "2 
SP (=) r| Op aye Yes) d(cos 0) dd (A7.6) 


It is clear from Eqs. (7.57) that the integration over d@ will give 


+ We restrict this discussion to orbital angular momentum in order to be able to 
work in the coordinate representation. Similar results are valid in general. 
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unless 
“on8 m,=m+1 for the first term 


(AZT) 
m,=m,—1 for the second term 


Furthermore, from the properties of the spherical harmonics, the 
integral over d(cos @) vanishes unless 


Equations (A7.7) and (A7.8) are the selection rules for the matrix 
elements of the % operator. Even though we derived them in the 
coordinate representation, they are matrix elements of an operator 
and, therefore, are generally valid. We summarize the selection 
rules for the three components of the vector operator fF as follows: 


(,-lL)=+1 
m,=m+1 
it t>) ee 
m,=m>—1 
(l,—-l,)=+1 


ti = 1S 


(L,, m,| (x + iy) |L, m2)=0 untess| 


(1,, m,| (x —iy) |, m2)=0 untess| (A7.9) 


{L, m,| z |e, m2)=0 unless 


These selection rules apply to any operator that transforms under 
rotations as the operator Ff. Such operators are called vector 
operators. 

The structure of Eq. (A7.6) suggests that when a vector operator 
acts on an eigenstate of angular momentum the result is some linear 
combination of angular momentum eigenstates. These states appear 
to be those that can be obtained by composing the initial angular 
momentum state with an angular momentum |I, m1), where | and m 
refer to the transformation properties of the operator. This observa- 
tion is generally true and, therefore, from Appendix 6 we would 
expect that when a vector operator—for instance 2, for which 
!=1, m =0—acts on the state |I,, m,) it would produce the states 


\l,+1, mo), \l,,m>), and |l,-1,m,)  (A7.10) 


However, the state |[5, a>) seems to be missing according to Eq. 
(A7.8). This must indeed be so because the vector operator 2 has 
negative parity: it changes sign under inversion of the coordinates. 
Thus, the states resulting from 2 |l,,m,) must have the opposite 
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parity from that of the state |l,, m.). Therefore, the matrix element 
of Z vanishes when Al =0 and this is indicated in Eqs. (A7.9). 

These selection rules can be extended to the case when the 
eigenstates refer to spin or total angular momentum states, but then 
One must exercise more care with the parity argument. Similar 
selection rules exist for operators of higher rank—for instance for 
tensor operators such as <° or £$—and for all symmetry transforma- 
tions in general. These results are known as the Wigner—Eckart 
theorem. 


Appendix 8 


Operators in Spherical Coordinates 


A. IMPORTANT NOTE 


In this appendix we will use carets to indicate the unit vectors along 
the coordinate axes. Thus 


my -=n, 
j=n, and C—n, 
Zn. d=Ny 


This departure from the convention adopted throughout the main 
text has been deemed necessary in order to simplify the notation 
that otherwise would be less transparent. Furthermore. we will nor 
use carets to indicate quantum-mechanical operators in this appen- 
dix, it being understood that L, L,, L,. L.. and L~ are the quantum- 
mechanical angular momentum operators. 


B. COORDINATE TRANSFORMATIONS 


The cartesian coordinates of a point (x, y, z) can be expressed in 
terms of the spherical coordinates (r, 0, @) as 

XY rsin@cos@ 

y=rsin@singd (A8.1) 


z=rcos @ 


The spherical coordinates form an orthonormal basis satisfying 
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the relations 


X 
FIGURE A8.1. Spherical coordinates and the corresponding (position dependent) 


unit vectors, Fr, 6, d. 


As can be seen from Fig. A8.1 these unit vectors can be written in 
terms of the unit vectors of the cartesian coordinates as 


fF=Xsin 6cos@+7F sin 6 sin @+Z cos 6 
6 =X cos 6 cos 6 + § cos O sin d — sin 6 (A8.3a) 
d=-Xsind+ycos¢d 
We can also invert these relations and write 
k =F sin 6 cos h+6 cos 6cosd—d sind 
§=fsin Osind+6cos Osind+¢d cos } (A8.3b) 
2=? cos @—6sin 6 


We are now in a position to express the gradient operator 


in spherical coordinates. To do so we use the chain rule of differen- 
tiation 


ice 


ee Ae dl 
dr orox oroy oraz 
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and the relations given by Eqs. (A8.3b). Thus 


: ts) : ; rs) 0 
= (sin 6 cos 6 — +sin @ sin d —+cos 0) 
Ox oy Oz 


, 0 ’ ) ; 0 
+ A( cos 6 cos @d —+cos 6 sin dé —— sin 0+) 
Ox oy Oz 


Be rf) 7) 
ar (sin od—+cos d =) 
Ox oy 


Furthermore, using the partial derivatives of Eqs. (A8.1) we can 
write the above result as 


({=- dy od Oz *) 

=A——+—— + — 

orox orody ordz 

(HE a eee 
rd0o0x roédy rodédo0z 

i( 1! mxoea, | 2) 
rsin@ dd 0x rsin @ dd dy 


The chain rule of differentiation allows us to combine the above into 


(A8.4) 


This is the expression given in Eq. (8.12a) of the text. 

To obtain the Laplacian we need to know how the unit vectors 
7. 6, and my vary when the coordinates change. This variation can be 
obtained by taking the partial derivatives of Eqs. (A8.3a) with 
respect to the coordinates. We have 


a A 


or 


or Olas A 

—=(0 —=4 —_ = i 0 

Fe e ad ¢ sin 

a6 ad a6 

—=(0 ee es is —_= 4 (é) A8, 
ar dg) ad sae a 
avn Beh ads A 

ab -() ap 0) sn (F sin 8 + 6 cos @) 


or 06 ad 
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The above relations indicate that unlike the cartesian coordinates 
the unit vectors of the spherical coordinates vary from point to 
point. This can be seen from considering the definition of the unit 
vectors on the sphere (see Fig. A8.1). Of course, the relations 
expressed by Eqs. (A8.5) are completely analogous to the more 
familiar relations for polar coordinates on a flat surface. 

Using Eq. (A8.4) and the above results we can evaluate 


v2-V. v= (7 a.¢ an e *). (72125, 2 “.) 
or roé@ rsin@dad or ro@ rsinéddd 


( ay (; a 6a 6 > 
=(F— —+-—+— — 
or or rod rsin@dd 
1a a 6a b a 
(622). (ree 82) 
r 06 or roé@ rsin@dd 
(< 1 9 ) ( a 6a db a 
+(ég———}- (f—+-—+—— — 
rsin 0 dd or roé rsinédd 
If we remember that the coordinates are independent variables, i.e., 
ar/d0 = 0, a6/00 = 0, etc., we can perform the indicated differentia- 


tions using Eqs. (A8.5). The resulting algebraic expression can be 
simplified using Eqs. (A8.2) to yield the following expression for the 


Laplacian 
a\ 6 /.8 68 
v=F-(#)+*. (02 += =) 
or r dr rag 


t 2) 

ob (4 a cos 6 a 0) “) 
— + ————__ ——= 

GU as ans 06 ~rsin 0 dad? 


rsin @ 


e241 cote a | lied 
dr? ror r°-a0? r* 06 r*sin? 0a? 


Or 


fa] 1 oa te) : 
2k in 8 )+ =a 5 
a *) i 00/7 sin~ 0 0d- 


(A8.6) 
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C. ANGULAR MOMENTUM OPERATORS 


The form of the angular momentum operators in spherical coordi- 
nates [given in Eqs. (7.56)] can be obtained in the following way. 


L=rxp=rl?x(-ihV)| 
6a b aa 


0 
=(-ih px(r2+e Sy — 
tices rar rd@ rsin68dad 


in 22 6 5 
= ~ihr| — — -———__ — 
roéd rsin@dd 


nd _ “| (A8.7) 
SS ae = Or 
00 sin@dd 


To obtain the cartesian components of L we simply project onto the 
axes 


da 64 
L.=%-+L=%-(-it)( — <=) 
: ae as Goer sin 6 0d 
=in(-sing 4-8 Coes ¢ 2) 
00 sin@0@ dd 
(si ra t@cos¢d =) 
= ijh\ sin dé—+co — 
30 aah 
~d 6 2a 
L=9+L=9-it\(6-— =) 
p= PL FN nie 
0 re) 
= in( -cos hs 6 sin 6) 
= a 0 re) 
iL, 2: le m( == ~.) 
one Te 
or 
re A8.8 
Q a (A8.8) 
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Furthermore, we can immediately write 


L,=L,+iL, = ne(2 i cot e+) 
06 ad 
3 3 (A8.9) 
L_=L, -iL, = a i cot oe) 
00 Gro) 


We obtain L* by evaluating L-L or L2+L2+L2. For instance, 


Oa eek) @ a 
2). cali stes) 
= (iM) O78 Sin @ a0 


ie ae g a) 
w\d |= O75 sin 6 0d 
i y 2) le en 
sin 6 dd a0 sin@dad 


The expression is reduced by using Eqs. (A8.5) and after some 
algebra leads to 


a te 
2S in( ae. 
HNO 


(A8.10) 


v n| 1 4 (si b “\+ |. Ge 
io! / ia = DE Giseae Ta ae 
sin @ 00 00/ sin? 6 dd? 


Comparing Eq. (A8.10) with Eq. (A8.6) we see that we can also 
write the Laplacian 


1 o 0 1 
i r’ ar ( = her? ws Sl) 


as given in Eq. (8.12b). 


Appendix 9 


Legendre Polynomials and Spherical Harmonics 


A. THE DIFFERENTIAL EQUATION 


As we know from Section 7.5, and as is shown in detail in Appendix 8 
[Eqs. (A8.8) and (A8.10)], the angular momentum operators fie 
and L? can be expressed in the coordinate representation in spheri- 
cal coordinates by 
eee 

ah 


“ 1 a ON tila aa 
Rngoa. 36 sin? 6 dd? 
We also know from the study of angular momentum [see Eqs. 


(7.49)] that the eigenvalues of the above operators are 


hm and h’l(1+1) (A9.1b) 


(A9.1a) 


respectively. Here both m and | take integer values. | is positive. 
and —!=msl. Note that we exclude 1/2 integer values, which in 
general are allowed, from the commutation properties of angular 
momentum. Furthermore, i and L°? commute and hence can have 
simultaneous eigenstates. 

We now try to construct the simultaneous cigenstates of L? and 
ie in the coordinate representation. These will be labeled by the 
eigenvalues m and [, and will be separable in the coordinates @ and 
d. Hence we can write 


Since the &,,,(0, @) have to be eigenstates of do with eigenvalue him, 
we see that 


Lthin(O, b) = hmm (0, &) 
_ dQ_ 
~ih dp mats) 
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Or 


0,.(o=e"" (A9.3) 


This determines the @-dependence of the solutions uniquely and 
shows that the functions are periodic in @ with a period 27 since m 
is an integer. This should necessarily be so because otherwise O,,(@) 
would not be single-valued. 

The functions ,,(0,) are also eigenstates of L? with eigen- 
values h71(1+ 1). Thus, we have 


C7 Wim (0, b) = HUE + 1) Yim (0, &) 


Or 


F ‘eG 
—1°( : EN Ay fiat cee ee <5) Pim(0) Qn (fp) 


sin 6 06 a0 sin? 6 dd 
= 11 ar 1)Pim(9) Qn (d) 
or 


el 1 ae oS +1141) in —)P, (0)=0 (A9.4a) 
sin 6 dé dé sin? 9)" . 


Multiplying the above equation by (-e ""*/h’) and changing vari- 
ables to 
x =cos 0 


the equation becomes 


(A9.4b) 
Here we must remember that —1<x <1 and that |=|m|. Equation 
(A9.4b) can also be written as 


PA 
= |a-2) Punl s[ia+ 1) i =|Pin =0 (A9.4c) 
dx dx 1—x* 


The solutions of Eq. (A9.4b) or Eq. (A9.4c) are known as the 
associated Legendre polynomials. When m=0, then the equation 
simplifies to 


d 2, AP, ¥ 
= [ax S| 4104 PCO) 0 
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or 
d*P, 


i an 


dP, 
2x aaa (1+ D)P,(x)=0 (A9.5) 


This is Legendre’s equation and its solutions P,(x) are called the 
Legendre polynomials. 


B. LEGENDRE POLYNOMIALS 


The solutions of Eq. (A9.5) are generated by the function 
T(x, s)=(1—2xs+s7)'7= » P,(x)s! (A9.6a) 
L-O 


That is, the Legendre polynomials P,(x) can be obtained from 
T(x, s) by taking the [th derivative with respect to the variable s and 
evaluating it at s=0. In other words 


a d'T (x, s) 
I! as' s=0 


That the functions P,(x) defined by Eq. (A9.6b) satisfy the 
Legendre equation can be simply seen from the structure and 
symmetry relations of the generating function T(x, s). A particular 
representation of the Legendre polynomials is given by the Rodri- 
gues’ formula 


= P,(x) (A9.6b) 


d' 


Pi 0:) = Sipe 


(coral) (A9.6c) 
This shows that the P,(x) are polynomials of order |. The first few 
Legendre polynomials can be obtained from the above relation and 
are 


Po(x)= 1 
P\(x) aN 
P.(x) =4(3x?—-1) (A9.7) 


P,(x) = 5 (5x?- ae ete 


The orthonormality relations for the Legendre polynomials are 
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given by 


ata » 
axP,(x)P, ee Oi AQ. 
J axPPa) ==> (A9.8) 
For the first few Legendre polynomials listed in Eq. (A9.7) the 
above relation can be verified by direct evaluation. 

The solutions of Eq. (A9.4c), the associated Legendre polyno- 
mials, can be obtained from the Legendre polynomials through 


Im| 


d 
Pi n(x) = (1— x2)? Fea 


That the P,,,(x) satisfy the differential equation can be seen by 
evaluating 


») S| = |m|? 
== ep iledeo 


= aria Bf 4 Tg | (A9.10) 


where the definition of Eq. (A9.9) was used. Furthermore, the 
second term on the rhs simplifies upon using Eq. (A9.5) so that we 
have 


<| Me? Sn| - m* 
dx i ¥) dx Fe eee 


IP (Ge), (A9.9) 


|m| 


+= x7) Sf 1+ 1)P,x)] 


m2 
a= Pex) (Ua Pex) 
which is the desired result [Eq. (A9.4c)]. 

This shows that the associated Legendre polynomials can be 
constructed from the Legendre polynomials themselves. As can be 
seen from Eq. (A9.9) a generating function can be defined for the 
associated Legendre polynomials as follows 


T(x, s)=(1- xaymie o "Thx. 5) 


(A9.11a) 
=i Pe ee 
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so that 
linea 


Pry (X) = I! as! 


CAAT Bena ere (A9.11b) 


Similarly, the Rodigues formula for the associated Legendre polyno- 
mials generalizes to 


1+|m| 


Pie) oe (= q7jin2 (x?—1)' (A9.12) 


oun dxitiml 


The first few polynomials can be obtained from the above relation 
and are 


Po (x) = Po(x)=1 

P, (x)= P,(x)= iG 

P, (x) = (1-x7)"? = P, 3 4(x) 
Papix)= Pe) —sax — 1) (A9.13) 
Pile) = Sigh MP ex) 

P2(x) = 3(1— x7) = P2,_a(x) 


The orthogonality relation for the associated Legendre polynomials 
is given by 


=i 
| ae jo 


= a1 dey ae 


This can again be simply tested for the first few polynomials listed in 
Eq. (A9.13). 


C. SPHERICAL HARMONICS 


We can now write the eigenstates of the angular momentum 
operators L* and L, in the coordinate representation. 


Yim (9, o) i PReye (AGP IISc ) 
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The normalized eigenstates defined as 


2i+1(l—|m))! 
4a (1+ |m|)! 


1/2 
Yin )= | P.witeospie’'’ | (AONSb) 


are known as the spherical harmonics. Here e€ is a phase factor 
defined by convention to be 
e=(-1)" for m>0 
(A9.15c) 
= for m<0 


From the normalization condition of Eq. (A9.14) it is clear that the 
spherical harmonics satisfy the orthogonality relation 


| dOY* (0, b)Y 140. b) 


[2 Le on + | et 
4m (1+|m))! 4m (I'+|m'|)! 
2a 


x { sin 0 d@P, (COS 8) Pi ~_(COs 4) | ddeim—me 
0 lo 


: ioe | ad ae + | | ue 
ee ae (1 +|m|)! do (l'+|m'|)! 


4 
x27 | AXP, (Xx) Py AX) 
1 


ae 
~L 4a An (1+ |ml))! (l'—|m))! 


ari 


X27 | bd cael GaN cave 
{ 


Ee 2a Sa = ual 
L440 (1+|mi)! ('+|m))! 


2 Sy (l+|m))! 
21+1(1—|m))! 


SED rot = 610mm! 


(A9.16) 
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We list below the first few of the spherical harmonics. These are 
obtained from their definition in Eq. (A9.15b) 


Y,, (0. bd) — . 
: ¢ (4ar))- 


lige 


=) 
Yl, b= (— cos 6 


3 
Yi ail6, 6) =F (4) sin 6e ™' 
5 (A9.17) 
Y20(9, 6) = (2)" (3 cos? 6-1) 


= cos @ sin 6e*'* 


one 
(o.<) 
=) 


Yo +108, d) = + 


es 
PLPINEG Cd) = 32a sin ie 


We also note the relation 


Vien, ?)= Clee” (A9.18) 


Appendix 10 


Special Functions: Laguerre and Hermite 
Polynomials 


A. THE RADIAL EQUATION FOR THE HYDROGEN 
ATOM 


We begin with Eq. (8.15) and replace yw by m,. We set 
=e 


4megr 


U(r) = - 


and remember that E,,<0. Then the radial part of the time- 
independent Schrédinger equation takes the form 


ld =) 2m, 2m.e? | a) 
Se | ee | IR 0 
E dr (: dr h? JEni| h*(4are,) r ye nl) 

(A10.1) 


With appropriate foresight we introduce the dimensionless variable 


2r m,e- 
pe eG) eae A10.2 
Ao h?(47€,) J ( ) 
and set 
m.e* 1 1 1 
=— a= Ry A10.3 
Ent = S42 Green? ne ( 


Note that the definition of p introduced here differs by a factor of 2 
from that used in Eq. (8.21c), and in place of the parameter 1/A> 
used in the text we have introduced n?. 


With these substitutions Eq. (A10.1) becomes 
[iad (fa 1 ee ae 
p?dp \” dp) |p 4n?  p? aad 
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(A10.4a) 


614 QUANTUM MECHANICS 


We perform one more transformation by introducing the variable 


x=-—— (A10.4b) 
n 


in terms of which the radial equation becomes 


|==—( f) (2) Ie (x)=0 (A10.5 
Page Nae cee atl a a = 


To satisfy the boundary conditions we set 
Ri P(xjer* (A10.6a) 


where F(x) is a polynomial in x. Substituting in Eq. (A10.4b) the 
equation for F(x) is found to be 


d*F (2 dF | wot) 
= Sage 28 - 
dx? . 1) dx x xe es aie 


As we know, F(x) must be a polynomial of finite order and for 
this to occur n must be an integer. Therefore we write 


F(x)=x*L(x) s=0 (A10.7a) 
Introducing this expression in Eq. (A10.6b) gives 


2 
gee 13 ee = ee 1) ee io 
dx dx 
(A10.7b) 


Since L must be finite at x = 0 we conclude that [s(s+1)—I(1+1)] 
must equal zero. As discussed in the text we must choose the 
solution s =I, in which case the differential equation for L(x) is 


> 


aPL dL 
+[2(1+ 1)—x] —+(n-1-1)L= 
rt A041) 


x (A10.8) 


Here n is an integer 


n2l+1 
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B. LAGUERRE POLYNOMIALS 


The solutions of Laguerre’s cai 
2 


x ae) x)T <L g(x) + qL,(x)=0 (A10.9) 


are the Laguerre polynomials L,(x). They are defined in the range 
Q<x << and can be obtained from a generating function 


—xs)/( 1s} oo L ; 
Tee ay ee (A10.10a) 
As qa=0 q! 


The polynomials are calculated from Eq. (A10.10) by taking deriva- 
tives of both sides with respect to s and then setting s = 0. Clearly, 
the qth derivative of the rhs evaluated at s = 0 is identically equal to 
L(x). That is 

0"T (x, s) 


q 
ds s=0 


L,(x) = 


A particular representation of the Laguerre polynomials is 


q 


x 
(alr 


L,(x)=e (x4e°*) (A10.10b) 


The associated Laguerre polynomials are defined through 


de 
L(x) =p Lal) (A10.11) 


By differentiating Eq. (A10.9) p times, we find the differential 
equation obeyed by the associated Laguerre polynomials 
a d 
x3 Lalx) + (p+ 1—x) 5 Lats) + (q—p)La=0 
(A10.12) 
This equation is identical to Eq. (A10.8) if we identify 
20+ Sp 1 ear r= 1 Pee - p 


namely 
p21 +1, q=nctl (A10.13) 
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The functions L'(x) are orthogonal in the indices q, and their 
normalization is given by 


” (es sem Ps _ 2ni(n+D!P 
| ex fc | ax = Ege Dr (A10.14) 


Thus, the normalized radial functions for the hydrogen atom can be 
expressed in closed form through 


2r\{(2)’ ee as asa(2) 
= — ee ee Mat beeen —— 
Real?) — na,/ 2n{(n+D!]° ‘ '\nay, 


(A10.15) 


A few of the first polynomials are listed below 
Lec i— a Lie 1 —x Lglee) = 2 — dae FX* 
Li(x)==1 L3(x) =—44+2x 
L3(x)=2 
L3(x) =6—18x+9x?—x?, etc. 


(A10.16) 


Note on Convention: We follow the older convention for the 
associated Laguerre polynomials as can be found in Schiff, Pauling 
and Wilson, or Fermi. In most recent texts, however, a convention 
that is consistent with the definition of the confluent hypergeometric 
function is used. In this case the associated Laguerre polynomials 
are defined through 


L8(x) = (1 25 Lop) 
x 


The radial function is then proportional to (—1)7**L2"*7, (x). 


C. HERMITE POLYNOMIALS 


The ground-state wavefunction for the one-dimensional s.h.o. was 
given in the coordinate representation by Eq. (9.25c) of the text 


oly) = (©) Mev (A10.17a) 
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where 


1/2 
p~(“*) and y= £x (A10.17b) 


The wavefunction for the nth eigenstate is obtained by operating on 
é,(y) with the raising operator 


1 d 
a= (y-4) (A10.17c) 


n times. Thus, the functions @¢,,(y) will be polynomials of finite order 
multiplied by e ’’*. Therefore, we write 


on(y) =A, Hy (y)e >”? (A10.18) 


where A, is a normalization constant, and H,,(y) is a polynomial in 
y of order n. 

To find the differential equation obeyed by the H,,(y) we recall 
Eq. (9.17) where the number operator is diagonal and has eigen- 
value n 


G‘d \b,)=n |d,) (A10.19) 


In terms of the representation of Eqs. (A10.17c) and (A10.18) the 
above relation can be written as 


i (» 2) (y+ d =H, 62 ne” = (Ai020q) 


2 dy ae 
Performing the indicated differentiations we obtain the relation 
d* d 
a ou) a H,,(y) + 2nH,(y) =0 (A10.20b) 


This is Hermite’s equation and its solutions are defined in the range 
—o<y<+oo; as we know n is a positive integer. 

The Hermite polynomials can be obtained from the generating 
function 


: — H,, 
Tye =) oot (A10.21a) 
na nh. 
or alternately from the relation 
HO) Gle (en) (A10.21b) 


dy" 
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The Hermite polynomials are orthogonal and obey the normalization 
condition 


| eH, (y) Hn (y) dy = Sam 2"! Var 


Thus, the normalization constant in Eq. (A10.18) is given by 


y - (©) 1/4 1 
nn T Qn 


A few of the first polynomials are listed below 
H,(y)=1 Aiyly)=2y 
H,(y)=4y?-2  H;(y)=8y*-12y, ete. 


D. ASSOCIATED LAGUERRE POLYNOMIALS OF 
HALF-INTEGER ORDER 


The solutions of the radial equation for the three-dimensional s.h.o. 
can be expressed in terms of the associated Laguerre polynomials 
of half-integer order. Using the quantum number k defined by Eq. 
(9.44b), and in terms of the notation of section 9.4, we can write 


Pitt, Ob) & Lia’ (Bre OP" Y, (8, b) 


FIGURE A10.1. The lowest two radial eigenfunctions for the 3-dimensional simple 
harmonic oscillator. 
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where 
Looe lla + 1) 
L¢(x)=T(a+2)[(a+1)-x], etc. 
For instance, 
by S22 


The radial wavefunctions for n=1(kK=0,1=1) and n= 
2(k =2,1=0) are shown in Fig. A10.1. Wavefunctions for k = 0 are 


nodeless, for k =2 have 1 node, etc. All !=0 wavefunctions are 
finite at the origin. 


Appendix 11 


Expectation Values of f ‘for Hydrogen 


In Chapter 8 we indicated that it is often necessary to evaluate the 
expectation value of powers of the radial position operator fF for 
hydrogenlike wavefunctions. Results for 7°, where s is a positive or 
nevative integer, were given in Eqs. (8.35) for a few values of s. The 
expectation values can be obtained by performing the integration 
over the radial functions and using the properties of the associated 


Laguerre polynomials L‘?"\;)) [see, Eq. (8.31)] 


2 nao ap (ig 1) sepa ee 
Ss = s as Bit 
(nt ( 2 ) lo 2n[(n+D!P © o* Lee 
with 
oF 


nao 


However, these integrals are generally difficult to evaluate and it is 
therefore instructive to see how we can obtain the result in cases of 
interest by using special “tricks.” 


A. EVALUATION OF (1/7) 


We recall that the Hamiltonian for the hydrogen atom is 


A ‘i e- 
Ait 
2m, 47€of 
=7+U (A11.1) 


Furthermore, the virial theorem |see, Eq. (6.32b)| applied to the 
present case (n =—1), gives 


C= Ee 
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Or 
Che. OB ren a aCe 
or 
1 2 
Bs = ( : -) 
2 Ameéofr pine 
or 
| 8TEy STEy ee 1 
= a a Ey = 2 2 
Hes e e AmE, 2Zagn 
Therefore 
(AlT.2) 
where 
4qre h 
ay 5 
me 


is the Bohr radius. This calculation has already been used in a 
slightly different form in Eqs. (8.37) of the main text. 


B. EVALUATION OF (1/77) 


To calculate the expectation value of the operator 1/77, we note that 
if we add to the Hamiltonian a perturbation 


epee (A11.3) 


pe 


then the first-order change in the energy is given by 


? x 1 
(H') atm = (5) = as) (A11.4) 
r nim r nim 


On the other hand, with this perturbation, the problem can be 
solved exactly. This is because in this case we can absorb the 
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perturbation into the centrifugal barrier term. We write the Hamil- 
tonian in the coordinate representation as 


(oy 2 
2m, Amer r° 
h? Beis =| eK 
| ee | ee eS as 
2m, Lr? ar Yar) Fer? Aqeor 1 ( ) 


If we now separate out the angular part, then the Hamiltonian for 
the radial equation is 


A rm h? 4b 2 
fra [12 (a2) Wen) a 


2m, Lr? ar\ ar r2 | 4qeor r° 

h? {= a ( 5 °) ee e* 
en 

2m, \r? ar ar pe 4qeor aa) 


where we have introduced the A-dependent quantity |'(A) defined 
through 


2m.A 
h? 

We recall that the solution of the radial equaticn for the hydrogen 

atom results in an energy eigenvalue [see Section 8.3 and in 


particular the equations leading to Eq. (8.27a); here we use k in 
place or s-| 


U(A)(U() + 1] = 14 1)+ (A11.7) 


ee ee 
Ame, 2a, (k +1'+ 1)? 


Ev = (A11.8) 


where k is an integer and n=(k+l1+1). Thus, the energy in Eq. 
(A11.8) is a function of A, E,,(A). 

The next step is to expand E,,(A) in a Taylor series around A = 0 
and identify the second term with the first-order change in energy 
given in Eq. (A11.4). We write 


E,(A) = E, (0) +a oe 


ihe ils Sam 
dy 


co oe 


eee (A11.9) 


A=0 


It is clear that E,,(0) is the unperturbed value of the energy since 
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when A = 0 
OX =O) = I (A11.10) 


and in this case the solution reduces to the usual solution for the 
hydrogen atom. Taking the derivative of Eq. (A11.7) with respect to 
A gives 


dl'(X) 2m 
EO 
[21’(A)+ 1] rr Pe 
or 
dl'(A) 7 2m. 2m, 
aN I FICE SO Or 1) ey 


This relation simplifies the calculation of the derivative of the 
energy because 
dE,,(A) 
dX 


eo Aad 1 


peo 4mey 2a, dd [k +A) 4 TP re 

aie a me ) 
4me)2a, [k+l'(A)+1P da 
ween ae 1 2M. 

Aare Ay (k +141)? h7(21 +1) 


mecaet 1 t 


4-0 


i 


= All.tib 
neaa(l+ 1/2) ( ) 


We can now equate the terms linear in A in Eqs. (A11.4) and 
(A119) 
‘ 


= Aaa ore tae A11.12) 
0 n?a4(1 + 1/2) ( 


» 


to obtain 


: (A11.13) 


#) = n°aa(l+ 1/2) 
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C. EVALUATION OF (1/7) 


To calculate this expectation value we follow yet another procedure. 
Recall that the radial momentum operator is defined as 


p= -in(2 +") (A11.14a) 


and therefore 


: ; 4 nC Meee) 
p2= m(+2\(2~2) - ws? (re) (All.14b) 
or r/\or r ror or 


This is the familiar expression for the radial part of the Laplacian 
operator [see Eq. (8.12b)]. Thus, the Hamiltonian for the hydrogen 
atom can be written as 


*s 1 ( ve sen 
Ho= p24 —)- A11.14 
OT ome PP aaeP ( Y) 
Therefore, 
i 1 he e° 
sont-[fet- (eed) -ces}a 
(Ho, Br 2m, P -?>]) Aneof P 
ie | ele 
as 7 af A11.15 
2m. E | zl | ( a) 


Here we have used the fact that since p, involves only radial 
coordinates, it commutes with the angular momentum operator ~- 
which involves only the angular coordinates @ and @. The expression 
in Eq. (Al 1t.15a) can be simplified using Eq. (Al1.14a) to give 


“ e? 1 Be 
Wake p.1=in(*—-—) (A11.15b) 
0 e 


Furthermore, since p, has no explicit time dependence we know 
that in an energy eigenstate the expectation value of the com- 
mutator is zero [see Eq. (6.30)] 


(nlm| [Ho, B, | |nlm) = 
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Or 
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Pe 


1 1 
(=) Mg Harm iesy (A11.16) 


im Masl(l+1/2)\(1+) 


Here we have used the value of (1/77), from Eq. (A11.13). 
Although we have derived only the expectation values of operators 
for the hydrogen atom, the method can be simply extended to 
hydrogenlike atoms. 


Appendix 12 


Spherical Bessel Functions 


The radial Schrédinger equation for a three-dimensional system 
subject to a constant potential reduces to 


a 2a eet : 
eee D brio) =0 (A12.1) 


Therefore, solutions of the above equation are needed whenever we 
wish to express free-particle states in spherical coordinates. This is 
particularly important in scattering theory. 

Equation (A12.1) is a Bessel equation and its solutions that are 
regular at p =0 are the spherical Bessel functions 


1/2 
; 7 
ito - (=) Jy <oyehip') (Avileu2 ) 
2p 


~ 


where J, .,,;2(p) are the ordinary Bessel functions of half-odd-integer 
order. That Eq. (A12.2) is a solution of Eq. (A12.1) can be proved 
by substitution. The first few j,(p) are 


‘ sin p 

C2) or 
p 

; sinp cosp 

BG) eae (Al2.3) 
p p 


Se 4) 
bp) —\— 2 — sia —_acosip: ete. 
pe De 


For p— 0 the j,(p) behave as 
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Sar Grapn Where Ql+0!=1,3,5,...Q1+1) 


he) 
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The spherical Neumann functions are also solutions of Eq. 
(A12.1) and are similarly defined as 


a(t 1/2 wie 
np) = (-1)! (2) de, lo (=) Ny. 1/2(p) 


(A12.4) 
The first few n,(p) are 
cos 
noo) = -~——* 
p 
cos sin 
Hy(p)— — Pongo (A12.5) 
2 p 


3 1 Boe, 
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For p — 0 the n,(p) behave as 


(2h 


TNO eae +1 


and clearly diverge at the origin. For p > © we have 


Os id 


n,(p) sae jsinle —3(1+ 1)ar] 


The asymptotic expansions as p > ~ are good approximations when 
p21/2l(1+1). [For the properties of these functions see, for in- 
stance, L. I. Schiff, Quantum Mechanics. Third Edition McGraw- 
Hill, New York (1968), p. 85.] 

It is convenient in scattering problems, when p does not extend to 
the origin, to form linear combinations of the j,(p) and n,(p) 
functions. These combinations are known as the spherical Hankel 
functions of the first and second kind and are defined through 


hi”(p) = h(e) + in(e) 


(2) ° : a) * (A12.6) 
h,(e) = j.(e) — in (ep) =[hi''(e)] 
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The first few h‘'(p) are 


tae 
higip) = see 
fa) 


hp) = — (-+4)e (A12.7) 
p p 
[ 3 
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For p— © the asymptotic expansions are 


lan 
WO= ae 


hi? yb g-ite-arnnra1 
that is, they behave as outgoing and incoming spherical waves, 
respectively. 

For certain problems it is necessary to know the zeros of j,(p). We 
designate these roots by 


Pri = en 


The values of 8,,, such that j,(7B,,,) = 0 are given in the table below 
for n= 1-5 and the first few values of l. 


n=1 n=2 n=3 n=4 n=5 
EO 1.0000 2.0000 3.0000 4.0000 5.0000 
(=) 1.4303 2.1590 3.4709 4.4775 5.4816 


[=2 1.8346 2.8950 529226 4.9385 5.9189 


Appendix 13 


Evaluation of Overlap Integrals 


In the analysis of the problem of the helium atom in Section 10.4 we 
needed to evaluate the integral of Eq. (10.17a) which was of the 
form 


@ | 1 
E=—— 2 2 3 3 e 
A rare |u(r,)| rar (Mera) Grids. MAA) 
with 
1 Gf Byrd 
ule) =~ (=) ects (A13.2) 
(9) 
Then 
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It is convenient to express this integral by a two-step process 


1 Z 7 SPA ef 3 
AE =e—\—) je —“'"*U(7,) d-1, (A13.4a) 
7 \do 
with 
(ee Oe BSS ] 
U(r,)= = (=) | ett —— dr, (A13.4b) 
Ame, 7 \do ie el 


The physical interpretation of this separation is clear: U(r,) repre- 
sents the electrostatic potential at the radial position r, due to 
electron 2, after averaging (integrating) over the probability dis- 
tribution for the position of electron 2. Then, Eq. (A13.4a) meas- 
ures the potential energy of electron | as it moves in the potential 
created by electron 2. 
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First we evaluate Eq. (A13.4b) and introduce the dimensionless 
variables 


YE JE, 
Pir, io mal 
ayy ay, 
Thus 
4% il 
U(p,)= <2) 53 dp» dQ, ———e~*"__ (A13.5) 
479 7 Ay lp; ~ p.| 


In this integration p, is a fixed vector both in magnitude and 
direction. We then divide the space in spherical shells of radius p, 
and thickness dp, as shown in Fig. Al3.1. The volume of each shell 
is 


dV(p2)=47(p2)" dp» 


dp, 


vas 


P 


FIGURE A13.1. Radial coordinates for the integration of the matrix element of a 
two-electron atom. Here p, is assumed fixed and the integration is over the spherical 
shells at p>. 


We can recognize two cases: 


(a) when p,> 2; and 
(b) when p,< pp. 


In the first case, the potential at p,; due to a shell at ps is the same as 
if all the charge was at the origin. This follows from Gauss’ law in 
view of the spherical symmetry of the charge distribution of the 
shell. Thus, for p,> p> 


(Qo FEE ] 
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When 9p; < p23. the potential inside a uniform spherical distribution of 
charge must be constant so that for p,<p> 


dU(p,)=const 


To determine the constant we note that dU(p,) must be continuous 
at Pi P2- Thus for P1 <P> 

ZA4n 1 

—— (p,)? dpre 7°? — (A13.6b) 
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dU(p,)= 


The integral of Eq. (13.5) can now be carried out in two parts 


AZ (fF se 
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Equation (A13.7) gives the electrostatic potential generated by 
electron 2 at the radial position p,. 

Finally, we average the position of electron 1 over the potential; 
that is, we perform the integral of Eq. (A13.4a). We have 


eS ihe ‘ 
AVE. = =|" tne aril ee Goa 
4mey Ag T Jy Py 
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oo ! 
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0 
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e° a. 
AE= =f — Ge+33)]= =a (A13.9) 
4m7ée, a ves Ao 


This is the result that was used in Eq. (10.175). 

The procedure used here is restricted to spherically symmetric 
functions. It can be easily generalized to 1#0 cases by expanding 
(ir, >|) ' in Legendre polynomials and using the addition theorem 
for the spherical harmonics. As is well known a different 
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expansion is valid for the region p,;<p, and for p,> p>, just as in 
the example that we worked out. What is important is to appreciate 
the physical picture where we think of one electron as creating an 
average electrostatic potential and then evaluating the average 
energy of the second electron in that potential. 


Appendix 14 


Units and Physical Constants 


A NOTE ON UNITS 


As the reader must have noticed the discussion of atomic and 
nuclear phenomena is best carried out by using the units that are 
natural to this domain, rather than a specified set such as cgs or 
MKS units. We list below the units that are used throughout the 
TEX: 


Length cm 
F (Fermi) 1F=1fm=10°°m=10° cm 
A (Angstrom) 1A=107' m=10-% cm 


Ame oh? 
ay (Bohr radius) = ——~°>-~ 0.53 x 10°* cm 
Iie 


Ne 
Energy eV=1.6%10° "J 
me | 
2h? (4ie,)° 
Energy-length hc ~ 197.3 MeV-F 
Electric charge e~1.6x10°'’ coul 


Ry (Rydberg) = SS Gve vi 


eo i 1 
a= Pee es 
4qme,hc 137 

Cross section mb (millibarn) = 10 7? cm? 
Mass 

electron m.c*>=0.511 MeV 

proton m,C* ~ 938.3 MeV 
Wavelength AN =clv =27(hc/E) 


\ = 12,400 A corresponds to hv =1eV 

1 

« = in cm’! is referred to as wavenumbers 
é 


Temperature T = 11,600°K corresponds to kT = 1eV 
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Electric field V/m 

Magnetic field T (Tesla) 
pc = 0.03 Bp (MeV, T, cm) (p is the radius of 
curvature—B magnetic field, p momentum) 


NUMERICAL VALUES OF PHYSICAL CONSTANTS? 


c = 2.9979246 x 10'° cm/sec (speed of light) 
e = 1.602189 x 10 '? coul (magnitude of electron charge) 
h = 6.62618 x 10° *4 J-sec (Planck’s constant) 
h = h/27 = 1.054589 x 10 -*4 J-sec 
= 6.58217 x 10° © eV-sec 
hc = 197.328 MeV-F 
a ae 1 
© Ame sic 137.0360 
m,. = 0.511003 MeV/c? (electron mass) 
= O53. Lee 
m, = 938.279 MeV/c? (proton mass) 
= 1.67265 107% p 
k = 1.3806 x 10°~*° J/K (Boltzmann’s constant) 
ay = 0.5291771 x 10° * cm (Bohr radius) 
Ry = 13.60580 eV (Rydberg energy) 


eh 5 
—— = 5.78838 x 10°" eV/G 
2M,C 
No = 6.02205 x 107°/mol (Avogadro’s number) 
V,, = 22.4138 liters/mol (grammolar volume for ideal gas at STP) 
£9 = 8.854 10° '* coul/V-m (permittivity of free space) 
Mo = 42 X 10-7 V-sec/A-m (permeability of free space) 


(fine-structure constant) 


Up 
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